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1 d=0 Supersymmetry
Let us consider an integral
I
Ty = ﬁ/_w eWVIW da (1.1)
for W (x) being polynomial of degree n i.e.
W(x) = 2"+ ap_12" " + ... + ao. (1.2)

In physics literature integrals similar to (1.1) appear in many different models. The Zy, is

often referred as the partition function while the argument of exponent - as action of theory.

We can perform a change of variables
y=W(z), dy=W'(x)dx (1.3)

to turn the integral (1.1) into the Gaussian inegral

W (+00)

Zw = —/ dy e, (1.4)



The integration result depends on the limits of integration, which are determined by degree

of polynomial n and the sign of the top coefficient a,,

0 nmod 2 = 0, W (£o0) = 400,
Zy = 1 nmod2=1,a,>0 W(too)=+o0, (1.5)
—1 nmod2=1,a, <0 W(too) = Foo.

1.1 Grassmann-odd symmetry

Let us use the pair of Grassmann-odd variables ¢ and 1 to lift the W’ into the action
W(x) = / disdip V' (1.6)
ROI2

while the partition function becomes

Zw dzdipd e VAV — dzdpdy e 5@, (1.7)

1 1
N _7T 112 _7T 12
VT Jr VT Jr

The new action
S(x,,9) = W? = W'y (1.8)

depends on both even and odd variables and usually denoted as supersymmetric action in

physics literature. The supersymmetric action is invariant under transformations

dex = &) + e,
S5.p = 2We, (1.9)
S = —2We.

The parameters € and € are Grassmann-odd variables i.e they obey

€= —¢c, =& =0,

. _ (1.10)
{e.v} ={e. v} ={e v} ={& ¥} =0.

The symmetry transfromation mixes parity even (bosonic) and parity odd (fermionic) vari-
ables and is denoted by supersymmetry transformation in physics literature. The change in

action S

5.5 = QWW's.0 — WS, - bnh — W'Sab - b — Wi - 5.4

) . (1.11)
= QWW' (& + eb) — W (2We)ih — W'ah(—2eW) = 0.



Under the change of variables the integration measure dadidy transforms by super-determinant
da'dy'dy)’ = sdet(J) - dzdipdi) (1.12)
with J being Jacobian for the change of variables

¥ =x+e)+ e,

Y =1+ 2We, (1.13)
Y =) — 2WE.
In matrix form the Jacobian
oz’ 9z’ 02’ _
e % 3_11_1 1 —€ —€
J = %_ﬁ %1; % = We 1 0 |, (1.14)
oy oy o _
s W 5"/7 —QW/E 0
while the superdeterminant
sdet(J) = Ber(J) = 1 4+ 4W'ee = 1 + O(¢, €) (1.15)

The superdeterminant is identity when € = 0 or € = 0, while being corrected by the second

order terms in € in general case.

1.2 Localization in simple model

The supersymmetry transformations act as linear shift of v
Y — )+ 2eW (), (1.16)

so in case W (x) is non-vanishing we can use the symmetry to set ¢ to zero in the action.
The Grassmann integration of ¢-independent action makes the partition function vanish. In

particular we can perform a change of variables

_,
Y oW (z)’
Y = VW@, (1.17)
X =1,



to make the action in action y-independent
S = W2(y) = W2(x) — W/(2)p. (1.18)

The Jacobian matrix of coordinate transformation (1.17)

LA ¥ ¥
L+ W/W T2W(r) 2W(z)
J=| 3%e  VYWoo0 |, (1.19)
0 0 1

while its super-determinant

1 U0 (G 11w
st = iz [ (5 )foﬂ
- LW { W 42#21
el Wf;é;e}
(1.20)
/ b 5
\/W( ) — W' (x ) W (2) \/W (x— 21}5@3))
B 1
W(y)
The integration measures are related via
dydxdy = sdet(J) dwvdipdip, dzdipd = /W (y) dydxdy, (1.21)
while the integral
1 - 2 1 olsaly 1 2
Zw = — drdipdyp eV TV = — dydxdx /W W =0 (1.22
w ﬁwxwzﬂe 7 Jo X (y) e (1.22)

vanishes because of the Grassmann integral over y of the y-independent expression.
In case of W (x), which has zeroes we can split the integration over x into two regions: the

one that does not contain zeros of W and the small regions around zeroes. The integral over



former region vanishes while the integral over latter can be written using Taylor exapansion

Zw= ), \/—/dmwdiﬂe '(@0)](e=a0)*+ W' (wo)pd ..

z0:W (20)=0

_ / W'(wo)
- o :co) 0 \/_ xo zo: I/Vz(f’;)) 0 |W/(x0)| (123)

- Z sign(IV"(z,)).

1.3 Intersection theory

The answer to the integral Zy, is an integer number, so it very reasonable to assume that it
counts something (with a sign). As we will see later in this section Zy, counts the number
of intersection points between graph of W(x) and x-axis with multiplicities defined from
relative orientation. In order to prove this statement we need to introduce some notations

from intersection theory.

Definition: Let ¢} and C5 being two sub-manifolds inside n-dimensional smooth mani-
fold M. Let us assume that dim C} + dim Cy = dim M and transversality of intersection
i.e.

TC, +TCy =TM (1.24)

We can define the intersection number between C; and Cy denoted as C; - Cy via

Ci-Cy= Y €p) (1.25)

peC1NCo

with €(p) being the orientation of the point p, induced by the relative orientation of C7, Cy
to M.

Example: Let W : R — R be a (polynomial) function. We can consider graph I'y, for
W defined as
Ty :R—=R*: 2w (2, W(x)) (1.26)

The dimensions
dim(I'w) + dim(Ty) = 2 = dim(R) (1.27)



The intersection of graph I'yy and z-axis I'y is transverse while the orientation €,, of the

individual intersection points is

(o) = sign(W'(xy)). (1.28)
The intersection number
Tw-To= Y sign(W'(x)) € Z (1.29)
o€l Ny

matches with the localization formula from previous section.

We can express intersection number as an integral using the Poincare duality. For closed
p-dimensional submanifold C' inside a compact n-dimensional manifold M we can integrate

the w € H¥(M) over it, what gives us a linear map
H*(M) - R :w— /Cw (1.30)
while the Poincare duality tells us that we can represent this map as
/ w= / ne Aw, ne € HF(M) (1.31)
c M

We denote n¢ as the Poincare dual class to the submanifold C'. The intersection number in

terms of Poincare-dual forms is
Cl ’ 02 = / Ule N Ule? (132)
M
Example: The Poincare dual form for the graph I'y, C Riy is
nry, = 6(y — W(2))(dy — W' (x)dx) € Q'(RZ) (1.33)
Indeed let us consider an arbitrary 1-form on R?

W = wy(z,y)dz + wy(z, y)dy. (1.34)



The integral of w over graph Ty : R — R?: ¢ — (¢, W (t)) is

/FW “T /RF;VW - /+°° dt[w, (t, W (t)) + w, (t, W (t))W'(t)]

o

while the R? integral is

o nma = [ font)da + o)) A8y = W ()dy = W(a)da
_ / 3y = W @), y)da A dy + W (@), (2, y)de A dy
= /R2 da |wy(z, W (2)) + W' (2)w,(z, W (2))].
Let us describe some useful properties of Poincare dual forms.

e Linearity

n(aCy + BCs) = ane, + Bne,

follows from

/ w:a/ w+ B w:oz/w/\ncl—irﬁ/c,u/\ng2
aC1+BCs C Cs M M
- / w A (ome, + Bncs)
M

e Boundary

Nas = dns

/OJ/\Uas:/ w:/dw:/dw/\ns:i/w/\dns
M a8 s M M

Ncincs = Tcy A Ule>

follows from

o Intersection

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

Proposition: The intersection number is the topological invariant, i.e that it is invariant

under the continuous deformations.



Proof: We can express continuous deformation of ' in the form
C,—C=C 408 (1.42)

The corresponding intersection number in integral form

CZIL'CZZ/ 770;/\7702:/(7701+7785)/\7702
M M

M M

=C;-Cy

Example: The intersection number between graph of I' and x-axis in integral represen-

ation
Ty - To = . oy — W(x))(dy — W'(z)dz) A d(y)dy
= W’( 10(y)d(y — W(x))dx A dy = — /R W'(x)d(—W (x))dz (1.44)
/ W@V () ds = OOV ()| = 80V (+50)) ~ (11 (~0))

matches with the result of Gaussian integral. We can use one of the properties of d-function

d(z — xo)

W7 (o)] (1.45)

SW(z)= >

x0:W(x09)=0
to rewrite the intersection number
W' () W' (o)
'y - Ty = / ———0(x — xy) = _ (1.46)
T 2 )

so it matches with the localization formula.

1.4 Saddle point approximation

The saddle-point approrimation also know as the method of steepest descent is the approxi-

mate method to evaluate partition type of integrals

7 = /Iw dx f(z) e~ #5@) (1.47)



Under the assumptions

e f(2) and S(z) being holomorphic functions on open, bounded, simply-connected set
Q, € C", such that I, = 2, NR™ is connected

e S(z) has finitely-many isolated critical points, i.e the only solutions to
&S(:co) = O, Xo € [:1: (148)

are points zy and there are finitely-many of them.

e The critical points of S are non-degenerate i.e

We can approximate the integral
n 1 1
7 = (2mh)? e~ w50 (f(x9) + O(h 1.50
) Y e B rOW) (150

20:0;S(x0)=0

Remark: The higher order terms can be organized into the sum over graphs.

Example: Let us rescale W by o so we can apply the saddle point approximation

1 oo _ 1 W2 ’
Z = e 2" Widx (1.51)

mo?

An extrema of the exponent are at points xg such that
S = 0,(W?) = 2W (20)W'(x0) = 0 (1.52)
The second derivative
S" = 2W (xo)W'(x0) + 2W (20)W" () (1.53)

Due to the W’ factor in front the contribution from {zo|W’(z¢) = 0} is trivial so saddle

point formula

1

™o

@rot)t Y ! W) (W (20) + O(0))  (154)

Z = / /
x0:W (20)=0 \/2W (20)W' (o)

2

9



which after simplifications takes the form

Z= Y sign(W'(x0)) (1 + O(0)) (1.55)

zo:W (20)=0

Let us observe that the leading two orders of saddle point approximation match with the
localization formula, so we expect the subleading terms O(o) to vanish. The cancellation of
the higher order terms on the language of Feynmann diagrams is due to the —1 factors for

fermionic loops.

1.5 Subleading terms*

7 —

L R S +ded¢d$—4”W+*W%¢ (1.56)
e o2 = — e o2 o .
Vro? J s Nz -

Let us further assume that he potential is of the form
W=X+X? (1.57)
so the saddle point approximation for the integral is the sum of two contributions
Z =294 7Y 7050 — sien(W'(Xy)) (1 4+ O(0)) (1.58)

Let us focus on the first contribution. Near the X, = 0 saddle point we can represent

X=Xy+¢ (1.59)
so the action becomes
S=W?(X) — oW (X)ptp = & 428 + " — o(1+ 26)90) (1.60)
Let us do the change of variables
E=ox (1.61)
so the integral
1 [€ - 7 1 e - 7
7(0) — ﬁ /_€ dédipdib o2 SEwY) _ ﬁ /_6 odrdibdi Rl CERRD) (1.62)

e €
oo

In the limit o < 1 we can replace the integration region [—=<, £] by the whole real line R so

10



that

Z(O) _ L dlL‘d@Z)d?I) 6—($2+20x3+a2m4—(1+2$0)1/11/;) _ <6—20$3—02z4+2x0¢1f)>
T JR12

where we introduced notation

(F(z,9,)) ddipdp e ™ VU (2,4,1))

1
N ﬁ R1I2

with normalization chosen so that

1= (1) dzdpdp e =Y

1
B ﬁ R1I2
Let us expand the exponent
Z(o) _ <6—2om3—0214+2m¢z])>
= (1 - 202" — o%z* + 2z0Y) + %(—201}3 — o2t + 2z0))? 4 )

= (1 —202% + 2zoy) — o?x* + 20%2°® — 4oz YY) + O(0?)
=1—20(2%) + 20(zp) — o*(x*) + 20%(2%) — 40* (z*Y1p) + O(c?)

The Gaussian integrals are even so
<1‘2n+1> — <x2n+1¢&> — 0

while the even powers can be evaluated using

2k MmN\ 6 " a g 1 d d d_ 7a12+bw7$
wwir = (5) (-5) 2 [, stvai ]

-(3) (5) %

The leading order correction becomes

a=b=1

7O =1 - o%(z*) + 20%(2%) — 40* (1)) + O(5°)

3 15 3
=1- 021 + 202§ — 4021 + O(c?)
=1+ 0(d").

11

(1.63)

(1.64)

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)



1.6 Deformation of distribution

We can use the integral representation for d-function

o(z) = %/dp ee

to rewrite

1 _ .
Tw - To = / W (@)d(W (x))de = 5~ / dadpdipdiy VPV @)
R ™

The action is invariant under the supersymmetry transformations

St = &) + €,
0 = —ipe
S1) = ipe

o.p = 0.

(1.70)

(1.71)

(1.72)

It is useful to introduce generators of supersymmetries in the form of vector fields Q and Q

such that
F(x,1,9,p) = €Q(F) + €Q(F)

for arbitrary function F. The generators take the form

Q= w——zp Q= w—+p8—

o’ oY
We can represent the smeared version of -function in the integral form
1 1 _we? 1
§(r) = —=lim —e~ o2 = —lim [ dp ?"® (z)=50°p?
\/7_T o0 o 27 00

The two integral representations differ by ()-exact term

L oo _12
—1°P —Q( 40¢p>

Different values of o describe three different situations

12

(1.73)

(1.74)

(1.75)

(1.76)



e Gaussian integral, being toy model of quantum system

o=l — _ b +006_W2 'do = 00)) — —00
VA~ _Zw_ﬁ/_m W'dz = O(W(+)) — O(W(—0)) (1.77)

e Geometric description

750 =Ty - Ty = /RW’(x)é(W(x))dx = Z sign(W'(xo)) (1.78)

zo:W (20)=0

e (lassical limit, saddle point approximation to integral

1 oo 1112
7ol = / e 2V W dy = sien(W' () (1 + O(o 1.79
e S e (+06) (T

1.7 Deformation of potential

The partition function SUSY is invariant under continuous deformations. Let us consider
f(z) with finite support on R. The geometric interpretation is that such f describes the

homological deformation of the graph 'y i.e.
'y =Ty =T'w + 0%y (1.80)
with Y being surface
B ={(a,y) e R*W(2) <y < W(z) + fla)} (1.81)
The partition function for deformed potential

1 - - YT YRy 144
Zy, = o / dedpdipdyp PV @HPWI@) (1.82)

We can observe that the deformed action can be expressed via

S = ipW (z) + W' (x) = ipW (2) + LW’ (z) — P f'(x) + ipf (x)

(1.83)
=S+ Q(—fv)

13



while the difference between partition functions

1
Zy — Zw = — / dzdpdipdyp (e5TIY) / dzdpdypdyp e (e?1) — 1)
7T

¢”) =
1
2

~ o [ dedntvas o (~Qur + @) + )

= o / dedpdidiy 5Q (—fw 510 QU + )

1

_ _% /dxdpdwdw Q {fzpes <1 — §Q(fw) + )1

1 —f - 1

= "on o dxdpdipdy <¢a— - paw) {fwe (1 - 5@(]%) + >}
1 -0 1

=5 dxdpdipdi) wa— [fz/ze (l—éQ(fl/J)—i-)} =0

T JR2I2

(1.84)

The last integral is purely boundary term in x-direction. Earlier, we assumed that f(z) has

compact support so the boundary contribution vanishes.

1.8 Localization via deformation

Let us formulate general localization construction for supersymmetric theories. We want to

evaluate the supersymmetric partition function
7 = / dp e S@¥), (1.85)
M

Supersymmetric partition function imply

e Existence of Grassmann-odd symmetry, generated by vector field () so that

O F(x,0) =€eQ(F), YF € C®(M) (1.86)

e The symmetry is nilpotent i.e.

@ =510.Q) (1.87)

e The action S(z,) is invariant under the symmetry

5.5 = eQ(S) =0 (1.88)

14



e The integration measure du is such that the integral of -exact terms is trivial
t/)dﬂ QV) = 0. (1.89)
M
Let us define the deformed partition function
Z(t) = / dp e~ S@E¥)=tRW) (1.90)
M
for some Grassmann-odd function V.
Proposition: The deformed partition Z(t) is independent on ¢.

Proof: Let us consider t-derivative

OZ(E) = O, / dp e SEd—QW) _ _ / d Q(V)e=S=—1av)

(1.91)
_ / du Q(VeS@¥=RW)y _ g

Corollary: The deformed partition function for ¢ = 0 matches with the partition function

Z. We can take t — oo limit so the integral is dominated by the critical points of tQ(V')

Z = Z(0) = Z(t) = lim Z(t) (1.92)

t—o00

1.9 Supersymmetry algebra

In our discussion of supersymmetric examples let us point out an important feature about

the supersymmetry transformations. The action

S(p, 2,9, ¥) = ipW (z) + W' (2) (1.93)

is invariant under the supersymmetry generated by

-0 0 = g . 0
QZIb%—@p@, QZ@D%‘FW@—#—} (1.94)

with algebra
{Q,0} ={Q.Q} ={Q,Q} =0. (1.95)

15



The algebra above in physics terminology is denoted as off-shelld = 0 N =2 SUSY algebra.

Let us explain the terminology

e d = 0 refers to the dimension of world-sheet ¥, which is zero dimensional in our case.
In quantum field theory we often study maps > — M and supersymmetry acts on the
space of maps. The simplest case is when world-sheet is the single point ¥ = pt then

the space of maps Map(X, M) = M is the same as the target manifold M.

e N = 2 refers to the number of supersymmetry generators, equivalently to the dimension
of supersymmetry algebra. In our case we have two generators @ and Q, equivalently

we have 2-dimensional algebra of supersymmetries R,

o off-shell refers to the fact that the supersymmetry algebra is independent of the action

S. The other possibility - on-shell supersymmetry algebra we will consider below.

We can deform action by the @-exact term and perform Gaussian integral over p
o Selabid) _ / dp &5+Q(—ivr) (1.96)

to obtain another, referred as effective in physics literature, action

Selw, v, ) = W(x) — W (2)yd (1.97)

The action .S, is invariant under the supersymmetry transformations

_ 0 0 0

Q=i + W)y, Qu=vy — W)y, (199
which obey algebra
(Qu @) = W (@)
(Qu @ = —aW )i (199
Qo) =20 (w3~ b7 )

The supersymmetry algebra above in the physics notations is on-shelld = 0 N = 2 supersym-

metry algebra. The term on-shell indicates that the nontrivial commutators of supercharges

16



are proportional to the equations of motions for effective action S,

dS. N P
90 —W'(x)y, 0 W' () (1.100)

Therefore, as long as equations of motions are satisfied, the on-shell supersymmetry algebra
is the same as the off-shell one. In previous section we observed that the saddle point
approximation for partition function is a sum over critical points of S, which are identical
to the solutions to the equations of motion. So we can use the localization methods for
on-shell supersymmetry in the vicinity of critical point to show that the higher order terms
in i vanish and the partition function is 1-loop exact.

In our simple example we can turn on-shell d = 0 N = 2 supersymmetry into the off-shell
one by adding additional variable p. Unfortunately such method is not always possible,
especially in higher dimensions. Fortunately there is a way to construct manifestly off-shell

supersymmetric actions, known as the Superspace formalism.

1.10 Superspace formalism

Let us consider 2d Grassmann space R%? with coordinates # and 6. Let us consider maps

R? SR : (0,0) — x(6,0) (1.101)
Each map is identical to the function #(6, @), which is finite polynomial so
Map(R%? R) = R?? (1.102)

Let us the notation z, F' for even coordinates and 1,1 for odd coordinates on R?? then we

can write the function

2(0,0) =z + 60y + 0y + FOO (1.103)

The function 2 (6, ) in physics literature is known as the superfield (6, ). In our discussion
of differential forms we observed that the diffepmorphisms on M act on the functions C*>° (M)

in the form of pullback map.

¢*C®(M) = C®°(M) : fr—¢*(f)=foop, Yoe Diff(M) (1.104)

17



Among diffeomorphisms of R°? we have translations

0—0+e 0—0+¢ (1.105)
generated by the vector fields 5 5
= —_— - _ —=. 11
= 06’ = 00 (1.106)
i.e the infinitesimal translation
6 F(0,0) = (eQ+eQ)F(0,0) (1.107)

The group of translations on R%? is abelian so corresponding the algebra has trivial brackets
{0,9}={2,9}={9,9}=0. (1.108)

which we can recognize as the off-shell d = 0 N = 2 supersymmetry algebra. The (pullback)
action of the SUSY algebra on the the space of maps

6.2(0,0) = 2(0 +¢,0 +€) — 2(0,0)

eQ +eQ)2(0,0) = ep + &) + 0eF — e F (1.109)
€Q +€Q)2(0,0) = d.x + 054 + 06 + 005 F

=
=

The action in components

bt = (eQ + €Q)z = et + &)

bt = (€@ + €Q)1€ =~k (1.110)
0 = (eQ + €Q)Y = €F

0 F = (eQ+€Q)F =0

is the familiar d = 0 N = 2 SUSY algebra action on R??. There are additional types of
superfields in our model
0(0,0) = Di = 0p = + OF (1.111)

(0,0) = D& = 04 = ¢p — OF (1.112)

<

which often reffed as derivative superfields or fermionic fuperfields. The term ”fermionic” is
due to the #-independents component of superfields being Grassmann-odd, in contrast with

superfield (6, §) with constant component being Grassmann-even. The superfields Qﬂ and @;

18



also form a representations of d =0 N = 2 SUSY algebra

(eQ + €Q)1h(0,0) = D(eQ + €Q)& = D(eQ + eQ)i(6, 0)

) i R (1.113)
= (e + &) D2(0,0) = (e + e2)(9,8)

We can construct SUSY invariant functions on R?? using integrals over R%? of the arbitrary

functions of superfields

S(z, F.p, ) = /d@dé F(#(0,8),0(0,0), 66, 8)) (1.114)

The SUSY variation

6.5 = (eQ +&Q)S = (eQ + €Q) / dodo F((0,0),0(0,0),4(6,0))

_ / d0do (eQ + eQ)F(#(0,0), Do, 05)

(1.115)
= / dodd (eQ + eQ)F(2(0,0), 0%, 0p2)
= /d9d9 (€D + €0g) F(2(0,0), 09, Opi) = 0
Example: The superspace integral
S = / dedo [H(:(6,0)) + }1021);%[7@]
) (1.116)
= FH'(z) + vy H"(z) + 102F2
after redefinition
H'(x) =W(z), F=ip (1.117)

matches with the action for supersymmetric theory we discussed before.
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