
GENERAL RELATIVITY HOMEWORK – WEEK 7

Exercise 1. Consider the following three metrics:

Flat plane: ds2 = dr2 + r2dϕ2 ; (1)

Sphere of radius R: ds2 = R2(dθ2 + sin2 θ dϕ2) ; (2)

Hyperbolic plane of curvature radius R: ds2 = R2(dθ2 + sinh2 θ dϕ2) . (3)

1. For each of these, write down all components of the metric gij, the inverse metric gij

and the Christoffel connection Γi
jk.

2. For the sphere and the hyperbolic plane, find a coordinate transformation θ → r(θ)

that makes the gϕϕ component identical to that of the flat plane. What is grr in these

new coordinates?

Exercise 2. Recall the Rindler coordinates for 1 + 1-dimensional flat spacetime:

ds2 = dρ2 − ρ2dθ2 . (4)

Consider a ρ = const worldline in these coordinates.

1. Find a proper time parameter τ along this worldline.

2. What are the components (uρ, uθ) of the 4-velocity uµ?

3. Find the 4-acceleration αµ =
duµ

dτ
+ Γµ

νρu
νuρ, and its magnitude |α| ≡ √

gµναµαν.

Exercise 3. On the unit sphere ds2 = dθ2+sin2 θ dϕ2, consider a vector vi with components

(vθ, vϕ). Let us parallel-transport this vector along the circle C of constant θ and varying ϕ:

dvi

dϕ
+ Γi

ϕjv
j = 0 . (5)

1. Solve this equation for vi(ϕ). Hint: try solving in terms of vθ and v̂ϕ ≡ vϕ sin θ. What

is the meaning of this v̂ϕ?

2. Upon being transported around the full circle C, by what angle does vi rotate?

3. For small θ, show that the answer is proportional to the area inside C.

4. What happens at θ = π/2?

5. What happens if we transport along a circle of constant ϕ instead?
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