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What is a differential equation

d
A differential equation is an equation that includes a derivative % of a function y(x).

If the independent variable x is single, such as time, it is called an ordinary differential
equation (ODE).

If there are multiple independent variables, such as space and time, the equation includes
partial derivatives and called a partial differential equation (PDE).

Here we consider ODEs of the form

dy
a =f.0
which describes the temporal dynamics of a varibale y over time . It is also called a

continuous-time dynamical system.

Finding the variable y as an explicit function of time y(t) is called solving or integrating the
ODE.
When it is done numerically, it is aslo called simulating.
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Analytic Solutions

Solving a differential equation is an inverse problem of differentiation, for which analytic
solution may not be available.

The simplest case where analytic solutions are available is linear differential equations

dy
— =A
dt Y

where y is a real variable or a real vector, and A is a constant coefficient or matrix.

Linear ODEs

In general, a differential equation can have multiple solutions.

For example, for a scalar linear ODE

dy
— =da ,
ar Y
the solution is given by
y(@®) = Ce”,

where C can be any real value.

When the value of y at a certain time is specified, the solution becomes unique.
For example, by specifying y(0) = 3, from e®’ = ¢” = 1, we have C = 3 and a particular
solution y(r) = 3e*.

For a second-order linear ODE
2
dr? ’
the solution is given by

y(t) = C; sinat + C, cos at
d
where C and C, are determined by spedifying y and d—f at certain time.

In [ ]: 1
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In [1]:

In [2]:

In [3]:

Euler Method

The most basic way of sovling an ODE numerically is Euler Method.

Remember the definition of the derivative is

dy . y(+An—y@)
— = lim .
., dt  Ar=0 At
Thus we can approximate % with a small time step At as
dy  y(t+ An) —y(@®)
— = =f, 0.
dt At

This brings us to an update equation

Yt + An) = y(1) + f(y, At
starting from an initial condition y(#y) = .

1 # As usual, import numpy and matplotlib
2 import numpy as np

3 import matplotlib.pyplot as plt

4 $matplotlib inline

1 def euler(f, y0, dt, n, *args):

2 """f: righthand side of ODE dy/dt=f(y,t)
3 y0: initial condition y(0)=y0

4 dt: time step

5 n: iteratons

6 args: parameter for f(y,t,*args)"""
7 d = np.array([y0]).size ## state dimension
8 y = np.zeros((n+l, d))

9 y[0] = yo0

10 t=0

11 for k in range(n):

12 yv[k+1] = y[k] + £(y[k], t, *args)*dt
13 t =t + dt

14 return y

Let us test this with a first-order linear ODE.

1 def first(y, t, a):
2 """first-order linear ODE dy/dt = a*y"""
3 return a*y
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In [4]: 1 dt = 0.1

2 n =100

3 yv = euler(first, 1, dt, n, 1)

4 plt.plot(np.arange(0,n+l)*dt, vy)
5

plt.xlabel("t"); plt.ylabel("y(t)");
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Try different values of y_0, a and dt.

In [ ]: 1

A second-order ODE

2
% =a2% +ay+ qg
can be converted to a first-order ODE with a 2-dimensional state vector (y;, y») = (v, %) as
D _
dr 2

dy,
—— =My +taiy +a
dr 22 IB4! 0

In [5]: def second(y, t, a):

1
2 second-order linear ODE
3 yl, y2 =y
4 return np.array([y2, a[2]*y2 + a[l]*yl + a[0]])
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In [6]: l y = euler(second, [1, 0], dt, n, [0, -1, 0])
2 plt.plot(np.arange(0,n+l)*dt, vy)
3 plt.xlabel("t"); plt.ylabel("y(t)");

15 1

10

The waves look growing even though al=-1. Why?

In [7]: 1 plt.plot(y[:,0], y[:,1]1, "o")
2 plt.xlabel("yl"); plt.ylabel("y2");
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In [ ]: 1

Let us see how the time step affects the accuracy of the solution.

http://localhost:8888/notebooks/OCNC/2019/DiffEqTutorial.ipynb 5/22 R=Y



DiffEqTutorial

19/6/26 0:17

In [8]: 1 dts = [0.01, 0.1, 0.3, 1, 1.5, 2]
2 tend = 5
3 a=-1
4 for dt in dts:
5 y = euler(first, 1, dt, int(tend/dt), a)
6 plt.plot(np.linspace(0, tend, len(y)), V)
7 plt.xlabel("t"); plt.ylabel("y(t)");
8 plt.legend(dts);
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In [ ]: 1

Scipy's Integrate package

For any serious integration, it is better to use a well tested and proven library, such as

odeint () in scipy.

In [9]:
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In [10]: 1 help(odeint)

'mused’' a vectoi of method'indicators fér eéch successful
time step:
1l: adams (nonstiff), 2: bdf (stiff)

ml, mu : int, optional
If either of these are not None or non-negative, then the
Jacobian is assumed to be banded. These give the number o

lower and upper non-zero diagonals in this banded matrix.

For the banded case, “Dfun” should return a matrix whose

rows contain the non-zero bands (starting with the lowest
diagonal).

Thus, the return matrix ~jac~™ from “Dfun” should have shap
e

""(ml + mu + 1, len(y0)) " when ""ml >=0"" or T "mu >=0"".

LN

The Aa+a in “Har” miaetr he atnred anch +hat Harlfi — 4 + m
odeint () internally uses adaptive time steps, and returns values of y for time points
specified in t by interpolation.

Try with the first order linear equaiton.

In [11]: 1 = np.arange(0, 10, 0.1) # time points
2 odeint(first, 1, t, args=(1l,))

3 plt.plot(t, vy)
4

plt.xlabel("t"); plt.ylabel("y(t)");

Moo
I
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And the second order.
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1t np.arange(0,10,0.1) # time points

2 y = odeint(second, [1l, 0], t, args=([0, -1, 01,))
3 plt.plot(t, vy)

4 plt.xlabel("t"); plt.ylabel("y(t)");
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In [ ]: 1

Fixed Point and Stability

d
A point y where % = (O is called a fixed point.
A fixed point is characterized by its stability:

e Stable
= Attractor

= Neutrally stable
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e Unstable
= Saddle

= Repellor

For a linear dynamical system

where y is an n dimensional vector and A is an n X n matrix, the origin y = 0 is a fixed point.
Its stability is determined by the eigenvalues of A.

In [ ]: 1

Linear differential equation system
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Here we take a vector-matrix notation

d
Zv=A
dty y

=) =)

where

In [13]: def linear(y, t, A):

1
2 """Linear dynamcal system dy/dt = Ay

3 y: n-dimensional state vector

4 t: time (not used, for compatibility with odeint())
5 A: n*n matrix"""

6 # y 1s an array (row vector), A 1iIs a matrix

7

return AQy

In [14]: 1 A = np.array([[0, 1], [-1, O011)

In [15]: 1 yO = np.array([l, -0.001])
2 t = np.arange(0, 10, 0.1)
3 y = odeint(linear, y0, t, args=(A4,))
4 plt.plot(y[:,0]1, y[:,1]1) # trajectory
5 plt.plot(y[0,0], y[(O,1], 'o', y[-1,0], y[-1,1], '*") # start/end
6 plt.axis('equal'); plt.xlabel("yl"); plt.ylabel("y2");
100 A
0.75
0.50 A
0.25 A
o 0.00 -
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In [16]:

Out[l6]:

In [17]:

out[17]:

19/6/26 0:17

Eigenvalues and eigenvectors

The behavior of the linear differential equation is determined by the eigenvalues and
eigenvectors of the coefficient matrix A.

With a matrix multiplication, a vector X is mapped to AX, which can chenge the direction and
size of the vector.

An eigenvector of A is a vector that keeps its direction after multiplication and its scaling
coefficient is called the eigenvalue.

Eigenvalues and eigenvectors are derived by solving the equation
AX = AX.

c
detA—ADH) =(@—-2)d—-A1)—bc=0

2
/’{:a-i_di a—d +bC
2 2

a
For the 2x2 matrix A = < 7)) the eivenvalues are given from

as

Complex eigenvalues makes an oscillatory solution.
The signs of the real part determines the stability.

You can check eigenvalues and eigenvectors by 1inalg.eig() function.

1 np.linalg.eig(d)

(array([0.+1.3, 0.-1.3]),
array([[0.70710678+0.] , 0.70710678-0.7 1,
[O. +0.707106783, O. -0.70710678311))

Try different settings of A and corresponding solutions.

1 # Spiral in

2 A = np.array([[-1, 1], [-1, 0]])
3 print(A)

4 np.linalg.eig(3)

(-1 1]
[-1 0]]

(array([-0.5+0.86602545, -0.5-0.86602545]1),
array([[0.35355339-0.612372445, 0.35355339+0.612372447],
[0.70710678+0. 7 , 0.70710678-0.7 1))
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In [18]:

In [19]:

Out[1l9]:

In [20]:

Out[20]:

In [ ]:

19/6/26 0:17

1 y0 = np.array([1l, -0.0001])
2 t = np.arange(0, 10, 0.1)
3 y = odeint(linear, y0, t, args=(A,))
4 plt.plot(y[:,0]1, y[:,1]1) # trajectory
5 plt.plot(y[0,0], y[O,1], 'Oo', ¥[-1,0], y[-1,1], '*") # start/end
6 plt.axis('equal'); plt.xlabel("yl"); plt.ylabel("y2");

0.2 4

0.0 1

g‘-OZ
-04
-0.6
02 00 02 04 06 08 10
yl

1 # Spiral out

2 A = np.array([[1l, 11, [-1, O]1)
3 print(A)

4 np.linalg.eig(A)

(r 1 1]
[-1 0]]

(array([0.5+0.86602545, 0.5-0.86602545]),
array([[ 0.35355339+0.612372443, 0.35355339-0.612372447],

[-0.70710678+0. , —-0.70710678-0.7 11))
1 # Saddle
2 A= np'arraY([[_ll O]I [OI 1]])
3 print(A)

4 np.linalg.eig(A)

[[-1 0]
[ 0 171

(array([-1., 1.1), array([[l., O.],
[0., 1.11))

Response to time varying input
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Alpha function

e

TN

a(t) =

N |~

is often used to approximate EPSP.

This is a solution of a second-orde ODE with an impulse input 6(7)

d _
l — l + 5([)
dt T
dy, _ = »
dt T

In [21]: 1 def alpha(y, t, tau=1l):
I = (0<t)*(t<0.1)*10 # short pulse input
return np.array([I-y[0]/tau, (y[O0]-y[1l])/tau])

w N

tau = 2

t = np.arange(0, 10, 0.1)

y = odeint(alpha, [0,0], t, (tau,))

-plot(t, y)

plt.plot(t, t/tau*np.exp(-t/tau), ":")
plt.xlabel("t");

plt.legend(("S$yl(t)", "y2(t)", r"$\alpha(t)$"));

In [22]:

~No U WwN e
el
|_J
ot

10 1

— syl(t)
y2(t)

os4{ |\ e alt)

0.6 -

0.4 -

0.2 -

0o{ ¥

In [ ]: 1

Hodgkin-Huxley neuron models

The Hodgkin-Huxley (HH) model considers a neuron as an electric circuit as depicted below.
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On the cellular membrane, there are ionic channels that pass specific type of ions. Sodium
ions (Na™) are scarce inside the cell, so that when sodium channel opens, positive charges
flood into the cell to cause excitation. Potassium ions (K™) are rich inside the cell, so that
when potassium channel opens, positive charges flood out of the cell to cause inhibition. The
HH model assumes a 'leak’' current that put together all other ionic currents.

The ingeniety of Hodgkin and Huxley is that they inferred from careful data analysis that a
single sodium channel consists of three activation gates and one inactivation gate, and a
single potassium channel consists of four activation gates. Such structures were later
confirmed by genomics and imaging.

The electric potential inside the neuron V follows the following equation:

adv
C—- = e W (Eng — V) + ggn* (Ex — V) + gL (Ep — V) + 1

Here, m, h, and n represent the proportions of opening of sodium activation, sodium
inactivation, and potassium activation gates, respectively. They follow the following
differential equations with their rates of opening and closing, a(V) and (V), depending on
the membrane voltage V.

dm

o a,(V)Y(1 —m) — p,(V)m
dh

i apn(V)(1 = h) = Br(V)h
o v
E - an( )( _n)_ﬁn( )I’l

These compose a system of four-dimensional non-linear differential equations. Another
amazing thing about Hodgkin and Huxley is that they could simulate the solutions of these
differential equations by a hand-powered computer.

Below is a code to simulate the HH model by Python. Much easier!
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First, let us look into the potassium activation function n. The asymptotic value for a constant

potential V'is given from 7= = 0 as
_ (V)
ne (V) =
(V) + (V)
In [23]: 1 def alpha n(v):
2 """opening rate of potassium activation gate"""
3 return 0.01*(v+55)/(1l-np.exp(-(v+55)/10))
4 def beta n(v):
5 """closing rate of potassium activation gate"""
6 return 0.125*np.exp(-(v+65)/80)
7 def n_inf(v):
8 """asymptotic sodium activation"""
9 return alpha n(v)/(alpha n(v)+beta n(v))
10 # Let us plot them
11 v = np.linspace(-100, 50) # from -100mV to +50mV
12 plt.plot(v, alpha n(v))
13 plt.plot(v, beta n(v))
14 plt.plot(v, n_inf(v))
15 plt.legend((r"$\alpha ns$", r"$\beta n$", r"$n \inftys$"));
16 plt.xlabel("V (mv)");
10— @
Bn
08{ ™
0.6 1
0.4 1
0.2
0.0 1 =

dn

-100

80 -60 -40 -20 0 0 40
V (mV)

We can see the same for m and A for sodium current.
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In [24]:

0O o Ul WD -

11
12
13
14
15

25 1

20 4

15 -

10 1

19/6/26 0:17

def alpha m(v):

nnn nnn

opening rate of sodium activation gate
return 0.1*(v+40)/(l-np.exp(-(v+40)/10))

def beta m(v):

nnn nnn

closing rate of sodium activation gate
return 4*np.exp(-(v+65)/18)

def m inf(v):

nmwn mmon

asymptotic sodium activation
return alpha m(v)/(alpha m(v)+beta m(v))

# Let us plot them

plt.plot(v, alpha m(v))

plt.plot(v, beta m(v))

plt.plot(v, m _inf(v))

plt.legend((r"$\alpha m$", r"$\beta m$", r"$m \inftys$"));
plt.xlabel("V (mv)");

Bm

-100

80 -60 -40 -20 O 0 40
V (mV)
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In [25]:

O o Ul WD -

10
11
12
13
14
15

10 A1

0.8 -

0.6 1

0.4 -

0.2 1

0.0 -

def alpha h(v):
"""opening rate of sodium inactivation gate"""
return 0.07*np.exp(-(v+65)/20)
def beta h(v):
"""closing rate of sodium inactivation gate"""
return 1/ (l+np.exp(-(v+35)/10))
def h inf(v):
"""asymptotic sodium inactivation"""
return alpha h(v)/(alpha h(v)+beta h(v))
# Let us plot them
plt.plot(v, alpha h(v))
plt.plot(v, beta h(v))
plt.plot(v, h_inf(v))
plt.legend((r"$\alpha h$", r"$\beta h$", r"$h \inftys$"));
plt.xlabel("V (mVv)");
m— ln
B
— P

-100

80 -60 -40 -20 0 0 4
V (mV)

19/6/26 0:17

With reversal potentials and max conductance, we can visulaize the 1_V curves for different

ions.

In [26]:

0 J o Ul WN K

# reversal potentials (mV)

Ena
Ek =
El =
# ma
gna
gk =
gl =

= 50 # sodium

=77 # potassium

-54.4 # leak
ximum conductances (uS/cm”2)
= 120 # sodium

36 # potassium

0.3 # leak
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In [28]:
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1 Inaf = gna*m inf(v)**3*(v-Ena) # Fast component of Na current
2 Ina = Inaf*h inf(v) # Na current after inactivation
3 Ik = gk*n inf(v)**4*(v-Ek)
4 T1 = gl*(v-Ek)
5 v = np.linspace(-80, 50) # from -80mV to +50mV
6 plt.plot(v, Inaf, v, Ina)
7 plt.plot(v, Ik, v, I1, ":")
8 plt.legend(("INa fast", "INa", "IK", "IL"))
9 plt.xlabel("V (mV)");
4000 1 — INa_fast
INa
000{ K
----- IL
0 1
—2000 -
—4000 -
—6000 -
80 -60 -40 20 0 20 40

V (mV)

Now let us define the HH model and simulate it!

1 # membrabe capactance (uF/cm”2)

2 Cm =1

3 def hh(y, t, I=0):

4 """Hodgkin-Huxley (1952) model

5 I: input current (uA/cm”2) for t>0"""

6 v, m, h, n =y

7 I =0 if t<0 else I # no current for t<0
8 # time derivatives

9 return np.array([ (I - gna*m**3*h*(v-Ena) - gk*n**4*(v-Ek) - g
10 alpha m(v)*(1l-m) - beta m(v)*m,
11 alpha h(v)*(1-h) - beta h(v)*h,
12 alpha n(v)*(1l-n) - beta n(v)*n])

http://localhost:8888/notebooks/OCNC/2019/DiffEqTutorial.ipynb
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In [29]:

0 o Ul WD -

11
12

19/6/26 0:17

tt = np.arange(-50, 200, 0.1) # time

y0 = np.array([ -75, 0.1, 0.6, 0.3]) # initial state
yt = odeint(hh, y0, tt, args=(6,)) # current (ul)
#plt.plot(tt,stim(tt))

plt.subplot(2, 1, 1)

plt.plot(tt, yt[:,0]) # plot V separetely in different scale
plt.ylabel("V (mv)");

plt.subplot(2, 1, 2)

plt.plot(tt, yt[:,1:]1) # m, h, n

plt.legend(("m(t)", "h(t)", "n(t)"), loc='upper left')
plt.ylabel("m, h, n");

plt.xlabel("t (ms)");

V (mV)

= /\——)/V"

=50 0 50 100 150 200

10 A

00 h T T T T
=50 0 50 100 150 200
t (ms)

Let us see the trajectory in a phase space.

In [30]: 1 plt.plot(yt[:,0], yt[:,3], ".=-")
2 plt.xlabel("V (mv)")
3 plt.ylabel("n");

0.7 1

0.6 4

c

0.5 A

0.4 4

0.3 -

-80 -60 -40 -20 0 20 40
V (mV)
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Let us see how the behavior changes with the input current.

In [31]: 1 tt = np.arange(-50, 200, 0.1) # time

2 y0 = np.array([ -65, 0.1, 0.6, 0.4]) # initial state
3 n=7 # levels

4 Ir = np.linspace(0, 15, n) # range of current

5 for i, I in enumerate(Ir):

6 yt = odeint(hh, y0, tt, args=(I,))

7 plt.subplot(n, 1, n-i)

8 plt.plot(tt, yt[:,0]) # plot V

9 plt.ylim(-80, 40) # same scale

0 plt.text(-40, 0, "I={0:1.1f}".format(I));

o] =150
_50 .

T T T

0 0T=1Z5 | 50 0 00
=50 -

LI 1] 11

0 [ 50=100 ¢ 10 0 00
=50 -

L L L

0 S0TETE ¢ 1 200
_.50 o

0 [S0T=50 L 50 100 150 200
=50 -

0/ 501=25 0 50 100 150 200
_50 -

0/ S01=00 0 50 100 150 200
_50 -

T T T

-50 0 50 100 150 200

Let's plot a F-I curve.
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In [*]:

In [*]:

70 4

50 4

f (Hz)
8

30

20 1

10

19/6/26 0:17

T = 1000 # run length (ms)
tt = np.arange(-50, T, 0.2)
y0 = np.array([ -65, 0.1, 0.5, 0.4]) # initial state
n =16 # levels
Ir = np.linspace(0, 15, n) # range of current (ul)
fs = np.zeros(n) # to store spike #
for i, I in enumerate(Ir):
yt = odeint(hh, y0, tt, args=(I,))
st = (yt[l:,0]<0) & (yt[:-1,0]>=0) # zero crossing
fs[i] = sum(st)*1000/T
plt.plot(Ir, fs) # F-U curve
plt.ylabel("f (Hz)");
plt.xlabel ("I (uA)");

T T T T

2 4 6 8 10 12 14
| (uA)

In the standard HH model, the firing frequency is around 60 Hz once a current goes above the
threshold. This is called type-Il behavior, associated with Hopf bifurcation.

The HH model can show type-I behavior, associated with saddle-node bifurcation with some
change in the parameter, e.g., Ex (Guckenheimer & Labouliau, 1993).

O o Ul WD -

e )
B W N R oW

Ek =
T =
tt =
yo =
n =
Ir =
fs =
for

plt.
plt
plt.

-60 # changed from the standard -77 mv
1000 # run length (ms)
np.arange(-50, T, 0.2)
np.array([ -65, 0.1, 0.5, 0.4]) # initial state
16 # levels
np.linspace(-10, 5, n) # range of current (uA)
np.zeros(n) # to store spike #
i, I in enumerate(Ir):
yt = odeint(hh, y0, tt, args=(I,))
st (yt[1l:,0]<0) & (yt[:-1,0]1>=0) # zero crossing
fs[i] = sum(st)*1000/T # frequency
plot(Ir, f£fs) # F-I curve

.ylabel("f (Hz)");

xlabel ("I (ud)");

http://localhost:8888/notebooks/OCNC/2019/DiffEqTutorial.ipynb 21/22 R—=Y



DiffEqTutorial

In [

In

]:

19/6/26 0:17

Further readings
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http://doi.org/10.1007/Bf02460693 (http://doi.org/10.1007/Bf02460693)

Rinzel J, Ermentrout B (1998). Analysis of neural excitability and oscillations. Koch C,
Segev |, Methods in Neuronal Modeling: From lons to Networks, MIT Press, 251-292.
Catterall WA, Raman IM, Robinson HP, Sejnowski TJ, Paulsen O (2012). The Hodgkin-
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