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» Weil-Petersson volume: V(L) = f (L) PWP is a polynomial in L2,..., L2, 72, [Mirzakhani, '07]
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Bouttier-Di Francesco—Guitter bijection sorc, ‘04

{ rooted bipartite planar maps } 2to-1 { mobiles (bicolored plane trees }

with marked vertex (“origin”) with labeled white vertices)

» Face of degree 2k +—  Black vertex of degree k.
R R R R

R=@+ZQ2/<Z :1+ZQ2k<2kk_1>Rk,
k=1

k=1 labels R

> Vertex at distance r > 0 to origin  <—  White vertex with label r — root.
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Tree in a hyperbolic surface?

Extend boundaries with hyperbolic funnels/trumpets.
Determine spine of origin %: points with more than one shortest geodesic to ¥. [Bowditch, Epstein, '88]
Upon compactification it is a plane tree!

Note: spine edges can meet in cylinders!

>
>
>
>
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Can we label the tree to make a bijection?
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Labels: angles on half edges

» The surface is canonically triangulated by
> for each spine edge: triangle with angles ¢j, ¢;,0 (so @; + ¢; < 7) and its reflection (angle is zero if
incident to white vertex);
> for each corner of white vertex: an ideal wedge.

» Gluing of triangles is unique, except for bi-infinite sides: need extra parameters for injectivity.
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Labels: geometry around boundary

» Boundary of degree k partitions into 2k segments of lengths vi, ..., vk, wi,..., wg.
» Uniquely determines gluing, so should label vertex by

{(v,-, Wy g"i = g = é}
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> For tree t with n white vertices (deg > 1) and red vertices (deg > 3),
A¢(L1, ..., L) = {(¢i,vi,wi) : ¢i > 0,v; > 0, w; > 0, constraints above}.

Theorem (TB, Meeusen, Zonneveld, '23+)
This determines a bijection ' top-dim iff deg(e) = 3
& Mona(0, L1, L) «— | AL, Ly).
The push-forward of the WP volume is simply the Euclidean volume on the polytope A¢ C R~
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» The reversed condition ¢; 4+ ¢; > 7 is simpler, because WP volume is independent of tree

structure:
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Not just volumes: geodesic distance control!

» Consider the distance-dependent generating function of triply-cusped surfaces
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> (v, y(u)) is spectral curve for topological recursion of “tight” Weil-Petersson volumes [TB, Zonneveld, 23]
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» Singularity analysis: di — d> & n"/" in Boltzmann hyperbolic sphere for n large. Same universality

class as Boltzmann planar map?



Control on hyperbolic distances

» In the case of only cusps, g(L) = xd(L), this is indeed true:

Theorem (TB, Curien, '23+)

If S, € Mo,n(0) is sampled with probability density juwp/Vo,n(0), then we have the convergence in
distribution of the random metric space in the Gromov—Prokhorov topology
(5 Ihyp > 9, Brownian sphere, ¢ =2.339....
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Control on hyperbolic distances

» In the case of only cusps, g(L) = xd(L), this is indeed true:

Theorem (TB, Curien, '23+)

If S, € Mo,n(0) is sampled with probability density juwp/Vo,n(0), then we have the convergence in
distribution of the random metric space in the Gromov—Prokhorov topology

(5 dhyp > 9D, Brownian sphere, ¢ =12.339....

m cnl/4 n— o0

Proof ingredients: Le Gall's strategy [Le Gall, '11]

convergence of labeled tree to Brownian snake bound on distances + invariance under
+ between arbitrary cusps change of origin




Thanks for your attention!




Topological recursion

(u) = sin2wu

= , z=+u*+2R
my(u)

y(u) = [uzo]1 sin 27z —/dq(L)w
™ 0 z

I

Theorem (TB, Zonneveld, '23+)

The invariants wg (2) of the curve (x(u) = u?, y(u)) with initial condition wo»(z) = (21 — z)? and
topological recursion

1
= R —_— _ — —_— —
wg)"(z) uf}g (zf _ u2)y(u) |:wg 1a"+1(u7 u7z{1}) + g1+§g2:g wgl:ﬂl(u7 z’)w@»"z( U7ZJ):|
IIJ={2,...,n}

give the Laplace transforms of “Tight Weil-Petersson volumes” Tg (L1, ..., Ls),

wg,n(z):/0 dLlLle‘ZlLl..-/o ALpLnye ™ Ty n(La, . ., L)




Tight Weil-Petersson volumes o°

1
Tg,n(L) = Zi‘/dq(Ln—&-l)/dQ(Ln-i-p)/ dMWPl{tight}
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