Ciliated maps, minimal models coupled to gravity and topological
gravity

CFT, Probability, Gravity

Okinawa Institute of Science and Technology
Séverin Charbonnier — Université de Genéve

August 2nd 2023

] = =

OIST: CFTPRGR 02/08/2023

DA
1/22



Discretisation

Introduction: Approaches to 2d quantum gravity

«O> «F>r «=)r « =)

OIST: CFTPRGR 02/08/2023

DA

2/22



Discretisation

Introduction: Approaches to 2d quantum gravity

Fg.

— Count maps. Generating functions
Partition function

Z=exp | hETF,

g>0

] = =

OIST: CFTPRGR 02/08/2023

DA

2/22



Discretisation

Introduction: Approaches to 2d quantum gravity

Fg.

— Count maps. Generating functions
Partition function

Z=exp | hETF,

g>0

] = =

OIST: CFTPRGR 02/08/2023

DA

2/22



Discretisation

Introduction: Approaches to 2d quantum gravity

Fg.

— Count maps. Generating functions
Partition function

Z=exp | hETF,

g>0

] = =

OIST: CFTPRGR 02/08/2023

DA

2/22



Discretisation

Introduction: Approaches to 2d quantum gravity

Fg.

— Count maps. Generating functions
Partition function

Z=exp | hETF,

g>0

Continuous limit: large maps.

] = =

OIST: CFTPRGR 02/08/2023

DA

2/22



Discretisation

Introduction: Approaches to 2d quantum gravity

Fg.

— Count maps. Generating functions
Partition function

Z=exp | hETF,

g>0

Continuous limit: large maps.

] = =

OIST: CFTPRGR 02/08/2023

DA

2/22



Discretisation

Introduction: Approaches to 2d quantum gravity

Fg.

— Count maps. Generating functions
Partition function

Z=exp | hETF,

g0
Continuous limit: large maps.

< KdV hierarchy; (3,2) minimal
model coupled to gravity

] = =

OIST: CFTPRGR 02/08/2023

DA

2/22



Discretisation

Introduction: Approaches to 2d quantum gravity

Topological gravity
Fg.

— Count maps. Generating functions
Partition function

Mg p: {stable Riemann surfaces,

genus g, n marked points}/ ~.
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Continuous limit: large maps.
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Discretisation

Introduction: Approaches to 2d quantum gravity

Topological gravity
Fg.

— Count maps. Generating functions
Partition function

Mg p: {stable Riemann surfaces,

genus g, n marked points}/ ~.
Observables ¢; € H*(Mg,n,Q): Chern
classes.
Intersection numbers:
(Tdh - Tdy) g ==
Z=exp | hETF,
g0
Continuous limit: large maps.

[
Mg.n
< KdV hierarchy; (3,2) minimal
model coupled to gravity
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Introduction: Approaches to 2d quantum gravity

Discretisation

— Count maps. Generating functions
Fg.

Partition function

Z=exp | hETF,
g0

Continuous limit: large maps.
< KdV hierarchy; (3,2) minimal
model coupled to gravity

Topological gravity
Mg p: {stable Riemann surfaces,

genus g, n marked points}/ ~.

Observables ¢; € H*(Mg,n,Q): Chern
classes.

Intersection numbers:

d
(Toy - Tdn)g == [ 1 -0
Mg,n

Partition function

7V = exp (Z hg_1<ed§0 thd>g>

g0

o F = = DA
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Introduction: Approaches to 2d quantum gravity

Discretisation

Topological gravity

ﬂgm: {stable Riemann surfaces,
genus g, n marked points}/ ~.
Observables ¢; € H*(Mg,n,Q): Chern

classes.

— Count maps. Generating functions Intersection numbers:
Fg.

g [y dl n
Partition function (Tdy - Tdp ) g = = U1t n

g,n
Partition function
Z=exp | hETF,
g>0 v _ g1 dg tyTq
Z —exp<2h <e 20 >g>

Continuous limit: large maps.

g>0
< KdV hierarchy; (3,2) minimal

model coupled to gravity

[Witten '90] conjecture; [Konsevich '91] theorem. Both approaches are consistent: Z = Z% =
ZY solution of KdV integrable hierarchy.
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(D Ciliated maps: definitions and enumeration results
o Ciliated maps
o Topological Recursion

o Enumeration results

(@ Large maps from ciliated maps and minimal models
o Asymptotics of large maps

o Singular spectral curve and minimal models
o KPZ exponents

(3@ Topological gravity associated to ciliated maps

o Topological gravity and intersection theory
o Ciliated maps and Witten's class

(@ Ciliated maps and free probabilities

[BCEG "21]: jw R. Belliard, B. Eynard, E. Garcia-Failde
[BCG 21]: jw G. Borot, E. Garcia-Failde

[BCGLS '21]: jw G. Borot, E. Garcia-Failde, F. Leid, S. Shadrin
[CCGG "22]: jw N. Chidambaram, E. Garcia-Failde, A. Giacchetto
- Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Combinatorics: maps
A map is a graph G where each
vertex is endowed with a cyclic
ordering of the incident half-edges.
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1 face, genus 1
Genus g of a connected map (Euler's formula): #vertices — #edges + #faces =2 — 2g
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1 face, genus 1
Genus g of a connected map (Euler's formula): #vertices — #edges + #faces =2 — 2g

Ciliated maps
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Combinatorics: maps
A map is a graph G where each
vertex is endowed with a cyclic
ordering of the incident half-edges.
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Model of maps: specify constraints, decorations

1 face, genus 1 3 faces, genus 0
Genus g of a connected map (Euler's formula): #vertices — #edges + #faces =2 — 2g
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Combinatorics: maps
A map is a graph G where each
vertex is endowed with a cyclic
ordering of the incident half-edges.

< =

1 face, genus 1
Genus g of a connected map (Euler's formula): #vertices — #edges + #faces =2 — 2g
Model of maps: specify constraints, decorations, way of counting.

3 faces, genus 0
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Ciliated maps
Let r > 2. A ciliated map is a map
with 2 kinds of vertices:
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Ciliated maps
Let r > 2. A ciliated map is a map
with 2 kinds of vertices:

e Black vertices, of degree in

{3,...,r+1}
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Ciliated maps

Let r > 2. A ciliated map is a map
with 2 kinds of vertices:

e Black vertices, of degree in
{3,...,r+1}
o White vertices of degree 1, such

that each face is adjacent to at
most one white vertex.
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Let g >0, n> 0. M is a ciliated map of type (g.n) (M € &4 )
if it is connected, of genus g, and has n labelled white vertices.
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Ciliated maps

Let r > 2. A ciliated map is a map
with 2 kinds of vertices:

e Black vertices, of degree in
{3,...,r+1}

o White vertices of degree 1, such
that each face is adjacent to at
most one white vertex.

Me &3

Let g >0, n> 0. M is a ciliated map of type (g.n) (M € &4 )
if it is connected, of genus g, and has n labelled white vertices.

Faces adjacent to white vertices: marked faces. Other faces:
internal.
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Ciliated maps: decorations and weight

Let M € &g ,, decorate the faces f
of M with parameters ar:

M e Qﬁv3
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Let M € &g ,, decorate the faces f
of M with parameters ar:

model);

e finternal: ar € {\1,..., Ay}
(A\i € C are parameters of the

e f is the it marked face:
arf = Zj.
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Ciliated maps: decorations and weight

Let M € &g ,, decorate the faces f
of M with parameters ar:

e finternal: ar € {\1,...,An}
(A\i € C are parameters of the

model);
e fis the ith marked face:
ar = zZj.
r+1 vi
Potential: V(u) = Fv
j=1
Object Picture Weight
Ell
Edge T2 ] Plan @) = vy Vi)
White vertex —0 Z; 1

Black vertex az|ai Vi(at, ..., ak) = Res V'(U)du
B ak H(u aj)
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Ciliated maps: decorations and weight

Let M € &g ,, decorate the faces f
of M with parameters ar:

e finternal: ar € {\1,...,An}
(A\i € C are parameters of the

model);
e f is the it marked face:
arf = Zj.
M e €173
r+1 v
Potential: V(u) = Fv
j=1
Object Picture Weight Weight of a ciliated map:
a1
Edge ar 73(31, 32) % H t H P(a, b)
White vertex —0 Zj 1 faces edges
Black vertex az (a1 Vi(a1,...,ak) = ResM H Vi(a1, ..., ak)
B ak H(” aj) black
vertices
=} = = =
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Correlation functions

type (g, n):

Cg,n(zla

Weighted enumeration of decorated ciliated maps of

weight(M)
Zmdv)= )

vice, #Aut(M)

weight(M): rational function in z;, Aj, vk

ciliated, topology (g, n)
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Correlation functions

type (g, n):

Cg,n(zla

Weighted enumeration of decorated ciliated maps of

ht(M

Zmdv)= ) IR )
Medg,

weight(M): rational function in z;, Aj, vk

ciliated, topology (g, n)
#Aut(M)

Partition function Z (free energy F)

Z(A\vih) = eFOuM —exp [ Y nET1C,

g>0

t2
S R
~ Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Correlation functions

type (g, n):

Cg,n(21>

Weighted enumeration of decorated ciliated maps of

ciliated, topology (g. n)
weight(M)
Zmdv)= )
vice, #Aut(M)
weight(M): rational function in z;, Aj, vk

Partition function Z (free energy F)

Goals:

g>0

Z(\vih) = eFOuM —exp [ Y 11,0 |,

e Compute the (g 's or the partition function

t2
h=—
; N2
e Specialise the parameters )\, v to get CFT/Gravity.
~ Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Output
Differentials (wg,n)g>0,n>0

Topological Recursion
Topological Recursion (TR): procedure developed by Chekhov—Eynard—Orantin ('07)
Input
Spectral Curve —
S = (27X7y7w0,2)

recursion on 2g — 2+ n
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Topological Recursion
Topological Recursion (TR): procedure developed by Chekhov—Eynard—Orantin ('07)
Input
Spectral Curve —
S = (27X7y7w0,2)

Output
Differentials (wg’n)gzomzo
recursion on 2g — 2+ n
> : Riemann surface;
x : ¥ — P! branched covering;
y: X —=Pl;wy, e HOZ, KX2).
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Topological Recursion
Topological Recursion (TR): procedure developed by Chekhov—Eynard—Orantin ('07)
Input
Spectral Curve
S= (Zaxay7w0,2)
Y : Riemann surface;

Output
Differentials (wg,n)g>0,n>0
recursion on 2g — 2+ n
x 1 ¥ — P! branched covering;
y: X =Pl wy, e HOZ, KX2).
(.L.)g,n(Z]_7 I) =

D

1z
2 )
Res
2€Y,dx(a)=0

0.(2) WO,Z(Zla )

z=a (y(z) — y(04(2)))dx(2) <0Jg—17n+1(2,0'a(2), 1)

’
I ={2,...,2,}; 05 : ¥ — X local involution around a.

+ Z Wh,1+J(Z»J)wh’,1+J'(0a(Z)7J'))
h+h =g
JuJ'=1
- Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Topological Recursion

Topological Recursion (TR): procedure developed by Chekhov—Eynard—Orantin ('07)
Output
Differentials (wg’n)gzoynzo
recursion on 2g — 2+ n

Input
Spectral Curve —
S = (27X7y7w0,2)

> : Riemann surface;
x : ¥ — P! branched covering;
y: X —=Pl;wy, e HOZ, KX2).

Various applications :

Matrix models (hermitian, Kontsevich), map enumeration

Enumerative geometry (Hurwitz numbers)

Weil-Petersson volumes, intersection numbers (Witten—Kontsevich)
Integrable hierarchies (KdV, KP)

=] & = E acr
OIST: CFTPRGR 02/08/2023 9/22



Topological Recursion

Topological Recursion (TR): procedure developed by Chekhov—Eynard—Orantin ('07)
Output
Differentials (wg,n)gzoynzo
recursion on 2g — 2+ n

Input
Spectral Curve —
S = (Zaxvyawo,Z)

> : Riemann surface;
x : ¥ — P! branched covering;
y: X —=Pl;wy, e HOZ, KX2).

Various applications :

Matrix models (hermitian, Kontsevich), map enumeration

Enumerative geometry (Hurwitz numbers)

Weil-Petersson volumes, intersection numbers (Witten—Kontsevich)
Integrable hierarchies (KdV, KP)

Goal: prove that ciliated maps satisfy TR.

o F = = DA
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Topological recursion for ciliated maps
[BCEG '21]: Tutte's equation for ciliated maps.
~ Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Topological recursion for ciliated maps
[BCEG '21]: Tutte's equation for ciliated maps.

e Computation of Cg1 and Gy = spectral curve.
e The (g ,'s satisfy topological recursion.
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Topological recursion for ciliated maps

[BCEG '21]: Tutte's equation for ciliated maps

x(¢)

e Computation of Cy1 and Cyo = spectral curve
e The (g ,'s satisfy topological recursion

Q(¢),

where @ is a degree r polynomial determined by: Q(C)
G € Plst. Qg) = V/(Y)

Q)= <+’*ZQ'(&J -6

Vi(y(©)) + O(1/¢), and
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Topological recursion for ciliated maps

[BCEG '21]: Tutte's equation for ciliated maps

x(¢)

e Computation of Cy1 and Cyo = spectral curve
e The (g ,'s satisfy topological recursion

Q(¢);

where @ is a degree r polynomial determined by: Q(C)
G € Plst. Qg) = V/(Y)

+t
rie)=¢ Z TG &
V'(y(€)) + O(1/¢), and
Let ¢1,...,Cn, determined from zi, ..., z, by x({;) = V/(z) and {; = z; + O(t).
o the differentials (Cg n(z1,. .., zn)dx((1) .. .dx(C,,))g,n can be analytically
continued to meromorphic n-forms on P! w, n(C1, - -, Cn);
~ Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba
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Topological recursion for ciliated maps

[BCEG '21]: Tutte's equation for ciliated maps

= Q(¢),

e Computation of Cy1 and Cyo = spectral curve

e The C, ,'s satisfy topological recursion
x(¢)

y(¢) =
where @ is a degree r polynomial determined by: Q(C)
&ePlst Q) =V'(\)

¢+t

Z . T@c-o

V'(y(¢)) + O(1/¢), and

Let (i, ..., Cp, determined from zi, ..., z, by x((;) = V/(z;) and (; = z + O(t).

o the differentials (Cg n(z1,. .., zn)dx((1) .. .dx(C,,))g’n can be analytically

continued to meromorphic n-forms on P! (ST

° for 2g — 2+ n > 0, they satisfy topological recursion for the spectral curve
= (P, x(¢), ¥(¢)s £2%55)-

- Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba

[m]
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(@ Large maps from ciliated maps and minimal models
o Asymptotics of large maps

o Singular spectral curve and minimal models
o KPZ exponents
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Maps from ciliated maps
e M=) =---=Ay=0.
V() =4

r+1

72

Ly,
Jj=3 !

e vi=0w=1landvj=—tjfor3<;<r+1
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Maps from ciliated maps

(] >\1:>\2:"':)\N:0-

2

e vi=0w=1landvj=—tjfor3<;<r+1
. r+1 P
Jj=3
P(0,0) =1 and
1
Cg’o(t, t3, ..,tr+1): Z

Vi(0,...,0) =t

t
Me #AutM H H

= (g,0: Generating function of maps without marked faces.

faces vevertices(M)

tdeg v € Q[t3a

- tra][[H]]
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Maps from ciliated maps

(] >\1:>\2:"':)\N:0-

2

e vi=0w=1landvj=—tjfor3<;<r+1
. r+1 b
Jj=3
P(0,0) =1 and
1
Cg’o(t, t3,..., tr+1) = Z
Me #AutM

Vi(0,...,0) =t

1T+ 1I

= (g,0: Generating function of maps without marked faces.
Remark: (g , are related to fully simple maps

faces vevertices(M)

tdeg v € Q[t3a

- tra][[H]]
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Maps from ciliated maps

(] >\1:>\2:"':)\N:0-

2

e vi=0w=1landvj=—tjfor3<;<r+1
. r+1 b
Jj=3
P(0,0) =1 and
1
Cg’o(t, t3,..., tr+1) = Z
Me #AutM

Vi(0,...,0) =t
H t H tdegv € Q[t3a
faces vevertices(M)
= (g,0: Generating function of maps without marked faces.
Remark: (g , are related to fully simple maps

-t ]([e]]

x(z) = Qa+cz) = [V(a+ c(z + 271))]5,
y(z)=a+c(z+2z71)

dz1dz
w0,2(zla 22) = ﬁ
~ Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba

[m]
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Maps from ciliated maps

(] >\1:>\2:"':)\N:0-

2

e vi=0w=1landvj=—tjfor3<;<r+1
. r+1 b
Jj=3
P(0,0) =1 and
1
Cg’o(t, t3,..., t,+1) = Z
Me #AutM

Vi(0,...,0) =t
H t H tdegv € Q[t3a
faces vevertices(M)
= (g,0: Generating function of maps without marked faces.
Remark: (g , are related to fully simple maps

- tra][[H]]

x(z) = Q(a+cz) = [V(a+c(z+271))],
y(z)=a+c(z+2z71)

dzd
wo2(21,22) = 205
Goal: study large maps <+ count maps with a large number of faces.
~ Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba

[m]

&
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Maps from ciliated maps

(] >\1:>\2:"':)\N:0-

2

e vi=0w=1landvj=—tjfor3<;<r+1
. r+1 b
Jj=3
P(0,0) =1 and
1
Cg’o(t, t3,..., t,+1) = Z
Me #AutM

Vi(0,...,0) =t
H t H tdegv € Q[t3a
faces vevertices(M)
= (g,0: Generating function of maps without marked faces.
Remark: (g , are related to fully simple maps

cs tra[[E]

x(z) = Q(a+cz) = [V(a+c(z+271))],
y(z)=a+c(z+2z71)

dzd
wo2(21,22) = 205
Goal: study large maps <+ count maps with a large number of faces.
Question: how to access the large order behaviours?
~ Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba

[m]
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Large maps and singularity of spectral curve

[Eynard 2016: Counting surfaces, chap. 5]

Generating function A(t) = Y. Acth € Q[[t]].
k>0
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Large maps and singularity of spectral curve

[Eynard 2016: Counting surfaces, chap. 5]

Generating function A(t) = > Atk € Q[[t]]. Large k behaviour of Ay <+ singularities of
k>0
A(t).

Example: critical point at t = t. of the form

C C ko1
A(t) ~ — Ay ~
(t) -0 1 Coo T(a)te  tk

[m] = = =
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Large maps and singularity of spectral curve

[Eynard 2016: Counting surfaces, chap. 5]

Generating function A(t) = > Atk € Q[[t]]. Large k behaviour of Ay <+ singularities of
k>0

A(t).

Example: critical point at t = t. of the form

C C kot
At) ~ ———— = Ak ~ —————

k—oo T(a)te tk
Singular spectral curve

At critical values t = t., t3 = t3¢,..., tr41 = t,11.: the spectral curve has a cusp:

x~(y— a)TLZ “ Spectral curve of (p,q) minimal model

=] & = E acr
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Large maps and singularity of spectral curve

[Eynard 2016: Counting surfaces, chap. 5]

Generating function A(t) = > Atk € Q[[t]]. Large k behaviour of Ay <+ singularities of
k>0

A(t).

Example: critical point at t = t. of the form

C C kot
At) ~ ———— = Ak ~ —————

k—oo T(a)te tk
Singular spectral curve

At critical values t = t., t3 = t3¢,..., tr41 = t,11.: the spectral curve has a cusp:

x~(y— a)TLZ “ Spectral curve of (p,q) minimal model

Xt te X
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Generating function A(t) = > Atk € Q[[t]]. Large k behaviour of Ay <+ singularities of
k>0

A(t).

Example: critical point at t = t. of the form

C C kot
At) ~ ———— = Ak ~ —————

k—oo T(a)te tk
Singular spectral curve

At critical values t = t., t3 = t3¢,..., tr41 = t,11.: the spectral curve has a cusp:
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Large maps and (2,2m+1) minimal model

For maps, critical spectral curves of the form

x(¢) = Ac€m+% [(Cz - 2u)m+%} . + O(e’"+%)
y(€) = ac + cce(¢® — 2u) + 0(65)

—

where €2 = t. — t and ( special parametrisation of the spectral curve.

(2,2m + 1) — minimal model
"~ Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba
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Large maps and (2,2m+1) minimal model

For maps, critical spectral curves of the form

x(¢) = Ac€m+% [(Cz - 2u)m+%} . + 0(€m+%)

«— (2,2m + 1) — minimal model
y(€) = ac + cce(¢? — 2u) + O(€?)

where €2 = t. — t and ( special parametrisation of the spectral curve.

3
V(U) 5 = t3 4% 3
Critical pomt g = ﬁ
Near criticality:

t5 = (1l - 36)?
{X ~ Wez(@ —2)2,+ O(e})
y ~ 35 VE(ye + 6(C2 2)) + O(€?)

(2,3) minimal model: pure gravity.
[Kontsevich-Witten]

=] =3 = E acr
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Large maps and (2,2m+1) minimal model

For maps, critical spectral curves of the form

x(¢) = Acemta [(<2 - 2u)m+§:| >0 + O(€m+z) +—  (2,2m + 1) — minimal model
y(¢) = ac + cce(¢? — 2u) + O(€?)

where €2 = t. — t and ( special parametrisation of the spectral curve.

3
V() = 5 —tsy V(v) = £ — a4 — ts 2
Critical pomt tt3 = ﬁ CrltlcaI.[).0|n.'c tty = %, t2tg = _2_%0
Near criticality: Near criticality:
_ 1 3
tt2 = ﬁ(l — 3¢2)2 tts = —575(1 + (2uoe€)?)
7

x~ HEA(E -2+ O() x ~ =8[58 (2 — 2u0)2, + O(e}

y ~ 35VE(ye + (2 - 2)) + O() y ~ V3t(2 + €(¢? — 2u0)) + O(?)
(2,3) minimal model: pure gravity. (2,5) minimal model: Lee-Yang
[Kontsevich-Witten] singularity.

=} =3 = E E Al
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Critical exponents and KPZ formula
Topological recursion for the critical spectral curve of (2,2m + 1) minimal model:
C

g0, (1-t/tc )(2-26)503 1228 C, (1 + o(1 — t/t.))
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Critical exponents and KPZ formula
Topological recursion for the critical spectral curve of (2,2m + 1) minimal model:
Ce
String susceptibility exponent: ~y,

0, (1—t/t )(2-26)503 1228 C, (1 + o(1 — t/t.))

g0 .~ (l—t/t > et ng 0

2g(2m+3
g = 8( )

2m + 2

] = =
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Critical exponents and KPZ formula
Topological recursion for the critical spectral curve of (2,2m + 1) minimal model:
Ce
String susceptibility exponent: ~y,

0, (1—t/t )(2-26)503 1228 C, (1 + o(1 — t/t.))

=

g0 .~ (l—t/t > et ng 0

Vg =

_ 2 (2m+3)

g.=

-2
2m+ 2
Consistent with KPZ prediction for (p, g)-minimal model coupled to gravity
2g(p+q)—2

p+qg—1
] = =
- Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Critical exponents and KPZ formula
Topological recursion for the critical spectral curve of (2,2m + 1) minimal model:
Ce
String susceptibility exponent: ~y,

0, (1—t/t )(2-26)503 1228 C, (1 + o(1 — t/t.))

=

g0 .~ (l—t/t > et ng 0

Vg =

_ 2 (2m+3)

g=

2g(p+q)—2

-2
2m+ 2
Consistent with KPZ prediction for (p, g)-minimal model coupled to gravity
Remark: central charge of (p, g) minimal model c =1
Ex: pure gravity ¢ =0, Lee-Yang c =

p+qg—1

. (p—q)?
22
5
- Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Table of contents

(@ Topological gravity associated to ciliated maps

o Ciliated maps and Witten's class

o Topological gravity and intersection theory
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Witten's r-spin class: topological gravity
Mg »: moduli space of stable curves of genus g with n marked points.
~ Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba

«O> «F>r «=)r « =)
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Witten's r-spin class: topological gravity
Mg »: moduli space of stable curves of genus g with n marked points.
Let r > 2, a1, ..

.yap € {0,...,r —2}. Witten's r-spin class [Witten '93]:
Wy (a1, ...,an) € H*(Mg.n, Q),
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Witten's r-spin class: topological gravity
Mg »: moduli space of stable curves of genus g with n marked points.
Let r > 2, a1, ..

.yap € {0,...,r —2}. Witten's r-spin class [Witten '93]:
Wy (a1, ...,an) € H*(Mg.n, Q),

deg W, n(a1,...,an) =

r

(r—z)(g—1)+_:i1a,-
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Witten's r-spin class: topological gravity
Mg »: moduli space of stable curves of genus g with n marked points.
Let r > 2, a1, ..

.yap € {0,...,r —2}. Witten's r-spin class [Witten '93]:
Wy (a1, ...,an) € H*(Mg.n, Q),

deg Wé,n(al,

(r—z)(g—1)+_:i1a,-

r
d
<Td1,a1 "Tdn,an>g = /_ Wgr,n(al7~ 73) 1:l "¢nn
Mg,n

) an) =
Correlation functions: intersection numbers with Chern classes ¢; € H*(Mg n, Q)

] = =
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Witten's r-spin class: topological gravity

Mg »: moduli space of stable curves of genus g with n marked points
Letr>2, a1,...,a,€{0,..., . Witten'
Wgrv,,(al, ceey

r —2}. Witten's r-spin class [Witten '93]
a,—,) S H.(Mg n;@)

deg W, (a1, an)
(Tdy a1

n
(r=2)(g-1)+ X a
- r
Correlation functions: intersection numbers with Chern classes ); € H* (Mg n, Q)
ce 7-dn,an>g = Wr
Partition function

| ’n(ah
Mg.n

..yan) fl...¢n”
g—1
ZV(t; h) ::exp( Z RE

r—2

g>0,n>1

Z Z H td;,a; (Tdr,an - Tdn,an> )
! a;=0d;>0i=1
~ Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba
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Ciliated maps and Witten's class
e V= 5,',,4_1: V(U) = %
° = =
k=1 N

N
. _ _ t 1
Spectral curve: x(z) = 2", y(z) = z+ k§:1 =

«O> «F>r «=)r « =)
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Ciliated maps and Witten's class
e V= 5,',,4_1: V(U) = %
° = =
k=1 N

N
. _ _ t 1
Spectral curve: x(z) = 2", y(z) = z+ k§:1 =

With those parameters, ZWV(t; h) = Z(v, \; h).

«O> «F>r «=)r « =)
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Ciliated maps and Witten's class
e V= 5,',,4_1: V(U) = %
° = =
k=1 N

N
. _ _ t 1
Spectral curve: x(z) = 2", y(z) = z+ k§:1 =

td,a _ (_1)d r(

With those parameters, ZWV(t; h) = Z(v, \; h).

d+(+1)/r) <. 1
[(G+1)/r) ;Afd

+a+1
~ Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba

Or» «F» «=» « >
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Ciliated maps and Witten's class

P

°

N
. _r — t 1
Spectral curve: x(z) = 2", y(z) = z+ /;::1 ANz )

With those parameters, ZW(t; h) = Z(v, A; h).
. N
Nd+G+1)/r) 1
tyga = (—1)7
d,a ( ) r((_l + 1)/,.) kz:; )\rd+a+1
e [BCEG '21] Matrix model of ciliated maps: solution of the r™" reduction of
[Faber-Shadrin—Zvonkine '06].

Kadomtsev—Petviashvili hierarchy [Adler-van Moerbeke '92]; as well as ZW
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Ciliated maps and Witten's class

P

Spectral curve: x(z) =2z", y(z)=z+ 1 > T

With those parameters, ZWV(t; h)

(v, A h).
_ (_1)dr(d+ G+1)/r)

(J L 1)/,— Z )\rd+a+1
e [BCEG '21] Matrix model of ciliated maps: solution of the r
[Faber-Shadrin—Zvonkine '06]

Kadomtsev—Petviashvili hierarchy [Adler-van Moerbeke '92]; as well as ZW

i th reduction of
e [CCGG '22] Associate a Cohomological Field Theory to spectral curve, identified with
W' [Pandharipande-Pixton-Zvonkine '19].
~ Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Table of contents
1) Ciliated maps: definitions and enumeration results
Ciliated maps
Topological Recursion
Enumeration results
2

Large maps from ciliated maps and minimal models

Asymptotics of large maps

Singular spectral curve and minimal models

KPZ exponents

3) Topological gravity associated to ciliated maps
Ciliated maps and Witten's class

Topological gravity and intersection theory

(@ Ciliated maps and free probabilities
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Ciliated maps and matrix model with external field
Hp: hermitian matrices size N; X := diag(\1,..., An) (external field/source). Z is also the
partition function of a hermitian matrix model with external field:
t2
Z(A? v, m) -

Sy, dM exp ( — NTr(V(M 4 A) = V()) — MV'(A)))
fHNdMexp(

N

N
_ N 'V’i,j’V’j,i)
2t PO
2=, POGK)

] = =
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Ciliated maps and matrix model with external field
Hpy: hermitian matrices size N; X := diag(\qg, ...,
partition function of a hermitian matrix model with external field
t2
Z(\ Vi) = t

An) (external field /source). Z is also the
Sy, dMexp (

Tr(V(M+ ) — V()) — MV’(A)))
N
N M ;i M;,i
fH dMeXP(_ZiJZ:: (”J)>
Ciliated maps are Feynman graphs of this matrix model (A; = V'()\;))
N)2‘2g‘” tn 9
Z - g,n(>\lla )\l,,) = N\n - log Z =
= ( t N7 ON; T OA;,

<Mi1 i1

N Min7in>

c

] = =
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Ciliated maps and matrix model with external field
Hpy: hermitian matrices size N; X := diag(\qg, ...,
partition function of a hermitian matrix model with external field
t2
Z(\ Vi) = t

An) (external field /source). Z is also the
Sy, dMexp (

Tr(V(M+ ) — V()) — MV’(A)))
N
N M ;i M;,i
fH dMeXP(_ZiJZ:: (”J)>
Ciliated maps are Feynman graphs of this matrix model (A; = V'()\;))
N\228n tn 9
Z (?) g,n()\llﬂ >\ln) = Nn 8/\ a/\ |Og Z <Mi1 i . Min,in>
g20 n
Remarks
o (-).: classical cumulant of the matrix model
(divided difference)

iy
e the matrix model was actually the inspiration for the study of ciliated maps;
e the particular form of the weights Vx come from Taylor expansion of V(M + )
~ Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba

] = =

OIST: CFTPRGR 02/08/2023

DA

20/22



(i)

j=1

Free probability of the matrix model
Let v1,...,7n € &, be disjoint cycles, of total length L; monomials P, = [] M(’Yi)ja("/i)j+1'
~ Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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(i)

Free probability of the matrix model
Let v1,...,7n € &, be disjoint cycles, of total length L; monomials P,
Two kinds of correlations functions from the matrix model:
(Trmb ..

TrM") _ are computed via
topological recursion on the spectral
curve

IT Meyy; i
j=1
x(C()=C+t ; TECE
y(¢) = Q(¢)
wo 2(C17 C2) (¢ 1%232

] = =
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Free probability of the matrix model
Let v1,...,7n € &, be disjoint cycles, of total length L; monomials P.
Two kinds of correlations functions from the matrix model
(Trmb ..

i)
TrM") _ are computed via
topological recursion on the spectral

curve
x(¢) =

i = 1 My ()

j=1
i (P4, ...P,,). are computed via
curve
N 1
CHt 2 TEIcE
y(€) = Q(Q)
wo,2(C1,¢2) =

topological recursion on the spectral
_dGidG

x(¢) = Q<)
y(¢) =
(G1—¢)?

N
= @
wo,2(¢1,¢2) =

1
C+t ) o
- Séverin Charbonnier (Unige) ~ Ciliated maps CFT, gravity, free proba

d¢idé
(G—&)?
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Free probability of the matrix model
Let v1,...,7n € &, be disjoint cycles, of total length L; monomials P.
Two kinds of correlations functions from the matrix model
(Trmb ..

i)
TrM") _ are computed via
topological recursion on the spectral

curve
x(¢) =

i = 1 My ()

j=1
i (P4, ...P,,). are computed via
curve
N 1
CHt 2 TEIcE
y(€) = Q(Q)
wo,2(C1,¢2) =

topological recursion on the spectral
_dGidG

x(¢) = Q<)
y(¢) =

(G1—¢)?

space. .

d¢idé
(G—&)?

1
=1 @
wo,2(C1,¢2) =
[BCGLS '21]: definition of surfaced probability space, generalising higher order probability

C+t ) o
~ Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Free probability of the matrix model
Let v1,...,7n € &, be disjoint cycles, of total length L; monomials P.
Two kinds of correlations functions from the matrix model
(Trmb ..

i)
TrM") _ are computed via
topological recursion on the spectral

curve
x(¢) =

Sl | LCHCHI

j=1
i (P4, ...P,,). are computed via
curve
N 1
¢+ tkgl Q(€)(C—&)
y(€) = Q(¢)
wo,2(C1, (2) =

topological recursion on the spectral
_dGidG

x(¢) = Q<)
y(Q) =

(G1—¢)?

space. .

1
CHt 2 oEIcE
wo2(C1y G2) = (255
[BCGLS '21]: definition of surfaced probability space, generalising higher order probability
Coefficient of (?)2 2870

(TrM“ . TrM®) : moments of the
surfaced probability space.

Coefficient of (%)2_2g_n_l' in
(Py, .. Py,),: free cumulants of the
surfaced probability space.
~ Séverin Charbonnier (Unige)) ~ Ciliated maps CFT, gravity, free proba
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Conclusion

Combinatorics
Ciliated maps
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Conclusion

Combinatorics
Ciliated maps

CFT
(2,2m+1)
minimal

model
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Conclusion

Combinatorics
/ Ciliated maps \
Complex CFT .
CEES (22m+1) I
Topological minimal
recursion model

Witten's class
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Conclusion

Combinatorics
/ Ciliated maps \
Complex CFT
Geometry (2,2m+1)
Topological minimal
recursion model

Intersection
theory
Witten's class
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Conclusion

Combinatorics
Ciliated maps
Complex CFT
Geometry (2,2m+1)
Topological minimal
recursion model

Intersection
theory
Witten's class

Thank you for your attention!
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
I ={z,...,zn}
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
I ={z,...,zn}
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
I ={z,...,zn}

combinatorial

identity
\O/@

E
= O
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
| ={z,...,2n} o inatorial
combinatoria
Im = I\{zm} (a) 2

identity
ten)

(b)

o)
=0
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
| ={z,...,2n} o inatorial
combinatoria
Im = I\{zm} (a) 2

identity
o)

(b)

21

o)
=0

] = =

OIST: CFTPRGR 02/08/2023

DA

23/22



Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
I ={z,...,zn}
Im = IN\{zm}

o combinatorial
identity

combinatorial

o)
=0

(b)

Zl

identity
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
I ={z,...,zn}
Im = I\{zm}

combinatorial

identity
o> @
: ‘-

21

combinatorial

identity
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
I ={z,...,zn}
Im = IN\{zm}

combinatorial

identity

combinatorial

identity

.5 N
=] O<g]
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21

Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
| ={z,...,2n} o
Im = N\{zm} (a)

combinatorial

identity
o> @
E

combinatorial

identity

—~
o
SN—r

.L" o

<] O<g]

] = =
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Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
| ={z,...,2n} o
Im = N\{zm} (a)

combinatorial

identity
o> @
E

combinatorial

identity

—~
o
SN—r

.L" o

<] O<g]
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21

Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
| ={z,...,2n} o
Im = N\{zm} (a)

combinatorial

identity
o> @
5

combinatorial

identity

[m]
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21

Tutte's equation
e Main combinatorial tool: Tutte's equation (edge removal from the maps).
| ={z,...,2n} o
Im = N\{zm} (a)

ombinatorial

identity
o> @
5

combinatorial

identity

e Analytical treatment (technical): structure of the poles, loop equations
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Spectral curve of fully simple maps
The spectral curve is given by:

{

x(z) = Q(a+cz) = [V'(a+c(z+2z71)].,
y(z)=a+c(z+z71)
where a and c satisfy the following:

QR(a)=0
Back

and

] = =
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Free energies from TR
Formula of TR: for g >0, n>1and 2g —2+n > 0.
1
wg.n(z1,1) = Z ZR:e
a€Y dx(a)=0

_ Hieata)
2 (y(2) = y(0a(2)))dx(2)

(Wg—l,n—i-l(za 0a(2),1)
+ Y whars(z Dww s (0s(2), )
h+h'=g
JuJ'=I
| ={z,...,25}; 02 : £ — X local involution around a.
For g > 2:
1
Ceo =
where ¢'(z) =
Back

2—-2g Z
—y(2)X(2).

Rfsd)(z)wg,l(z)
ey dx(a)=0

] = =
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Free probability basics

A: non commutative algebra.
[Voiculescu '80s] :

Non commutative probability space
Moments:

¢:S[A] = C

Free Cumulants:

o)1= > w(I]

TeNC(0o)

Freeness of A, B C A.

DA
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Free probability basics

A: non commutative algebra.
[Voiculescu '80s] :

Random matrices
Non commutative probability space
Moments:

Apn: random hermitian, size N.

qb : f;[-’4-] —C /4/V — a.
N—oo
Free Cumulants:
Asymptotic expansion of cumulants:
d()= D> wmI]
<eNC(o) Ec|Tr(AY)| = No()la.....al+O(N?)
Freeness of A, B C A.
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Free probability basics

A: non commutative algebra.
[Collins—Mingo—Sniady—Speicher '07] :

Random matrices
Higher order probability space
Moments:

Ap: random hermitian, size V.

AN — a.
¢: PS[A] = C N—oo
Free cumulants: Asymptotic expansion of cumulants:
¢)::§>kﬁ

E, [Tr(Aﬁ,l), o ,Tr(Aﬁ,n)] -

N—o0

2—n —n
Higher order freeness of A, B C A. N0l a0 o)l 3] + O(NTT)
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Free probability basics

A: non commutative algebra.
[BCGLS '21] :

Random matrices
Surfaced probab”'ty Space AN I’andom hermitian, Size N
Moments:

Ay — a.
N—oo
¢ PS[A] — C
Free cumulants:

Asymptotic expansion of cumulants:

Ec|Tr(AR), ... Tr(Ak
Pp=C(®kK C[ V), i N)] N-=o0
Z N>~ §( 1k, Yy, ks €2 - -, ]
Surfaced freeness A, B C A. >0
Back
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