
Reading Notes on

Dynamical simulation of stress, strain, and finite deformations

by M.W. Ribarsky & Uzi Landman, PRB 38(14):9522–9537, 1988

adc

March 26, 2017

Equations are reproduced as is—but possibly corrected—from Subsections II-A and
II-B (pp. 9523–5) of the 1988 paper by Ribarsky & Landman (R&L), and accompa-
nied in parallel by their translation in the mathematical jargon of my OIST Lecture
Notes “A general formalism for the mechanics of discrete systems and continuous
media, with a view to concurrent molecular-continuum simulations.” Also significant
non-numbered equations are reported and translated, interposed between numbered
ones. The text by R&L is not retyped here, but the original paper is attached as an
appendix. Glosses of various sorts (warnings, remarks, comments, notes), flagged
by the I · · · J signs, have been interspersed wherever felt appropriate.

II-A. The ansatz-Lagrangian method: The (H, ⌧ ,N) ensemble

The vector ri(⌧) is the current radius vector of the i-th particle, and si(⌧) is the
corresponding scaled radius vector, taken with respect to selected origins (see the
warning below). The invertible tensor F(⌧) is the current cell deformation from
the prototype parallelepiped cell (given once for all).

ri↵ =
3X

�=1

H↵� si� (0<si�<1) , ri(⌧) = F(⌧) si(⌧) . (1)

Warning I While I take ri(⌧) and si(⌧) from the cell centre—current y(⌧) and
prototype o, respectively—, R&L take them from a corner, assumed as the origin
of a system of Cartesian coordinates adapted to the cubic prototype cell. As a
consequence, each component si� in (1) takes value between 0 and 1. While my
cells are allowed to migrate while changing size and shape, conventional MD cells
(such as R&L’s) are not given translational degrees of freedom. J
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The current volume of the cell is

⌦ = det(H) = ||H || , VC(⌧)= det(F(⌧))V0 .

The matrix H represents the current cell deformation in the vector basis adapted
to the prototype cell:

H := [F(⌧)] .

Remark I R&L implicitly assume that the volume of the prototype cell (V0 in my
own notations) is 1. All vectors, such as si, ṡi (i = 1, . . . , N) in (2), are identified
by R&L with the column matrix of their components in the basis adapted to the
prototype cell. As for me, I do not introduce components. J
The original Lagrangian by Parrinello & Rahman 1981 (P&R81, referred to as
Ref. 11 by R&L) reads

L
PR

= 1
2

NX

i=1

h
mi ṡ

T
i G ṡi � Ui

�
Hs1, . . . , HsN

�i
+K

cell

� U
cell

,

L
PR

= 1
2

NX

i=1

h
mi ṡi ·(C ṡi)� Ui

�
Fs1, . . . ,FsN

�i
+ K

cell

� V
cell

,

(2)

where mi is the constant mass of the i-th particle,

G = HTH , C(⌧) :=F(⌧)>F(⌧)

is the current metric tensor, and the term

Ui
�
Hs1, . . . , HsN

�
:=

NX

j=1
j 6= i

�
�p�

(si� sj)
TG (si� sj)

�
| {z }

rij := |ri � rj |

�
,

Ui
�
Fs1, . . . ,FsN

�
:=

NX

j=1
j 6= i

�
�p�

(si� sj)·C(si� sj)
�

| {z }
rij := |ri � rj |

�

is twice the contribution of the i-th particle to the potential energy of the N
particles in the calculational cell, with � the binary interaction potential.

Warning I The sloppy notation used by R&L for the particle potential energy in
(2)—namely, U({Hsi})—should be construed as above. J
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Following P&R81, the cell kinetic energy is assumed as follows:

K
cell

= 1
2 W Tr(Ḣ

T
Ḣ) , K

cell

:= 1
2 W Ḟ·Ḟ , (3)

where the scalar constant W >0 is a tunable cell inertia parameter.

Comment I Definition (3) has been variously criticised by several authors, in
particular by R&L in Subsection II-C. This issue is left aside here, to concentrate
on the “constant-strain-rate (CSR) simulations” introduced in Subsection II-B. J
Remark I R&L call W “a mass parameter.” P&R81 state more explicitly that it
“has dimensions of mass,” which is consistent with endowing the cell deformation F

with the dimensions of length. In order to match with the continuum interpretation
of F as the constant gradient of an a�ne place-valued field over the prototype cell, I
prefer to consider F dimensionless, and correspondingly W as a moment of inertia,
having dimensions mass times length squared. By the way, this intepretation helps
to clarify the issue mentioned in the comment above. J
Paraphrasing and partially correcting P&R81, R&L identify the cell potential

energy U
cell

(to within an immaterial additive constant) with minus the work done
by the applied external stress, assumed to be constant (i.e., uniform over the
cell and time-independent):

U
cell

= ⌦0Tr(�e ✏) , V
cell

:= VC(t)Tch

·Et , (4)

where
⌦0 , VC(t) = det(F(t))V0

is the volume of the reference cell, namely, of the image of the prototype cell under
the reference deformation

H0 , F(t) ,

and the symmetric tensors

�e, ✏ T

ch

,Et

are, respectively, the chemist’s Cauchy stress applied to the cell (labelled e for
external), and the Green strain

✏ = 1
2 [(H

�1
0 )TGH�1

0 � 1 ] , Et(⌧):=
1
2(Ct(⌧)� I) . (5)

The product

HH�1
0 , Ft(⌧) :=F(⌧)F(t)�1
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is the relative deformation from the reference to the current configuration, and

Ct(⌧) :=Ft(⌧)
>
Ft(⌧)

is the relative metric tensor.

Warning I R&L fail to introduce explicitly the relative deformation. However,
their (5) implicitly contains the product HH�1

0 and its transpose (hint: G=HTH).
To foster confusion, in the paper the second H�1

0 in (5) is misprinted as H�1. J
Comment I My notation for the reference deformation, labelled with a 0 subscript
by R&L, is meant to suggest that the reference configuration of the cell be conceived
of as observed at a fixed past time t, the current time being denoted by ⌧ . J
In the small-displacement approximation (Ft(⌧)' I),

Tr(✏) ' (⌦� ⌦0)/⌦0 = ⌦/⌦0 � 1 , trEt ' det(Ft)� 1 ,

splitting the external stress T

ch

into the sum of its spherical component, parame-
terised by the external pressure

Pe ⌘ 1
3 Tr(�e) , p := 1

3 trTch

,

and of its deviatoric (i.e., traceless) component, transforms (4) into

U
cell

= Pe(⌦� ⌦0) +
1
2Tr(⌃G) , V

cell

= p
�
VC(⌧)� VC(t)

�
+ 1

2 ⌃·C , (6)

(to within an immaterial additive constant), with

⌃ = ⌦0H
�1
0

�
�e� Pe 1

�
(H�1

0 )T , ⌃

:=V0 det(F(t))F(t)
�1(T

ch

� p I)F(t)�>, (7)

a sort of cell-integrated pressure-free stress-like quantity concocted by P&R81.

Comment I Regrettably (from my own point of view), R&L adhere to the conven-
tion for stress I have jokingly labelled as chemist’s, for which a spherical compres-

sive stress corresponds to T

ch

= p I , with p> 0 . Obviously, T
ch

=�T , with T the
mechanist’s Cauchy stress, or simply Cauchy stress. Parrinello and Rahman
oscillate between the two conventions. In P&R81, where they first considered a
general state of stress, it is noted “that in the definition of S through Eq. (2.20)
[they had] adopted a certain sign convention: S=+p corresponds to a system under
hydrostatic pressure.” Of course, their 1981 S is just my T

ch

. In their 1982 paper
(Strain fluctuations and elastic constants, J. Chem.Phys.76(5):2662–6, not referred
to by R&L), they adhere to the other convention, possibly because of the elastic-
ity context: in a parenthetical remark it is admitted that “[t]he sign convention is
usually taken to be S=�p when S is isotropic.” Patently, their S denotes here the
Cauchy stress T. J
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The equations of motion for the particles stemming from the Lagrangian (2) are

mi s̈i = �
NX

j=1
j 6= i

�ij (si � sj)�miG
�1Ġ ṡi (i = 1, . . . , N)

mi s̈i = F

�1
fi �miC

�1
Ċ ṡi (i = 1, . . . , N)

(8a)

where the interaction force fi acting on the i-th particle stems from the binary
interaction potential � :

fi =
NX

j=1
j 6= i

fij with fij = ��ij (ri � rj) and �ij
:= rij�

0,

a prime denoting di↵erentiation.

Warning I In the paper, the last term on the right side of (8a) is misprinted as

�mi Ġ
�1

Ġ si . J
The cell dynamics is governed by the tensor equation

WḦ = �A� �
PeA+H ⌃

�
, W F̈ = V0(V �T

ch

)A , (8b)

where the “area tensor” (as dubbed by R&L)

A = ⌦(H�1)T , A

:=V0 F
⇤

equals the product of the prototype volume V0 times the adjugate of F, defined as

F

⇤ := det(F)F�>.

The specific virial (or internal microscopic stress tensor, as R&L name it)†

� , V

:=⌦�1
VC

(with VC the cell virial) is given by

�↵� = ⌦�1
NX

i=1


pi↵pi�/mi �

NX

j= i+1

�ijrij↵rij�

�
(↵,� = 1, 2, 3) ,

V

:=VC(⌧)
�1

NX

i=1

✓
(1/mi)pi⌦pi �

NX

j= i+1

�ij (ri � rj)⌦(ri � rj)

◆

| {z }
VC(⌧)

,
(8c)

†Here I follow suit with R&L, adopting the “chemist’s” sign convention for the virial.
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where
pi = miH ṡi , pi := miF ṡi

is the thermal momentum of the i-th particle.

Warning I Following P&R81, R&L write (8b) grouping the terms on the right
side di↵erently from above:

WḦ =
�
�� Pe 1

�
A�H ⌃ . J

This formulation generates an isoenthalpic-isostress (H,�e, N), where H is the
enthalpy, and the potential energy of the loading device to be added to the
internal energy is (cf. (6))

Eel = Pe(⌦� ⌦0) + ⌦0Tr
⇥
(�e� Pe 1)✏

⇤
= Pe(⌦� ⌦0) +

1
2Tr(⌃G) ,

E
load

= p
�
VC(⌧)� VC(t)

�
+ VC(t)

�
T

ch

� p I
�·Et = p

�
VC(⌧)� VC(t)

�
+ 1

2 ⌃·C .
(9)

Comment I The quantity E
load

is badly misnamed elastic energy by R&L, and cor-
respondigly denoted Eel . This term is inappropriate and highly misleading, since the
potential energy of the loading device that keeps constant the external stress applied
to the cell is independent of the elastic properties of the material comprising the cell,
related instead to the free-energy density resulting from the microscopic dynamics
within the cell. Unfortunately, misapprehension of basic concepts in elasticity—or,
better, in the mechanics of deformable media—is a serious hindrance to the devel-
opment of MD—and even more so of atomistic-continuum multiscale modelling. J
Comment I Despite the fact that the Green strain (5) makes perfect sense for
large general deformations, P&R’s recipe (6) for U

cell

is correct only for arbitrarily
large volume changes but infinitesimally small shear stresses or strains. In P&R81,
the authors felt compelled to separate pressure from shear, in order to recover the
pressure term Pe⌦ they had in their first paper (Crystal structure and pair potential:

A molecular dynamics study, PRL45(14):1196–9, not referred to by R&L). There,
a Lagrangian accounting only for an “externally applied hydrostatic pressure” had
been given, taking the pressure-volume work for granted from elementary thermo-
dynamics, without any proof or reference. Parrinello & Rahman were plainly ill at
ease with the notions of stress and strain in finite deformations, as explicitly recog-
nised as early as in 1984 by Ray & Rahman (R&R, referred to as Ref. 12 by R&L),
albeit with a mild understatement: “To bring our formulation into agreement with
[the theory of finite elastic deformations] the quantities �e and ✏ in U

cell

in [(6)] must
be interpreted di↵erently.”† R&L concur with R&R in giving a correct representa-
tion of the work done by a general constant applied stress on a cell undergoing an

†To avoid further proliferation of symbols, when quoting papers di↵erent from R&L, I translate
mathematical symbols and equation numbers into the corresponding ones in R&L whenever possible.
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arbitrarily large change both in size and shape. However, their justification is de-
fective and misleading, being based on a fuzzy reference, fraught with inaccuracies,
to Murnaghan’s book (Finite Deformations of an Elastic Solid, Wiley, New York,
1951, referred to as Ref. 31 by R&L): “An expression for the virtual work [?] �E per-
formed in a virtual deformation (i.e., the elastic energy [?] stored in the medium)
of a deformable medium, whose volume in the deformed state is ⌦, was derived by
Murnaghan.” J
Murnaghan’s expression reads

�E ⌘ Eel =

Z

⌦
Tr

⇥�
H0H

�1�e(H
�1)>H>

0

�
�✏
⇤
d⌦ ,

E
load

=

Z

C

�
F

�1
t

T

ch

F

�>
t

�·Et !(⌧) ,
(10)

where the integral is taken with respect to the current volume form

!(⌧) = det(Ft)!(t) ,

with !(t) the reference volume form.

Warning I This is what R&L mean by the statement “The integral is to be per-
formed over the final state, i.e., stressed body.” Despite all the emphasis they put
on the proper choice of the reference state H0 that, according to them, should be
unstressed, the issue here is merely kinematic, namely, a proper treatment of the
nonlinear kinematics of finite deformations. J
In the limit of infinitesimally small strains, (10) reduces to

Eel =

Z

⌦
Tr(�e ✏) d⌦ , E

load

=

Z

C
T

ch

·Et !(t) . (11)

Since both stress and strain are constant over the cell, (10) yields

Eel = ⌦0Tr(⌧ ✏) , E
load

=VC(t)Zch

·Et , (12)

where the symmetric† tensor quantity

⌧ = (⌦/⌦0)H0H
�1�e(H

�1)>H>
0 , Z

ch

:= det(Ft)F
�1
t

T

ch

F

�>
t

(13)

is the chemist’s Cosserat stress (aka second Piola-Kirchho↵ stress or, accordingly
to R&L, “thermodynamic tension”), defined on the reference configuration. In the
limit of infinitesimally small deformations, (12) reduces to

Eel = ⌦0Tr(�e ✏) , E
load

=VC(t)Tch

·Et . (14)

†Inasmuch as the Cauchy stress is symmetric, as is taken for granted here.
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The correct expression for the enthalpy H for a system of particles in a cell under-
going large (homogeneous) deformations while subjected to an arbitrary (constant)
Cosserat stress is

H = E + ⌦0Tr(⌧ ✏) , H = E + VC(t)Tch

·Et , (�)

where E is the internal energy (sum of the potential energy of the particles and of
their thermal kinetic energy). This motivated R&R to introduce the isoenthalpic-
isotension

(H, ⌧ , N) , (H,Z
ch

, N)

ensemble, where

⌧ , Z

ch

is constant, while

�e , T

ch

is not. The equations of motion stemming from R&R’s Lagrangian, if properly
interpreted, coincide with (8a) and (8b).

Comment I R&L, following R&R, draw seemingly di↵erent conclusions: “For this
ensemble the equations of motion for the particles are as given by Eq. (8a) and the
equation for H [Eq. (8b)] is replaced by

WḦ = �A�H � , W F̈ = VA� F� , (15a)

where

� = ⌦0H
�1
0 ⌧ (H�1

0 )> �

:=V0 det(F(t))F(t)
�1

Z

ch

F(t)�>. (15b)

However, substituting (13) into (15b) yields

H � = �eA , F� = T

ch

A .

Equations (15a) and (8b) are more perspicuous if rephrased as follows

(W/V0)F̈ = VF

⇤� S

prt

ch

, (?)

in terms of the chemist’s Piola stress (aka first Piola-Kirchho↵ stress) defined on
the prototype configuration

S

prt

ch

:=T

ch

F

⇤. (??)
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The identity of (15a) and (8b) is important, since it shows that the cell dynamics
is independent of the variational formulation adopted and the statistical ensemble
considered—indeed, of the very existence of a variational principle and of a statis-
tical ensemble. As a matter of fact, in Subsection II-C, titled “Isoexternal-stress
formulation,” R&L obtain once again the same equation (?) as a Lagrange equation
of motion including nonconservative forces, which they write as

WḦ = (� � �e)A . (28)

In general, a loading device that keeps the Cauchy stress constant is nonconservative,
as shown in the note below. J
Note I We have just seen that introducing a cell potential energy is an unnecessary
self-limitation. However, for those whishing to follow that route, a clean way to
deduce (4), (6), and (12) is as follows. By definition, the force applied to the cell is
conservative if and only if the work W(⌧) done by it along all putative motion

: C⇥[t, ⌧ ] ! E

( , s) 7! ( , s)

deforming the cell from its reference configuration (parameterised by F(t)) to its
current configuration (parameterised by F(⌧)), i.e., such that

( , t) = x+ F(t)( � o) & ( , ⌧) = y(⌧) + F(⌧)( � o) , (•)

is independent of the particular . In (•) o denotes the cell origin in the proto-
type configuration, while x = y(t) and y(⌧) are, respectively, the cell origin in the
reference and in the current configuration.† Let P (s) be the instantaneous power

expended by the applied force at time t  s  ⌧ along the motion . Then, to
within an immaterial additive constant,

V
cell

(⌧) := �W(⌧) = �
Z ⌧

t
P(s) ds ,

with the proviso that the integral be the same for all satisfying (•). If, furthermore,
the applied force has null bulk component (as implicitly assumed by R&L),

P(s) =

Z

@C
t

�
( , s), s

�· ˙ ( , s)↵( ( , s), s)

†Cf. the warning on page 1. For R&L y(⌧) = x whatever ⌧ be, and x is a corner of the cell. As
long as the resultant applied force is null, the translational degrees of freedom of the cell are idle.
Note that (•) requires the (bijective) map 7! ( , s) to be a�ne only at s= t and s=⌧ .
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where t( · , s) is the applied force per unit current† surface area, ↵( · , s) is the current
area form (i.e., the form that gauges surface area in the current configuration), and
˙ ( · , s) is the current referential (aka Lagrangian) velocity field realised along the
motion . Applying the fundamental Cauchy theorem yields

P(s) =

Z

@C

⇣
T

�
( , s), s

�
n

�
( , s), s

⌘
· ˙ ( , s)↵( ( , s), s)

=

Z

@C

⇣
T

�
( , s), s

�> ˙ ( , s)
⌘
·n� ( , s), s

�
↵( ( , s), s) ,

(••)

whereT( · , s) is the current spatial field of the appliedCauchy stress, and n( · , s) is
the unit outer normal field on @C in its current configuration. The appropriate trick
for integrating the instantaneous power (••) over time is to pull back its integrand
onto the given prototype cell, making use of Nanson’s relation

n

�
( , s), s

�
↵( ( , s), s) =

�r |( ,s)

�⇤
n

0
( )↵

0
,

where
�r |( ,s)

�⇤
is the adjugate of the current value of the gradient of at , n

0

is the unit outer normal field on the boundary of the prototype cell, and ↵0 is the
prototype area form (i.e., the form that gauges surface area on the prototype cell).
One gets

P(s) =

Z

@C

�
S( , s)n

0
( )

�· ˙ ( , s)↵
0
=

Z

@C

�
S( , s)> ˙ ( , s)

�·n
0
( )↵

0
, (¶)

where
S

prt( , s) :=T

�
( , s), s

��r |( ,s)

�⇤
(4)

is the current value at of the applied Piola stress defined on the prototype
configuration (cf. (??) on page 8). On account of the fact that S is divergence-free
(cf. footnote on page 9), applying the divergence theorem and the defining property
of the divergence of a tensor field transforms (¶) into

P(s) =

Z

C

�
divS|prt( ,s) · ˙ ( , s) + S

prt( , s) ·r ˙ |( ,s)

�
!

0

=

Z

C
S( , s)prt ·r ˙ |( ,s) !0

,

(})

with !0 the prototype volume form. Now, let the Piola stress S

prt be constant all
over C⇥[t, ⌧ ]‡:

S

prt( , s) = S for all 2C, s2 [t, ⌧ ] .

†When integrating between the “initial” time t and the “final” time ⌧ , current refers to time s.
‡A constant field on @C⇥[t, ⌧ ] is extended uniquely to a constant field on C⇥[t, ⌧ ].
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Then,

W(⌧) = S ·
Z

C

✓Z ⌧

t
r ˙ |( ,s) ds

◆
!

0
= V0 S·

�
F(⌧)� F(t)

�
.

This proves that a loading device that keeps constant the current Piola stress defined
on the prototype configuration is conservative. Since the prototype configuration
can be chosen at will, the same conclusion holds true for the Piola stress defined on
any fixed configuration. In particular, on the reference configuration, as

S

ref( ( , t), s) :=T

�
( , s), s

��r |( ( ,t),s)

�⇤
(5)

where
( · , s) := ( · , s)�( ( · , t))�1.

As a matter of fact, it is always legitimate—though possibly inconvenient —to
identify the reference and the prototype configuration with each other, in which
case,

( , t) = for all 2C ) F(t) = I ) Ft = F .

By comparing (4) and (5) one gets

S

ref( ( , t), s) = S

prt( , s)Ft(s)
⇤.

If Sref is constant and its value is S, then

W(⌧) = S ·
Z

C

✓Z ⌧

t
r ˙ |( ( ,t),s) ds

◆
!(t)

with !(t) the reference volume form. In conclusion, since

r ˙ |( ( ,t),s) = r ˙ |( ,s)F(t)
�1,

the work done by a loading device that keeps Sref constant equals

VC(t)S·
�
Ft(⌧)� I

�

for all motion satisfying (•).
Let us now define the Cosserat stress Z =�Z

ch

(cf. (13)) in terms of the Piola
stress, both defined on the reference configuration:†

Z

:= (r )�1
S

ref .

†This is the natural and most comfortable route, unhappily ignored by R&R and R&L. I refrain
from labelling Z as Zref , since there are no other Cosserat stresses around, unlike Piola’s.
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If Z is constant and its value is Z, then

W(⌧) = Z ·
Z

C

✓Z ⌧

t
(r )>(r ˙ )|( ( ,t),s) ds

◆
!(t) .

Since Z is symmetric (cf. (13) and footnote on page 7), then

W(⌧) = 1
2 Z ·

Z

C

✓Z ⌧

t

⇣
(r )>(r )

⌘·���
( ( ,t),s)

ds

◆
!(t) = VC(t)Z·Et(⌧) .

This proves that a loading device that keeps constant the current Cosserat stress
defined on the reference configuration is conservative, and justifies equality (12).

Finally, let us consider the case in which the current Cauchy stress is kept
constant: along all motion satisfying (•),

T

�
( , s), s

�
= T = �p I+ devT for all 2C, s2 [t, ⌧ ] ,

where p :=� 1
3trT, and tr devT = 0. Substituting (4) into (}) we get

P(s) = T ·
Z

C
r |( ( ,⌧),⌧) !( ( , s), s)

= �p

Z

C
div |( ( ,⌧),⌧) !( ( , s), s) +

�
devT

�·
Z

C
r |( ( ,⌧),⌧) !( ( , s), s)

where ( · , s) is the current spatial (aka Eulerian) velocity field, defined in terms of
the proto-referential (aka Lagrangian) velocity field ˙ ( · , s) as

( · , s) := ˙ ( · , s)� ( · , s)�1

(i.e., in terms of values, ( ( , s), s)= ˙ ( , s) for all 2C), and !( · , s) is the current
volume form (i.e., the form that gauges the volume in the current configuration),
which satisfies the equality

!( ( , s), s) = J ( , s)!
0

for all 2 C, with J ( , s) := det
�r |( ,s)

�
the current Jacobian determinant. Let

us consider first the contribution of the pressure term to the instantaneous power.
Since

div |( ( ,⌧),⌧) J ( , s) = J̇ ( , s) ,

then

W(⌧) = � p

Z

C

✓Z ⌧

t
J̇ ( , s) ds

◆
!

0
= � p

�
VC(⌧)� VC(t)

�
.
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This proves that a barostat keeping the Cauchy stress spherical and constant is a
conservative loading device, and justifies the pressure term in definition (6). We now
show that this is also a necessary condition—i.e., that a loading device that keeps
the Cauchy stress constant (T( , s) = T) is not conservative unless devT= 0—,
by proving that for any constant nonspherical stress there is at least one cyclic

deformation process (in fact, infinitely many of them) on which the work done by
such a device is nonzero. To do that, let us consider the (e,n,�, �)-family of a�ne

and planar cyclic deformation processes, in which†

r |( ,s) = F(s) = �(s) I+ �(s)n⌦e ,

where the vectors n, e form an orthonormal pair, and the R-valued functions of time
�, � satisfy the conditions

�(s) > 0 for all s 2 [t, ⌧ ] ; �(⌧) = �(t) , �(⌧) = �(t) .

Along each of these processes, the cell is dilated by a time-dependent positive fac-
tor �(s), and simultaneously sheared along e by a time-dependent amount �(s) .
Equations (}) and (4) on page 10 give us

P(s) =

Z

C
S( , s)prt ·Ḟ(s)!

0
= V0 T ·�det(F(s)) Ḟ(s)F(s)�1

�
,

and a quick calculation shows that

det(F(s)) =�(s)3 , Ḟ(s) = �̇(s) I� �̇(s)n⌦e ,

F(s)�1=
1

�(s)
I� �(s)

�(s)2
n⌦e ,

whence the instantaneous power

P(s) = V0 T ·
⇣
�(s)2 �̇(s) I+

�
�(s)2 �̇(s)� �(s)�(s) �̇(s)

�
n⌦e

⌘

= �p V̇C(s) +
�
Tn

�·e ��(s)2 �̇(s)� �(s)�(s) �̇(s)
�
.

Finally, integrating P over time from ⌧ to t yields

W(⌧) =
�
Tn

�·e
Z ⌧

t

�
�(s)2 �̇(s)� �(s)�(s) �̇(s)

�
ds,

where the integral does not vanish for all cyclic pairs (�, �), since its integrand is not
an exact di↵erential in the open half-plane {�, � 2 R2 |�>0}. Therefore, W(⌧) = 0
if and only if the resolved shear stress (Tn)·e = 0 . Since, given n, we can choose
any e?n, then Tn = �nn . Since also n can be chosen at will, this implies that �n

is in fact independent of n : �n =�p ) devT = 0 . J
†I define the tensor products a⌦b of vectors a and b in such a way that, for all vector u,

(a⌦b)u = (a·u)b .
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II-B. Constant-strain-rate simulations

In the CSR method the cell deforms in a prescribed way at a prescribed constant

rate, as if controlled by a hard loading device.

Warning I R&L do not specify which among the many conceivable deformational
time rates is kept constant. As we shall see below, what they mean is (in my own
notations) F̈= 0—or, equivalently, F̈t = F̈ F(t)�1 = 0 . Despite the name given to
the method, the assumption on which it is based is not equivalent to the constancy
of the Green strain rate Ėt . In fact (cf. (5)),

Ët = sym
�
F

>
t
F̈t+ Ḟ

>
t
Ḟt

�
(⇧)

However, (⇧) implies that if F̈t =0 , then Ët = o(Ėt) . J
Via the solution of (8a), the specific virial (aka internal microscopic stress tensor)
developed in response to the enforced deformation can be computed, and the exter-
nal stress obtained from, say, (?) on page 8 as

S

prt

ch

= VF

⇤.

Comment I It is worth stressing that the response computed by the CSR method
may be either the equilibrium response under the assigned deformation, if Ḟ = 0,
or else the response under stationary non-equilibrium conditions. J
The pivotal move here is the introduction of the spatially linear

‡
streaming ve-

locity field

u = Ḣ H�1
r , (r, ⌧) 7! u(r, ⌧) = Ḟ(⌧)F(⌧)�1

r , (16)

such that, for i = 1, . . . , N ,

u(si) = Ḣ si , u

�
ri(⌧), ⌧

�
= Ḟ(⌧)F(⌧)�1

r ,

where si(⌧) is the current value of the scaled radius vector of the i-th particle (cf. (1)).

Comment I Despite being seemingly tautological, definition (16) is highly nontriv-
ial, in that it transfers filtered kinematic information from the collection of particles
in the cell to the cell itself, thus transforming it from a mere geometric object into
a sort of deformable aether. Such a transfer is at the heart of the conceptual con-
struction of continuum mechanics. Defining u as a field is tantamount to envisaging

‡Were the cell endowed also of translational degrees of freedom, the streaming velocity field
would be spatially a�ne: u(r, ⌧) = ẏ(⌧) + Ḟ(⌧)F(⌧)�1r . Of course, this would not change its
gradient.
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the current streaming velocity as existing independently of the whereabouts of the
particles, and being sampled by each particle according to its current position. J
Warning I R&L write (16) di↵erently: u = Ḣ s , leaving implicit the fact I prefer
to make explicit, namely, that in (17) (see below) the gradient of the streaming
velocity is taken by regarding u as a function of r, not of s. Moreover, R&L define
the gradient ru of the vector field r 7!u(r) in quite an unusual way, i.e.,

u(r+ ✏v) = u(r) + ✏ru|>rv + o(✏) ,

instead of
u(r+ ✏v) = u(r) + ✏ru|rv + o(✏) ,

as I do—and nearly everybody else does. In Cartesian components, denoting vi,j the
derivative of the i-th component of u in the j-th coordinate direction, R&L would
write [ru]i,j = uj,i , while I would write [ru]i,j = ui,j . J
The “strain-rate tensor” �̇—as R&L dub it—is the streaming velocity gradient

transposed :

�̇ ⌘ ru = (H�1)>Ḣ>, G

:= ḞF

�1 ) G

>= F

�>
Ḟ

�1 (17)

Warning I Both the name and the symbol used by R&L for the quantity defined
in (17) are very poor. First of all, as the definition itself shows, no tensor-valued
function ⌧ 7! �(⌧) exists whose derivative is �̇ . Secondly, only the symmetric com-

ponent of �̇ carries information on the strain rate: Ėt =FtDF

>
t
, with D

:= symG

the cell stretching. Be it noted for future use that transposing the gradient leaves
the stretching as is but reverses the cell spin W

:= skwG : G>= D�W . J
The equations of motion (8a) can be rewritten as

miH s̈i = �
NX

j=1
j 6= i

�ij (ri � rj)� (H�1)>Ḣ>
pi �mi Ḣ ṡi ,

miF s̈i = fi � F

�>
Ḟ

>
pi �mi Ḟ ṡi ,

(18)

where the peculiar momentum—which I already termed thermal momentum on
page 6, where it appears in (8c)—is defined as

pi = miH ṡi , pi :=miF ṡi , (19a)

implying that

ṗi = mi
�
Ḣ ṡi +H s̈i

�
, ṗi = mi

�
Ḟ ṡi + F s̈i

�
. (19b)
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Rearranging terms and using (19a), (18) may be rewritten in split form as

ṗi =�
NX

j=1
j 6= i

�ij (ri � rj)� �̇ pi , ṗi = fi �G

>
pi , (20)

ṙi =(1/mi)pi + �̇>
pi , ṙi = (1/mi)pi +Gpi . (21)

It is noteworthy that (20) is identical to the “Doll’s tensor” equation introduced by
Evans & Hoover (cited in Ref. 16 by R&L).

As pointed out by R&R, in the Lagrangian (2) introduced by Parrinello & Rah-
man terms involving

Ḣsi , Ḟ si

are omitted. An equation of motion including these terms, alternative to (18), was
obtained by R&R from a Hamiltonian formulation:†

miH s̈i = �
NX

j=1
j 6= i

�ij (ri � rj)�mi Ḧ si � 2mi Ḣ ṡi ,

miF s̈i = fi �mi F̈ si � 2mi Ḟ ṡi .

(22)

In a CSR simulation, the term involving F̈t vanishes, and substituting (17) and (19a)
into in (22) yields

ṗi = �
NX

j=1
j 6= i

�ij (ri � rj)� �̇ T
pi , ṗi = fi �Gpi . (23)

Equation (23) is identical to the local-rest-frame dynamics (“Sllod”) equation of
motion suggested and used by Evans & Morris (cited in Ref. 16 by R&L).

Comment I In Subsection III-C R&R apply the CSR method to a shear flow
problem, in which

Ft(⌧) = I+ �(⌧)n⌦e

where vectors n, e form an orthonormal pair and �(⌧) is the current shear strain.
Along such a flow,

G(⌧) = Ḟt(⌧) = �̇(⌧)n⌦e ,

†For a detailed reconstruction of R&R’s procedure, see my Reading Notes on the paper Statistical
ensembles and molecular dynamics studies of anisotropic solids, J. Chem.Phys.80(9):4423–8, 1984.
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so that, in this very special case, the CSR assumption (i.e., F̈t = 0) is equivalent to
the stationarity of the velocity gradient (i.e., Ġ=0). Moreover, the shear-strain rate
�̇ is the time derivative of the shear strain �. However, even in this case, CSR does
not imply that the Green strain rate is stationary. In fact, it implies Ët = �̇ 2

n⌦n . J
Comment I R&R note that under the CSR assumption the equations of motion
generated by the formulations of P&R and R&R reduce to those used in NEMD.
In the multiscale perspective we are presently pursuing, this observation is of the
greatest import. Then, R&R close the subsection by remarking that, having per-
formed CSR simulations based either on (20) or (23), they found that (20) and (23)
“yield qualitatively similar results.” Since those equations may be rewritten as

ṗi = fi �Dpi +Wpi , (20 bis)

ṗi = fi �Dpi �Wpi , (23 bis)

their statement attests to the fact that the collective features of particle dynamics
gauged by the virial V (cf. (8c)) are much more sensitive to the cell stretching D

than to the cell spin W. This is not surprising, since the cell spin—contrary to the
cell stretching—does not a↵ect directly the time rate of inter-particle distances. J


































