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Quantum Information studies what you can do if you store 
information in a physical, quantum system and manipulate 
it with all the advantages and constraints of quantum mechanics.

We should therefore master the rules or quantum mechanics. 
Those can be condensed into 4 axioms, or postulates. They 
answer the following questions:

1. How do you describe a system? 
2. How does a system evolve?
3. What happens when you do a measurement?
4. How do you compose different systems?

This lecture will focus on those points in the context of quantum 
information.



Fundamental Concepts for QI 3
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The smallest non trivial Hilbert space is C2 and allows to describe 
a two-state system, called a qubit, with complex vectors of 
dimension 2. In matrix notations, he vector basis for a qubit is 
given by

Let us define the Hermitian conjugate of this qubit:
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We write such a state
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A Hilbert space is defined on a inner product. In the case of C2, 
we have the scalar product
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There exist operators in the Hilbert space that act on the vector 
state. 

In C2, they are 2x2 matrices
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which allows us to normalize our state vectors



Fundamental Concepts for QI 5

We define the Hermitian conjugate of the operators as

as well as a few other useful things; an operator is Hermitian if it 
satisfies 

and it is unitary if 

The trace of an operator is given by

The commutator and anticommutator of two operators are 
respectively defined as
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For studying qubits, the Pauli matrices are absolutely essential. 
They are defined by

Any hermitian operator in C2 can be written as a real linear 
combination of these matrices. They obey the commutation 
rules

with       the antisymmetric tensor.
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Eigenvectors and eigenvalues of a matrix also play a crucial role in 
quantum mechanics. An eigenvector of an operator is a non zero 
vector such that

with v a complex number, called eigenvalue. Those may be found 
from the roots of the characteristic function

The diagonal representation of a matrix is given by

All operators may not, in general, possess such a form but 
Hermitian operators always do, and their eigenvalues are always 
real. When two eigenvalues are equal, their eigensystems are 
called degenerate.
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An important class of operators are called the projectors. Suppose 
V is a d-dimensional sub-vector space of W, we find an 
orthonormal basis of  V and the projector on V is defined as

The projector is Hermitian, and P2=P. 
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It is possible to apply any function to an operator, the result is 
obtained by applying the function on the eigenvalues in the 
diagonal form of the operator,

With this, you can evaluate the exponential, logarithm, square 
root, etc, of an operator.
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The specific form of the Hamiltonian depends on the physical 
system. In quantum information, we assume any quantum gates 
can be realized.
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The notion of projective measurement of an observable can be used 
to replace the measurement operators with some advantages.
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Although the result of each measurement is in general 
unpredictable, supposing that you can measure the same state 
many time, you will find a predictable average value, given by

along with the variance of the distribution of your measurements
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Where the    represents a tensor product, which joins different 
vector spaces. Some of its properties are

in matrix notations, we have the Kronecker product
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Sometimes, the state of the system is only known probabilistically. 
In those cases, we have to use the density matrix

with no constraint on n. If only one pi is non zero, we recover a 
pure state. Note that this probability distribution is very different 
from a coherent superposition in a pure state. 
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The normalization of a density matrix is obtained through a trace

and the eigenvalues are always positive or zero. 
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The density matrix evolves according to

as for measurements we have
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