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© Large NV limit of irreducible tensors

© Sp(N) SYK-like model — large N

© Sp(N) SYK-like model — small N
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Three generic large N limits
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Discrete approaches to random geometry and quantum gravity

— A. Einstein (1936)

[-..] we must also give up, on principle, the space-time continuum. It is conceivable that
human ingenuity will some day find methods which will make it possible to proceed along
such a path.
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Discrete approaches to random geometry and quantum gravity

— A. Einstein (1936)

[-..] we must also give up, on principle, the space-time continuum. It is conceivable that
human ingenuity will some day find methods which will make it possible to proceed along
such a path. At the present time, however, such a program looks like an attempt to
breathe in empty space.
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Discrete approaches to random geometry and quantum gravity

— A. Einstein (1936)

[-..] we must also give up, on principle, the space-time continuum. It is conceivable that
human ingenuity will some day find methods which will make it possible to proceed along
such a path. At the present time, however, such a program looks like an attempt to
breathe in empty space.

Tensor models and random geometry:

in 2018, somehow feels like an attempt to cook a fancy meal with one ingredient

Main challenge: diversify our diet.
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Large N tensor QFT

SYK-like models — melons can be a feature in standard local theories
[Witten '16; Klebanov, Tarnopolsky '16; ...]

@ strongly coupled physics by analytical means

e quantum gravity through a different route: near AdS, / near CFT;

Long-term goal

Explore the landscape of large N tensor QFTs in higher dimension.
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Large N tensor QFT

SYK-like models — melons can be a feature in standard local theories
[Witten '16; Klebanov, Tarnopolsky '16; ...]

@ strongly coupled physics by analytical means

e quantum gravity through a different route: near AdS, / near CFT;

Long-term goal

Explore the landscape of large N tensor QFTs in higher dimension.

First question

How robust is the melonic limit ?

@ since 2010: (un)colored tensor models i.e. no symmetry on the indices, in arbitrary

rank [Gurau, Bonzom, Rivasseau,...]

@ 2017: conjecture and numerical evidence for a rank-3 symmetric traceless tensor
[Klebanov, Tarnopolsky]

@ 2018: rigorous proof for any irreducible rank-3 tensor
[Gurau '17; Benedetti, SC, Gurau, Kolanowski '17; SC '18; SC, Poszgay '18]
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Tensor quantum mechanics

Main features of Gurau-Witten and Klebanov-Tarnopolsky models:
© SYK-like properties:

solvable at large N and strong-coupling;

emergent reparametrization symmetry;

same patter of symmetry breaking as in AdS, JT gravity;
quantum chaos...

°
o
]
°

@ extra IR modes e.g. O(N)® NLSM

@ large number of states — not easy to study numerically. Example: KT model

N ‘ Number of singlets

2 2
4 36
6 595 354 780

Questions:

@ freedom in choice of symmetry group ?
— unitary groups U(N), O(N) and Sp(N)

@ somewhat fewer states if we restrict to irreducible tensors ?
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Large N limit of irreducible tensors

© Large N limit of irreducible tensors
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Colored tensor models in d = 0

[Gurau, Rivasseau, Bonzom, Riello, ... 10s ; SC, Tanasa '15]

o Statistical model for T;;,;, transforming under O(/V)? as
1) (2 H(3)
Ty — Oi1 J1 Oi2 Jjo Oi3j3 Tiiois
@ Invariant action:
1 A1 A2

S(T)= 5 Taii Tiiis +y372 Tioiais Tiiais Tisiais Tiviais + 35 Tioinis Taois Tigiais Tiviais 7+ -+

:%7 +/V>;'2>/\Z/< +I/\\l22>>z<< +...
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Colored tensor models in d = 0

[Gurau, Rivasseau, Bonzom, Riello, ...

o Statistical model for T;;,;, transforming under O(/V)? as

Tiny — O 0P 0% T,

1213

@ Invariant action:

1 A
S(T) = ETi1f2i3Tl'1i2"3 +NT12

T2

T

igini

X

i1 Cinja Cizjz 1i2s3

A
T 2

ivisi

T

o Large N expansion indexed by a non-negative degree w

Fn = In/[dT]e_S(T): SN R,

weN/2
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Colored tensor models in d = 0

[Gurau, Rivasseau, Bonzom, Riello, ... 10s ; SC, Tanasa '15]

o Statistical model for T;;,;, transforming under O(/V)? as

(1) /(2 H(3)
Til iy —7 Oi1 1 Oi2 o Oi3j3 7?/’1/2]3
@ Invariant action:

1 A1 A2
S(T)= 5 Taii Tiiis +y372 Tioiais Tiiais Tisiais Tiviais + 35 Tioinis Taois Tigiais Tiviais 7+ -+

:%7 +/V>;'2>/\Z/< +I/\\l22>>z<< +...

o Large N expansion indexed by a non-negative degree w

Fn = In/[dT]e_S(T): SN R,

weN/2

@ In the rest of the talk, restrict to a single interaction:

R -
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Melon diagrams

( G leading order & w =0 < G is a melon diagram )

Idea of proof: melons are "super-planar” i.e. they have planar jackets

3 N
w—3—|— V-F= g13—|—g12+g23€

J
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Melon diagrams

( G leading order & w =0 < G is a melon diagram )

Idea of proof: melons are "super-planar” i.e. they have planar jackets

3 N
w—3—|— V-F= g13—|—g12+g23€

(o N
0 O
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Melon diagrams

( G leading order & w =0 < G is a melon diagram )

Idea of proof: melons are "super-planar” i.e. they have planar jackets

3 N
w—3—|— V-F= g13—|—g12+g23€

() ) "
(/e
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(Anti)symmetrized tensors

@ Conjecture and numerical evidence for O(N) symmetric traceless tensor models:

a127 128 29 @130 31 a132 w133
2 2

...explicit numerical check of all
diagrams up to order \®...

pattern.

W
s

I @ ...cancellations but no obvious
%]

[Klebanov, Tarnopolsky, JHEP '17]

o Full rigorous proof for arbitrary irreducible rank-3 tensors:

© Simplified model with two symmetric tensors [Gurau '17]
@ O(N) symmetric traceless or antisymmetric [Benedetti, SC, Gurau, Kolanowski '17]
© O(N) mixed symmetric traceless [SC '18]
@ Sp(N) irreducible [SC, Pozsgay '18]

Synthetic explanation of the cancellations: irreducibility of the representation.
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Feynman amplitudes

Vertex Propagator

M X

G >\//< el (unbroken)
//\ 2SS 26 2 3= € I 35 € S < (broken)

@ Perturbative expansion of the free energy:

Fu(x) = >

connected maps M

AVM)

SO A(M)

o The amplitude of a map decomposes into up to 155" stranded graphs G:

AM) =3 %N*MG)
G

(6) =3+ 2V(6) + B(G) - F(G)

V = #{vertices}, B = #{broken edges}, F = #{faces

Okinawa — 2/11/2018 11/29
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Examples of maps and stranded graphs

o Maps M: (also called " graphs on surfaces”, "embedded graphs”, "ribbon graphs”)

S B4 )
< 5 LS O

@ Stranded graphs (or simply graphs) G:

588
Q@ Q
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Bad tadpoles

[Natural conjecture:

For any stranded graph G, w(G) > 0. J

x Not true | x Counter-example: chain of "bad tadpoles”

~ LDCDC ~ 1 ==
N3/2 Nl/Z
L)pDSSC”D:N NP2 — —
N1/2 N —

P

More generally, w is unbounded from below in the family of melon-tadpoles:

— 2 — S
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Structure of the proof

[Benedetti, SC, Gurau, Kolanowski '17]

@ Prove that:

The melon-tadpole 2-point function K verifies:
Ki(A
—®— = KON — = (KW +5% ) —

@ Define a new perturbative expansion in terms of maps M with no melon-tadpole:

AVM) 2V(M)

v = > WK()\,N) A(M)

connecteldM
no tadpole

© Prove that:

V stranded graph G without melon-tadpole

w(G) >0

= Fn = Z N F,

weN/2
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The melon-tadpole 2-point function K verifies:

—®— = KON — = (Ko + 5% +.)  —
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The melon-tadpole 2-point function K verifies:

—®— = KON — = (Ko + 5% +.)  —

@ Any 2-point map is proportional to the propagator:

—0— « -

SYK-like tensor QM with Sp(N) Okinawa — 2/



The melon-tadpole 2-point function K verifies:

—®— = KON — = (Ko + 5% +.)  —

@ Any 2-point map is proportional to the propagator:
—0— = —

Proof: Schur’'s lemma. O
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The melon-tadpole 2-point function K verifies:

—®— = KON — = (Ko + 5% +.)  —

@ Any 2-point map is proportional to the propagator:
—0— = —

Proof: Schur’'s lemma. O

@ Example: symmetric traceless tensors

_ N°+15N° +64N® — 84N° — BOON? + 384N +1536 , 1
B 62N3(N 4 2)3 36

SYK-like tensor QM with Sp(N) Okinawa —



The melon-tadpole 2-point function K verifies:

—®— = KON — = (Ko + 5% +.)  —

@ Any 2-point map is proportional to the propagator:
—0— = —

Proof: Schur’'s lemma. O

@ Example: symmetric traceless tensors
_ N°+15N° +64N* — 84N° — BO0N? + 384N + 1536 , 1

~—P
62N3(N + 2)3 36

Qi N2+2N—8P 1,
T2N3/2(N +2) 2N1/2
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The melon-tadpole 2-point function K verifies:

—®— = KON — = (Ko + 5% +.)  —

@ Any 2-point map is proportional to the propagator:
—0— x  —
Proof: Schur's lemma. O
o Example: symmetric traceless tensors
_ N® 4 15N5 + 64N* — 84N3 — BOON? + 384N + 1536, 1

~—P
62N3(N + 2)3 36

Q _ N242N-38 P 1,
T2N3/2(N +2) 2N1/2
@ Explanation of tadpole cancellations: irreducibility of the representation

Q:%(a +i b p C+...)+...O(p
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The melon-tadpole 2-point function K verifies:

—®— = KON — = (Ko + 5% +.)  —

@ Any 2-point map is proportional to the propagator:
—0— x  —
Proof: Schur's lemma. O
o Example: symmetric traceless tensors
_ N® 4 15N5 + 64N* — 84N3 — BOON? + 384N + 1536, 1

~—P
62N3(N + 2)3 36

Q _ N242N-38 P 1,
T2N3/2(N +2) 2N1/2
@ Explanation of tadpole cancellations: irreducibility of the representation

Q:%(a +... 402 C+...)+...O(p
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Sp(N) SYK-like model — large N

© Sp(N) SYK-like model — large N
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e O(N)® Tensor quantum mechanics of N* Majorana fermions:[Kiebanov, Tarnopolsky '16]

i A N\
S= / dt (51/1,-1,-2;3&1/1;1;2;3 + W1/1:'1/2i3¢i4isi31/1i4izf6¢ilisie> >//\/<
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e O(N)® Tensor quantum mechanics of N* Majorana fermions:[Kiebanov, Tarnopolsky '16]

i A 7/
S= /dt <§’l/1i1i2i3at"/)ilizi3 + mwhb%lpiﬂséwiﬂzfew"l"s"ﬁ) >//\/<
o If one reduces the S3 symmetry i.e. 1,5 Symmetric, antisymmetric or mixed:
v v v v
XK -
7 N
b N b b N b
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e O(N)® Tensor quantum mechanics of N* Majorana fermions:[Kiebanov, Tarnopolsky '16]

i A N\
S= /dt <§’l/1i1i2i3at"/)ilizi3 + mwhb%lpiﬂséwiﬂzfew"l"s"ﬁ) >//\/<

o If one reduces the S3 symmetry i.e. 1,5 Symmetric, antisymmetric or mixed:

NN
P N ¥ ¥ N ¥
@ To avoid this problem: Sp(N) version

P
L
€bg€dh'l;abc1/7fgewadewfhc Pb 9 1)
1
P
with € a skew-symmetric matrix: €' = —¢ = ¢!
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e O(N)® Tensor quantum mechanics of N* Majorana fermions:[Kiebanov, Tarnopolsky '16]

i A N\
S= /dt (51/1,-1,'2:'33:1/1,'1/2;3 + mwil/2f3wi41'5i3wi4f2f6w"1/5"6) >//\/<

o If one reduces the S3 symmetry i.e. 1,5 Symmetric, antisymmetric or mixed:

NN
P N ¥ ¥ N ¥
@ To avoid this problem: Sp(N) version

[
L
€bg€dh’<Zabc1/_Jfge1/Jade’¢fhc Pb 9 1)
= | —
[
with € a skew-symmetric matrix: €' = —¢ = ¢!

O(N) irreducible | Sp(N) irreducible
Bosonic #0 =0
Fermionic =0 #0
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Irreducible Sp(N) representation

o Sp(N) := U(2N) N Sp(2N, C) preserves: $hs0.515 and a€ap1p
U € Sp(N), Yayapas — Uayby Usyby Uayby by by b
@ Two commuting operations: permutations of indices and e-traces

7/1313233 — wa(,(naa(z)aaw) and ¢alaza3 — 1/)albc€bC7 d}bagcebc: Tbcagebc

@ Three irreducible tensor representations:
o completely symmetric (S)

n®) = % (2N? + 3N +1)

o completely antisymmetric traceless (A)
nA = ?( N? —3N —2)
o mixed traceless 112 | (M)
3
N L2 |
(M) — % (W — 1)
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Continuous symmetries

S[, Y] = /dt (id_ﬂabcatiﬁabc — %Ebgﬁdhd_)abcd_]fge'l/)aded)fhc) g= IV?/Q
o U(1) symmetry — 1 conserved charge:
1 -
Q= 5[%1):, Yabe]
@ Sp(N) symmetry — N(2/N + 1) conserved charges:
T = [i (Pk—1)peP@i—1ybe + Darpetenpe) + cc] + (1 —2—3),
fil), = [(Dak—1)pet@npe + Parpetb@i—1pe) + cc]  + (1—2-3),
if)/ = [i (Pek—1petnse — Perpebei—1pe) + cc] + (1 —=2—3),
if), = [(Dak—1)pe@i—1)pe — Pnpc@npe) + cc] 4+ (1 —=2-3), 1<k<I<N,
£ = (Dem—1)sctempe + DempePem—pe)  + (12— 3),
ff,f) =i (Pem—1)pcP@mpc — PempcP@Em—1)pc) + (1 =2 3),
£ = (Pem-1)petbem—1)be — Pempcempe)  + (1 —2—3), 1<m<N.

3 3
Ci= > <<7k,:>2+2<i<:3)2>+2 > D EDY
p=1

1<k<I<N 1<m<N p=1

SYK-like tensor QM with Sp(N) Okinawa —



Two-point function

<T(7/_}3bc(t)wa’b’c’ (tl)» = G(t7 tl) Pabc,a’b’c’

Large /V limit — closed Schwinger-Dyson equation

G=G+ g GGG

o Further simplification at strong coupling

-1
GxG =~
A

Emergent conformal invariance: reparametrization t — f(t)

G(t1, t2) = |f' () ()Y G(F (t2), F(t2))

Conformal solution:

G(t1, 1) = — < 1 >1/4 sgn(t; — t)

471')\23 |t17t2‘1/2
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Four-point function

(abe (£1)habe (12 )Daer (13 )1haer (ta)) = 0> G(t1, £2) G (3, ta) + nl (11, ta, t3, ta) + ..

-+ 0 00 - 000

@ Ladder operator:

K(t1, to; t3, ta) = —A2g [2G(t1, t3) G (2, ta) — G(t1, ta) G (t2, 13)] G(ts, ta)’

t1 i 1 3>
—K(t1, tasts, ta) = 2 +
12 Z<f o ;{7

@ IR conformal spectrum from Bethe-Salpeter equation:
Vk(to, ty, tz) = g(hk) /dt3dt4 K(h, to; t3, t4)Vk(t0, t3, t4) with g(hk) =1

with

vi(to, t1, t) == <O§(t0)¢abc(t1)d_}abc(t2)>
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Conformal dimensions

— even
— odd

ho=1, h =2, h~265,  hs~377,  etc.

— identical to complex SYK model and SU(N) x O(N) x SU(N) tensor model

Main difference: Sp(N) pseudo-Goldstone modes in the IR.
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Sp(N) SYK-like model — small N

© Sp(N) SYK-like model — small N
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Enumeration of singlets

15 ingredient: general character formula

[ In = #{singlets} = fsp(N) dU x(V) ]
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Enumeration of singlets

1% ingredient: general character formula

[ In = #{singlets} = fsp(N) dU x(V) ]

@ For a fermionic Fock representation A(p):

x(U) = xa(p)(U ZTY[A (p(U))] = det[1 + p(V)]

k=0

and therefore

[/N = Japm QU det [L+ p(U)] = [, AU exp (— PO =)

) )

@ Inourcase p=S5,A or M:
xs(U) = %tr(U)3 + %tr(Uz)tr(U) —+ %tr(US)
xa(U) = %tr(U)3 - %tr(U2)tr(U) + %tr(U3) —tr(U)

m(U) = %tr(U)?’ - %tr(U"*) ~tr(U).
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Enumeration of singlets

274 ingredient: integration formula for a class function f on Sp(N):
/ f(U)dU 01> 70N)du(917 EERE 6N)7
Sp(N) —7,mw|N
where

dp(61, ..., On) = ' N Hsm 0; H (cos@,- — c050j)2
Nt (2 1<i<j<N
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Enumeration of singlets

274 ingredient: integration formula for a class function f on Sp(N):

/ f(U)dU 01> 70N)du(917 ey 6N)?
Sp(N) —7,mw|N
where
) 2
dp(61, ..., On) = N'(2 N Hsm 0; H (cos@,- —COSGJ-)
1<i<j<N
= explicit integral formula for Iy
e.g.
N ) N 36 2 N 0 2N
1) =273 (2n?+3n+1) / dp(bs, ..., On) ( cos —k> (H cos —k)
(=N k=1 2 k=1 2
2
20, + 60, Ok + 26, 20, — 6, 0, — 20,
X H cos cos cos cos
1<k<I<N 2 2 2 2

2
Ok + 61+ 6m Ok + 6 — O Ok — 0, + 0 O — 6 — O
X H cos cos cos cos
2 2 2 2

1<k<I<m<N

SYK-like tensor QM with Sp(N) Okinawa —



Enumeration of singlets

[ The number of states grows extremely quickly in tensor models ]
| N [ Fock [ Singlets | | N ]| Fock [ Singlets | | N [ Fock [ Singlets |
1 2f 3 1 — - 1 - -
2 [ 2% 39 2 - - 2 | 2™ 18
3 [ 2% | 170640 3 [ 2™ 8 3 || 2% | 169826605
2 I [ 10% 2 > 370 Z 5160 ~10%
Symmetric Antisymmetric traceless Mixed traceless

As usual: numerically challenging, except at very small N

But interesting target: symmetric, N = 3

~ 10° states, compared to ~ 10% in KT O(6) model.

SYK-like tensor QM with Sp(N) Okinawa — 2/11/2018 26 /29



Explicit diagonalization 1

N =1, symmetric — 16 Fock states, 3 singlets.

Energy H [g/3] ‘ U(1) charge Q ‘
7 s —6 2
; 2 -2
£, . 4 0
T | ? 3 singlets
Energy [g/3]
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Explicit diagonalization 2

3 = 3, antisymmetric traceless — 16384 Fock states, 8 singlets.

Energy H [g/3] [ U(1) charge Q |
a1 7
& —11 5
-3 3
21 qu E3 ] 3 79 3 1
nergy [%
SR 7 —7
7 -1
R 9 -5
9 -3
g T T T I 8 singlets
- - Energy [§] ’ o
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Summary and outlook

@ Third universal class of large N methods.

Tensor Tape

@ Melons lie in a sweet spot: both tractable and rich!

ﬁ Tasb bec Tced Tdfa
o Robust methods:
\//
>\< colored — irreducible tensor models
N U(N), O(N) — Sp(N)
Future:

Melon diagrams
@ enumeration of Sp(/) invariants: algebraic methods ?

@ spectrum of tensor QM: symmetric Sp(3) model ?

o further extensions of the melonic limit 7
Tractable o landscape of large N tensor QFTs in higher d 7

o holography: higher spins ?
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