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Smith-Purcell Backward Wave Oscillator FEL 
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S-‐P	  BWO-‐FEL	  is	  very	  
much	  fascinate	  !!	



Smith-Purcell Backward Wave Oscillator FEL 

Dispersion	  relaMon	
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Smith-Purcell Backward Wave Oscillator FEL 

3-‐D	  FDTD	  simulaMon	

Lasing	

Just	  BW	  
radiaMon	

Micro-‐
bunching	

Spectrum	
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エミッタンス 
•エミッタンスの保存は、運動がなんらかのハミルトニアンで記述さ
れる系(保存系)の、局所的な位相空間で常に成り立つ。 
 
• 電磁場によるビームの収束、加速等はこのような系である。電磁場
は一定である必要はなく、場所・時間の関数であってかまわない。 
 
• エミッタンスの保存は各自由度毎に成り立つ。この点、Liuvilleの
定理(全位相空間の体積の保存)よりも強い。 
 
• 実は保存系では、より強い保存則(正準交換関係の保存：
symlecticity)が成り立っており、エミッタンスの保存はその帰結で
ある。 

-　生出勝宣講義ノート＠東大2007　- 
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General	  transfer	  matrix	  in	  the	  real	  space	  using	  Twiss	  parameters	  

Transfer	  physical	  variables	  to	  those	  
in	  Hamiltonian	  system	  at	  the	  
entrance	

Transfer	   variables	   in	   Hamiltonian	  
system	   to	   those	   in	   the	   real	   space	  at	  
the	  exit	

RotaMon	  in	  the	  phase	  
space	
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ParMcle	  moMon	  which	  can	  be	  described	  by	  Hamiltonian	  is	  “SYMPLECTIC”.	
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ε = u2 pu
2 − upu

2Emi>ance	  in	  many	  parMcle	  system	  
(u	  and	  pu	  are	  canonical	  conjugate	  in	  Hamiltonian	  system)	

Thus,	  for	  example,	  	  the	  horizontal	  emi>ance	  is	  	
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For	  n-‐th	  ellipMcal	  phase	  space	  
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V2 = π detσ = π σ11σ 22 −σ12
2 = πε

when	  the	  beam	  matrix	  (σ-‐matrix)	  is	

the	  volume	  of	  the	  n-‐th	  phase	  space	

The	  beam	  matrix	  of	  2-‐th	  phase	  space	

=>	
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Describing	  general	  expression	  for	  
emi>ance	  exchange	  with	  “symplecMc”	  

transfer	  of	  the	  beam	  matrix	

Emittance Exchange: General  

8	Beam	  Physics	  MeeMng	  @	  OIST	  2013.11.29	



€ 

σ 0 =

ε x0βx0 −ε x0αx0 0 0
−ε x0αx0 ε x0γ x0 0 0
0 0 ε y0βy0 −ε y0αy0

0 0 −ε y0αy0 ε y0γ y0

( 

) 

* 
* 
* 
* 

+ 

, 

- 
- 
- 
- 

=
σ x 0
0 σ y

( 

) 
* 

+ 

, 
- 

€ 

σ = Rσ0
tR

€ 

R =
A B
C D
" 

# 
$ 

% 

& 
' 

A =
a11 a12

a21 a22

" 

# 
$ 

% 

& 
' ,     B =

b11 b12

b21 b22

" 

# 
$ 

% 

& 
' ,     C =

c11 c12

c21 c22

" 

# 
$ 

% 

& 
' ,     D =

d11 d12

d21 d22

" 

# 
$ 

% 

& 
' 

Consider	  a	  4×4	  beam	  convariance	  matrix	  (σ-‐matrix)	

εx0	  and	  εy0	  are	  uncoupled	  iniMal	  beam	  emi>ance	  (longitudinal	  is	  also	  adaptable)	

Introduce	  a	  4×4	  beamline	  transfer	  matrix	  R	

R	  is	  symplecMc,	  then	  det(R)=1	  and	  4-‐D	  emi>ance	  εx0εy0	  is	  invariant	
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Aier	  transporMng	  beamline	  R	
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On	  the	  other	  hand	
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SymplecMc	  condiMon	  for	  R	
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We	  obtain	

Using	 , V	  becomes	

finally	

No	  emi>ance	  exchange	  
allowed	  for	  round	  beam	  !!	
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Emittance Exchange: Transverse 
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SkewQchannel	

Skew-‐Q	  channel	
Solenoid	

Round	  
beam	

	  phase	  advance	  control	

Flat	  beam	

x-‐y	  couple	 x-‐y	  decouple	

Non-‐symplec,c	  !	
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Quadrupole	  channel	  in	  the	  rotated	  coordinate	

90°	  difference	  between	  
x	  and	  y	  phase	  advances	
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Matching	  condiMon	

Exit	  of	  the	  solenoid	  end-‐field	  =	  entrance	  of	  the	  skew	  Q	  channel	

IniMal	  beam	  (α	  =	  0)	
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<=	  Matched	  beta	  funcMon	  to	  skew	  system	
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Adapted	  emi>ances	

Skew	  Q	  channnel	
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If	  we	  want	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  for	  the	  flat	  beam,	  	
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K = 50  keV  γ 2 −1 = 0.453( )
ε n0 = ε 0 / γ 2 −1 =1×10−6   m⋅ rad

χ = 0.1  ε ny = 0.1×10−6   m⋅ rad( )
κ = 5  Bz = 0.00772256T( )
β0 =1  m  β = 0.2  m( )
⇒

σ 0
2 = 2.25 ×10−6   uniform distribution  r0 = 3  mm,   Gaussian  σ 0 =1.5  mm

σ '02 = 2.15 ×10−6

ε 0 = 2.2 ×10−6   m⋅ rad

ε x ≈ 22.5 ×10−6   m⋅ rad
ε y ≈ 0.221×10−6   m⋅ rad

-‐>	  For	  Smith-‐Purcell	  radia,on	

<-‐	  Our	  experimental	  result	

-‐>	  For	  Smith-‐Purcell	  BWO-‐FEL	

-‐>	  Should	  not	  be	  small	  for	  transpor,ng	  beam	  
	  	  	  	  	  with	  reasonable	  skew-‐Q	  channel	  length	

Flat Beam Generation for S-P BWO-FEL 
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Flat Beam Generation for S-P BWO-FEL 
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Flat Beam Generation for S-P BWO-FEL 
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(x,y)	

(x,x’)	

(y,y’)	

Ent.	  	  	  	  	  	  	  SQ1	  	  	  	  	  	  Ext	   Ent.	  	  	  	  	  	  	  SQ2	  	  	  	  	  	  Ext	   Ent.	  	  	  	  	  	  	  SQ3	  	  	  	  	  	  Ext	  
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Ini,al	 AIer	  solenoid	  
end-‐field	 Final	

σx
 2	  (×10-‐6	  m2)	 2.25	   2.25	 4.40	

σ’x2	  (×10-‐6	  rad2)	 2.14	 57.0	 115.	

σy
 2	  (×10-‐6	  m2)	 2.27	 2.27	 0.00436	

σ’y2	  (×10-‐6	  rad2)	 2.18	 58.1	 1.08	

βx	  (m)	 1.02	 0.199	 0.196	

βy	  (m)	 1.02	 0.198	 0.201	

εx	  (×10-‐6	  m・rad)	 2.19	 11.3	 22.5	

εy	  (×10-‐6	  m・rad)	 2.22	 11.5	 0.217	

εxnorm.	  (×10-‐6	  m・rad)	 0.994	 5.13	 10.2	

εynorm.	  (×10-‐6	  m・rad)	 1.01	 5.21	 0.0984	

Yes,	  we	  did	  (just	  on	  the	  paper)	  !	

Flat Beam Generation for S-P BWO-FEL 
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Conclusion 

1 	  εyn	  ~	  0.1	  µmrad	  may	  be	  possible	  
2 	  Precise	  phase	  advance	  control	  is	  very	  much	  crucial	  
3 	  Space	  charge	  effect	  may	  be	  significant	  for	  high	  intensity	  beam	  
4 	  How	  will	  2-‐D	  K-‐V	  beam	  work	  to	  suppress	  space	  charge	  effect	  ?	  

	  (sMll	  the	  beam	  is	  K-‐V	  aier	  the	  skew-‐Q	  channel	  ?)	

The additional bias applied between the wehnelt and the 
cathode  can  manipulate  equi-potential  surface  around 
the cathode, then Kapchinskij-Vladimirskij (KV) beam is 
obtained.	


εnorm ∼ εthermal = 0.2×10-6 mrad	  
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