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The model and the tools

The model

Complex rank-3 bosonic tensor field theory: U(N)3-invariant "pillow"
interactions

Sle, @l = Solp, 7] + Sintles 95] (1)
_Z¢|X|2¢X+)‘ZZ@?‘ beac acbc ,
c=1 ab
with x = (x1,x2,x3) € {5, 2,.. ., 113, [x2 = x2 + 53 +x3, A = N°J,
acbe = (a1, ..,3c—1, be,act1, - .., ap) for D-tuple.

The kinetic term represents the discrete Laplacian in the Fourier
transformed space of the tensor index space.

The generating functional of the model writes:

X

Z2[4,J] = /DsoD@ exp (—N”S[so,«'ﬁl +NTY (et + Jx</3x)>- (2)
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The model and the tools
000

Boundary graph

b SRR 1 2~ X
b) 2 1 — 9
"""" 1@ U5 ey Y
Figure: Two connected Feynman graphs and the associated boundary graphs.
In the figure a) the boundary graph V4 is connected and

I(V1)(%,Y) = JxdyTxgyays Fyaraxs - In fig. b) the boundary graph m|m is
disconnected and J(m|m)(x,y) = KJtyJy.
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The model and the tools
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Free energy

The free energy is written as an expansion over boundary graphs:

_ e a(B)
WA =3 3 Y A e . @)
k=1 B€ds,,, X
V(B)=2k

where s, , is the set of boundary graphs, V/(B) is the number of vertices
of B, Aut(B) is the symmetry group of the graph B,

X = (Xl7 . ,Xk) S {%, %, ceey l}3k, and J(B)(X) = Jya. ..Jxk_/_pl . J_pk
Where p’ = p/(X) € {§,%,...,1}* is a momentum triplet determined
by the boundary graph B.
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The model and the tools
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Green functions

A 2k-point function with a boundary graph 5 is taken to be

N—e(B) K ( 5 6

GEM (X) =

- WI[J, J]
Zo 8y 6Jx,-> [/ /]

i=1 J=J=0
where for all ¢ € {1,2,3} and (i,j) € {1,...,k}?, x # xi.

The coefficient a(B) does not depend on the choice of colouring. For
example, for the three pillow graphs a(V1) = a(V2) = a(V3).
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The model and the tools
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Ward-Takahashi Identity

The WTI for rank-D tensor field theory writes:

}j—fEHLfoameﬁnLﬂ-mxﬂ

(;JQama(qu.ana
N (6 5
= 5 5 amy, <1 n, Z
mg N ng qz <an ’ 6JQ§” an ’ 5JQama) [J J] (5)

where 95 = (g1, ---,92-1,qa+1,---,gp). The Y-term above is a

functional given by

- 2 WI[J, J]
Y@, ] = 6my, =
’ g (;Jql~~-qa—1maqa+1---qD5Jq1---qa—lnaCIa+1~~-qD
= 3 3 a(Ximai B) - I(B)(X), (6)
Beods, X

int
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The model and the tools
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Y-term

Figure: Contributions to the term fi(x; m1;m) in the boundary graph expansion
of YO)[U,J].

f1.06 my;m) = G (x, my, xo, x3) + Z GV (x; m1, X2, 43)

+ Z G§4) (X; my, go, X3 Z Gr(n|)m X, my, qo, Q3) (7)
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Constraints on the scalings in N
[ o]

Constraining the scalings

Aim: get from the SDE, a set of inequalities between the scaling
coefficients «, 8, v and 9, such that:

@ there is no divergent terms
1
oy~

@ the higher point functions are decoupled
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Constraints on the scalings in N
[ o]

Constraining the scalings

Aim: get from the SDE, a set of inequalities between the scaling
coefficients «, 8, v and 9, such that:

@ there is no divergent terms
1
oy~

@ the higher point functions are decoupled
The 2-point function explicitly writes

N~ §2Z[J, J]

a® = = ’
(X) ZO 5Jx5-lx J=J=0 ( )
_ NPT NPBTY e N OSin L o 1 9 z[4,]
T X2 Zo  |x|? @< ) [N29=76J7 N2B=v 6] "7 7, 1

In order for the free propagator to be dominant in the large N limit, one
has:
a=2F—". 9)
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Constraints on the scalings in N
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2-point function

Using the WTI we get:

_ 1
X

G@(x)

(10)
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Constraints on the scalings in N
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2-point function

Using the WTI we get:

GO = o |x|2z > 6P (asx) G (x)

as

( N3'y+2+6 43
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Constraints on the scalings in N
oe

2-point function

Using the WTI we get:

N3'7+2+6 43
(2)
60 = |x|2Z<

3 GO (asx)GO(x)

q;
Ne(Va) . Ne(mm)+2 |
+N8ﬁ_57_5 G(a )(X X) Ngﬂ 5y— 5 N2 ZGm‘ ana7 )
N (Vi)+1
NS,@ 5y— 5NZZG (x, %)

c#a qb

where b # ¢ and b # a.

(10)
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Constraints on the scalings in N
oe

2-point function

Using the WTI we get:

) N3'7+2+6 43 @ )
G ( |X|2 |X|2Z ZG qsXa )G ( )

as

Ne(Va) . Ne(mm)+2 |
+N8/3—5'y—6Gg)(x7x) NBB—B7—6 N2 ZGm\
N (Vi)+1 4
NB,H 5y— 5NZZG (x, %;55)
c#a qb

1 N2'y+5+173,8

a

where b # ¢ and b # a.

L e (6P (xs0.) - G<2>(x))> :

g5Xa, X)
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Constraints on the scalings in N
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2k-point function with connected boundary graph

The SDE for a 2k-point function with a connected boundary graph:

N3’y+2+5—4ﬂ

2k) 2k
R S
qa
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Constraints on the scalings in N
@00

2k-point function with connected boundary graph

The SDE for a 2k-point function with a connected boundary graph:

N3’y+2+6—4ﬂ

2k) 2k
R Y e
q;

N4'y+5 63
t B N fa ( pa )
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Constraints on the scalings in N
@00

2k-point function with connected boundary graph

The SDE for a 2k-point function with a connected boundary graph:

N3YH2+6—48 ok
GEI(X) = ‘p ; Z{ o 2 CPaaph)aE (x)
qs
N4’y+5 60 1 N2Y+0+1-38 (2k) (2k)
+ ol fa (X pa B)+N - W (GB (X) - Gjp (X|x:~>ba))
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Constraints on the scalings in N
@00

2k-point function with connected boundary graph

The SDE for a 2k-point function with a connected boundary graph:

N3H2+5-45
G (x) = P! 22{ > G (aspl) G5 (X)
q;
NA+H5—65 1 N2v+o+1-38 (2k) (2k)
+ ey e (X pai B)+4 4 W(GB (X) -Gy (X|x]~>ba))
+N2’y+5—3[3 k 1 1| 97[J,J] (X) oZ[J, J] (Xl )
Ne®B) = (pg)* = (p})? Zo | 9C(B: 1, p) 0Ca(B;1,p) "Rl [

(11)

where x7 corresponds to the only white vertex such that xJ = s, and
Ca(B; 1, p) is the graph obtained by swapping the a-coloured lines
between p! and p”.
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Constraints on the scalings in N
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Swapping 1

s =szz) xtP) saz P xn(p)
e, O
a a — >
a
x7  pf =plas’ X7 phzg

Figure: This figure shows the result of a swapping of the a-coloured lines
between s and p” in a graph B. For s = p*, it corresponds to the graph
Ca(B; 1, p). The white vertex x” corresponds to the only white vertex
such that xJ = s,, similarly x*(*) corresponds to the only white vertex
such that x?) = pL.
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Constraints on the scalings in N
ooe

Swapping 2

3 3 -——— 1 1 —» 2 2

Figure: The result of the swapping of the three different colours starting from
the pillow graph V4. For the colours 2 and resp. 3, the swapping gives
the graphs V3 and resp. Vs; for colour 1, the swapping gives the
disconnected graph m|m.
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Constraints on the scalings in N
[ ]

4-point function with disconnected boundary graph

The 4-point function with a disconnected boundary graph writes

: (12)

. -
Gfﬁfm (x.y) = 1 §*WI[J, J]
J=J=0

~ No(m[m) 5_/_y5./y5-/_x5-/x

where

I N T
00000 d |12 84 0d \ Z[J, J] 6k \ 65* ’

(13)

(14)

14 /17
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[ ]

4-point function with disconnected boundary graph

The 4-point function with a disconnected boundary graph writes

: (12)

. -
Gfﬁfm (x.y) = 1 §*WI[J, J]
J=J=0

~ No(m[m) 5_/_y5./y5-/_x5-/x

where

4 n 28 2 . 2 _
FW[ULT NP6 < 1 6 (551?) Z[JJ])

5000600 [x[2 0Jy60, \ Z[J,T) 6 \ 67
2p 3 -\ 9 _
L (5‘51“) 214, 7]
X2 Z[J, J] 64800y \ 05
(13)
(14)
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Constraints on the scalings in N
[ ]

4-point function with disconnected boundary graph

The 4-point function with a disconnected boundary graph writes

: (12)

. -
Gfﬁfm (x.y) = 1 §*WI[J, J]
J=J=0

~ No(m[m) 5_/_y5./y5-/_x5-/x

where

I N T
00000 d |12 84 0d \ Z[J, J] 6k \ 65* ’

28 3 -\ 9 _

L S (5‘51“) 71, J]
X2 Z[J, 7] 650 Iy0dy \ 37"
G T (&Sm

|2 Z2[J,J] 6Jy0dy 0y \ 6@*

o
) 7[J, J]. (13)

(14)
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Constraints on the scalings in N
[ ]

4-point function with disconnected boundary graph

The 4-point function with a disconnected boundary graph writes

. -
foll)m(X,y) - 1 3*WI[J, J]

~ No(m[m) 5_/_y5./y5-/_x5-/x

: (12)
J=J=0

where

4 n 28 2 . 2 _
FW[ULT NP6 < 1 6 (551?) Z[JJ])

SIOA0T0dy X2 04l \ Z[J, T) 0k \ 05
N2 1 53 6Smi\? . -
o ( S_t) 21, 71
x[2 Z[J, J] 646 Jy6dy \ 65"

N8 1 827U, ] 6 <6Sim

o
- _ - Z[J, J]. 13
X2 7210, 0] 0,04, 5@) A (13)

The two produces "disconnected" term which must cancel each other.
This gives the constraint
26 = 1. (14)
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The SDE in the large N limit
[ ]
Large N limit

3[%@]22@"|XI2¢"+ ZZwa bede gRebe (15)

c=1 ab

—a(B) K 5 s _
@0 xy = 0 1
Gy (X) = — H(deiéfo>W[J’J] o ()
i=1 J=J=0
with the conjecture for the scaling
a(B) =3 - B —2g — 2k, (17)

where 2k is the number of vertices of BB, B its number of connected
components and g its genus.
In the case of matrix model

a(B)=2—-B-2g, (18)

see H. Grosse, R. Wulkenhaar, arXiv:1402.1041.
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The SDE in the large N limit
[ ]

2- and 4-point functions

3 -1
GP(x) = <X|2+25\Z/dqéG(2)(Q5Xa)> ; (19)
a=1
. G@(x) — GA(yy, x0, x
GO (x,y) = ~25G (1, ya, y5) GO (y) S = G0 20,25)
Y1—X
(20)
; 3
G (xy) = —23GP(x) >~ { > / dgsG (%, G, ye, y)
a=1 c#a
-l-/dq;stﬁfm(%XaJ)}v (21)

where we used the SDE for the 2-point function to rewrite the SDE for
the 4-point functions and where dq; = dqpdq. for a # b, c.
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Perspectives

Perspectives

@ Proving of the conjecture, using the SDE for disconnected boundary
graphs.

@ Solving the SDE in the large N limit, as it was done in
arXiv:1807.02945 by E. Panzer and R. Wulkenhaar in the case of
non-commutative quantum field theory.

@ Implementing the methods for the study of SYK-like tensor models.

17 /17



A solvable tensor field theory (in progress)

In the model with only the 15t pillow interaction, the renormalized SDE
for the 2-point function

1 -1
@(x) = (1 22/A ox) — ————— 22
is solved by
1
GP(x) = , 23
U RO *)
where 1 v
ga,2) =W (e ) 1 (24)
V4
with z = S\ and W(z) the Lambert function (which is defined by
z = W(ze?)).
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