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Thermofield Dynamics (TFD)

✴ Real-time Formulation at Finite Temperature  

✓ Thermofield	Dynamics	(TFD):	[Takahashi, Umezawa, 1975]	

✓ cf)	Schwinger-Keldysh	Formulation	

✓ Restrict	to	thermal	state.	cf)	general	state	in	SK	formulation	

✓ Related	to	Eternal	Black	hole	[Israel, 1976],	…	,	[Maldecena, 2003],	…
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Basic of TFD
✴

A	specific	purification	of	mixed	states	(thermal	state)	

✓ Doubling	the	Degree	of	Freedom	

✴
Example:	harmonic	oscillator	

✓ Introduce	“fictitious”	d.o.f.	to	purify	thermal	state	

✓ TFD	state							:	a	pure	state	of	which	partial	trace	give	thermal	state	

✓ Bogoliubov	transformed	vacuum	

✓ Expectation	value	w.r.t.	TFD	state	gives	thermal	average:	
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TFD and Black Hole
✴ Thermal	vacuum	of	black	hole	corresponds	to	TFD	state.	[Israel, 1976]	

✓ “Fictitious”	d.o.f.	corresponds	to	the	d.o.f.	in	the	other	side	of	the	maximally	

extended	black	hole	

�
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TFD and Black Hole
✴ AdS/CFT	and	TFD	[Maldacena, 2003]	

✓ Construct	TFD	state	by	Euclidean	path	integral	by	𝛃/2	(Hartle-Hawking	state)	and	

evolve	the	state	along	the	real	time.	

✓ TFD	state:	Maximally	entangled	state	of	R(ight)CFT	and	L(eft)CFT	

✴ Construction	of	bulk	field	inside	of	horizon	[Papadodimas, Raju 2012]	

✓ Linear	combination	of					and	

O
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“Simple” Example of AdS/CFT

✴
Simple	and	concrete	example	of	non-SUSY	AdS/CFT	correspondence:	

✓ Three-dimensional	U(N)/O(N)	Vector	model	dual	to	Higher	Spin	Gravity	in	

AdS

4

	[Klebanov, Polyakov, 2002] [Sezgin, Sundell, 2002] 

✓ CFT:	Singlet	Sector	of	(free/critical)	O(N)/U(N)	vector	model	in	Large	N	

✓ Gravity:	Infinite	tower	of	higher	spin	fields	in	AdS

4

	[Fradkin, Vasiliev, 1986 ~ ]	

✓ Great	playground	to	understand	holography:	correlation	functions,	free	energy,	

bulk	construction

Hs
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Collective Field Theory
✴

O(N)	Singlet	Sector	can	be	described	by	bi-local	field	

✓ analogous	to	radial	coordinate	for	rotationally	invariant	system	

✓ Non-linear	transformation	from	vector	field	to	bi-local	field	

✴ Collective	field	theory	of	O(N)	vector	model	[Sakita, Jevicki, 1979],	…	

✓ Collective	Action:	

✓ Measure	generates	vertices	of	bi-local	fields:	

✓ conformal	partial	wave	function	[d.M.Koch, Jevicki, Suzuki, JY, 1810.02332]	

 (x1, x2) =
NX
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Z
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1

2
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TFD of O(N) Vector Model
✴

Natural	to	consider	TFD	of	O(N)	vector	model	and	its	holographic	dual	

✓ 4D	HS	Black	hole?	[Didenko, Vasiliev, 2009],	…	

✴
Doubling	D.o.F.	

✴
Doubling	O(N)	Symmetry	and	singlet	sector	

✴
O(N)	Invariants:	

✴
Bi-local	field	(for	diagonal	O(N)	):

�i(t, ~x) e�i(t, ~x)�i(t, ~x)

�i�i e�ie�i �ie�i

 ab(t; ~x, ~y) ⌘
 
�i(~x)�i(~y) i�i(~x)e�i(~y)

ie�i(~x)�i(~y) �e�i(~x)e�i(~y)

!

O(N)⇥O(N)

O(N)diagonal

U ij�j V ij e�j
U, V 2 O(N)�i e�i
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Collective Description of TFD
✴

Compact	notation:	

✴ Collective	Hamiltonian	[Jevicki, JY, 2015]	

✴
Large	N	Saddle	Point	Equation	

✓ can	be	solved	up	to	arbitrary	function	F(p)	

✓ F(p)	can	be	fixed	by	KMS	relation	(or,	by	TFD	state):			

 ab(t; ~x, ~y) ⌘
 
�i(~x)�i(~y) i�i(~x)e�i(~y)

ie�i(~x)�i(~y) �e�i(~x)e�i(~y)

!

HTFD = H � eH =
2

N
Tr [⇧ ? ?⇧] +

N

8
Tr [ �1] +

N

2
Tr [�r2 ? ] +�V

 cl(~x, ~y) ⇠
✓
coshF (~p) i sinhF (~p)
i sinhF (~p) � coshF (~p)

◆
ei(~x�~y)·~p
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Bi-local Map in TFD
✴ Bi-local	field	can	be	expanded	in	terms	of	spin-s	operator	

✴ By	normal	ordering	of	bi-local	field	w.r.t.	vacuum,	one	can	express	spin-s	

operator	in	terms	of	bi-local	oscillator	

✴ In	TFD,	in	addition	to	(doubled)	conserved	spin-s	Operator	O

11

	and	O

22

,	we	

also	have	off-diagonal	spin-s	operator	O

12

	

✴
Normal	ordering	w.r.t.	TFD	state						,	spin-s	operator	can	be	expand	as	

↵ ⇠ aiai
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Bi-local Map in TFD

= �2(|~p1||~p2|� ~p1 · ~p2)
5 0

~p = ±(~p1 � ~p2)

p0 = ±(p01 � p02)

Space-like Mode

O
ab

⇠ ↵✓ + ↵̃†
✓ + �✓ + �†

✓

�✓ ⇠ ai✓eai✓

= 0

= 2(|~p1||~p2|� ~p1 · ~p2)

p02 = |~p2|
p01 = |~p1|

p0 = ±(p01 + p02)

~p = ±(~p1 + ~p2)

Time-like Mode
↵✓ ⇠ ai✓a

i
✓ e↵✓ ⇠ eai✓eai✓

(p0)2 � ~p2 (p0)2 � ~p2

Holographic Tensors



Evanescent Mode in Black Hole
✴

Space-like	Mode	of	Spin-s	Current	

✴
Exponentially	Decay	in	z	direction	of	Bulk	

✴
It	might	be	related	to	Evanescent	Mode	in	Black	Hole	

O
ab

⇠ ↵✓ + ↵̃†
✓ + �✓ + �†

✓
Time-like Space-like

Hs ⇠ ↵✓ + ↵̃†
✓ + �✓ + �†

✓

Propagating Decaying

= �2(|~p1||~p2|� ~p1 · ~p2)
5 0

~p = ±(~p1 � ~p2)

p0 = ±(p01 � p02)

�✓ ⇠ ai✓eai✓

(p0)2 � ~p2

(pz)2 ' (p0)2 � ~p2

Effective potential of AdS-Schwarzschild black hole 

[Rey, Rosenhaus, 2014]
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Figure 4. The e↵ective potential for a large black as a function of the tortoise coordinate.

Note that with tortoise coordinates the region near the boundary (large r) gets compressed

near ⇡/2. Thus, the top corner of the plot is the only portion of the potential that is similar

to a portion of the pure AdS potential (Fig. 3(b)). Here, the modes are mostly those of type

(1) that propagate into the black hole horizon, and type (4) that have low energy and hence

are evanescent.

for some value of r. Outside the planet, r > R, the metric takes the form (3.27).

Letting rh denote the would-be horizon of the planet, (3.31) translates into the following

condition on the radius R of the planet:

R� rh <
rh

d� 2

✓
rh

LAdS

◆2

. (3.32)

Since rh/LAdS ⌧ 1 by assumption, it is nontrivial for physical matter to be so dense.

In particular, if one assumes the density is nonnegative and a monotone decreasing

function, then a general argument [20] gives that one must have R � rh > rh/8 (for 4

spacetime dimensions).

Large AdS-Schwarzschild black hole

We would like to find corrections to the reconstruction resolution bound �proper > LAdS

for locations deeper in the bulk, where the geometry is no longer pure AdS space.

To find this, we need to solve for the radial profile of the evanescent modes. The

evanescent modes will grow exponentially as one moves from the boundary into the

bulk. The distance into the bulk that we can evolve is set by the rate of the growth:

when the coe�cient in the exponential becomes of order one, we are unable to evolve

deeper in.

We focus on a large AdS black hole, which is similar to a black brane. In the limit

that the black hole is large, r0 � 1, the metric (3.27) can be simplified by dropping the

– 21 –
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Figure 3. (a) The e↵ective potential (3.26) for a small AdS black hole. The boundary of AdS

space is at tortoise coordinate r⇤ = ⇡/2, while the horizon is at r⇤ = �1. Evanescent modes

arise if the potential ever drops below the value at the local minimum present in the pure

AdS space (⇠ l2). Here, this occurs because the potential approaches zero at the horizon.

(b) The e↵ective potential for pure global AdS space.

1. ! & l
r0
. These modes are higher than the angular momentum barrier and prop-

agate into the black hole; they correspond to throwing � particles into the black

hole.

2. l . ! . l
r0
. These modes are directly related to the modes in the pure AdS

space (plotted in Fig. 3 (b)). They correspond to the particles having su�cient

angular momentum so that they stay far away from the black hole and do not

notice its presence. They do di↵er from the pure AdS modes in that they have

exponentially suppressed tails which are propagating near the black hole.

3. l . ! . l
r0
. This is the same regime as type 2 modes, but these modes are

the ones that have most of their support close to the black hole and only an

exponentially small amplitude in the asymptotic region. We will call these modes

trapped modes.

4. ! . l. These are the evanescent modes. All possible evanescent modes, with any

! for any value of l, are present as a result of the potential dropping to zero at

the horizon.

As discussed in Sec. 3.2, it is only the evanescent modes which inhibit reconstruction

of the region near the boundary. The trapped modes inhibit reconstruction of the field,

but only for regions close to the black hole (r < 3r0/2). Recall that we normalize

all the modes so that their boundary limit is �!lr
�

! 1. The trapped modes are

propagating in most of the AdS bulk. Only when they encounter r ⇠ 3r0/2, and have

– 19 –
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SYK Model
✴

Quantum	Mechanics	of	O(N)	Majorana	fermions	with	random	coupling	[Sachdev, Ye, 
1992],	[Kitaev, 2015],	[Polchinski, Rosenhaus, Jevicki, Suzuki, JY, Maldacena, Stanford, Gross, …]	

✴
Maximally	chaotic	

✓ Saturation	of	Chaos	Bound	(Lyapunov	exponent)	[Maldacena, Shenker, Stanford, 2015] [Kitaev, 2015]	

✓ Random	Matrix	Behavior	[Shenker, Hanada et al 2016], …, [Nosaka, Rosa, JY 2018]	

✓ Holographic	dual	to	black	hole	

✴ Collective	Action	of	bi-local	field																												[Jevicki, Suzuki, JY, 2016] 

✴

Scol =
N

2
Tr [�D ? + log ]� NJ2

8

Z
d⌧1d⌧2 [ (⌧1, ⌧2)]

4

 (⌧1, ⌧2) =
1

N

NX

i=1

�i(⌧1)�
i(⌧2)

S =

Z
d⌧

2

41

2

NX

i=1

�i@⌧�
i �

NX

i,j,k,l=1

Jijkl�
i�j�k�l

3
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TFD of SYK Model
✴

Action	for	Lorentzian	SYK	model	

✴
Doubling	of	D.o.F.	:	

✓ Issue	in	sign	of	the	copied	Lagrangian	(fermionic	case)	[Ojima, 1981]	

✴
Action	of	TFD:		

✴ O(N)	Singlet	Sector:	Diagonal	O(N)	symmetry	(vs	O(N)×O(N)	symmetry)	

✴
For	diagonal	O(N)	singlet	sector,	we	can	define	invariant	bi-local	field	as	

L =i�i@t�i + i
q
2 Ji1···iq�i1 · · ·�iq
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Collective Description of TFD

✴
Collective	Action	for	TFD	of	SYK	model	

✴
Large	N	Saddle	Point	Equation	

✓ Schwinger-Dyson	Equation	for	two	point	function	

✓ cf)	Two	coupled	Euclidean	SYK	model	[Maldacena, Qi, 2018]	

✓ Coupled	integral	equation:	Difficult	to	solve	in	general

(D ~ )ab(t1, t2)� �ab�(t1 � t2)� J2
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Z 1
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dt3 �ab
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Real-time Correlation Functions

✴
Real-time	correlation	functions	can	be	evaluated	by	analytic	continuation	of	

Euclidean	correlation	function	

✓ Retarded,	advanced,	Feynman,	anti-Feynman,	Wightman	correlation	functions	

✴
Solution	of	SD	equation:	
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⌘ 2
q

⇣
sinh ⇡t12

�

⌘ 2
q

<latexit sha1_base64="wfX6HG1DdOjnqK0tkL4bYZf5cZ8="></latexit><latexit sha1_base64="wfX6HG1DdOjnqK0tkL4bYZf5cZ8="></latexit><latexit sha1_base64="wfX6HG1DdOjnqK0tkL4bYZf5cZ8="></latexit><latexit sha1_base64="wfX6HG1DdOjnqK0tkL4bYZf5cZ8="></latexit>

G<(t1, t2) =� e
i⇡
q

⇤
⇣

⇡
�

⌘ 2
q

⇣
sinh ⇡t12

�

⌘ 2
q

<latexit sha1_base64="gjn+FjVRCLrY/7aLa3YWh3nI9hY="></latexit><latexit sha1_base64="gjn+FjVRCLrY/7aLa3YWh3nI9hY="></latexit><latexit sha1_base64="gjn+FjVRCLrY/7aLa3YWh3nI9hY="></latexit><latexit sha1_base64="gjn+FjVRCLrY/7aLa3YWh3nI9hY="></latexit>

GF (t1, t2) =G<(t1, t2) +GR(t1, t2) = e�
i⇡
q

⇤
⇣

⇡
�

⌘ 2
q
sgn (t12)

���sinh ⇡t12
�

���
2
q

<latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit><latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit><latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit><latexit sha1_base64="JH0xfMhJYOa+JRVENosfd71dDz0="></latexit><latexit sha1_base64="FdbOxiyuhACLqoqbCfjyunmTaHM="></latexit><latexit sha1_base64="FdbOxiyuhACLqoqbCfjyunmTaHM="></latexit><latexit sha1_base64="5H147QWfU4mStA8yPDuP+Q9agYo="></latexit><latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit><latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit><latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit><latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit><latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit><latexit sha1_base64="FbB1mQVUB8dsZjKzQ7s71EKU3kw="></latexit>

etc.

Real time

𝛽/2

𝛽/2

Real time

GF
<latexit sha1_base64="T382e7dWUXshPEbtArGFWTGwjH0="></latexit><latexit sha1_base64="T382e7dWUXshPEbtArGFWTGwjH0="></latexit><latexit sha1_base64="T382e7dWUXshPEbtArGFWTGwjH0="></latexit><latexit sha1_base64="T382e7dWUXshPEbtArGFWTGwjH0="></latexit>

GF
<latexit sha1_base64="rxAeon/A6XIX4UqM5BdVeuvr8aY="></latexit><latexit sha1_base64="rxAeon/A6XIX4UqM5BdVeuvr8aY="></latexit><latexit sha1_base64="rxAeon/A6XIX4UqM5BdVeuvr8aY="></latexit><latexit sha1_base64="rxAeon/A6XIX4UqM5BdVeuvr8aY="></latexit>

Glr
<latexit sha1_base64="H2jtp58cHpY6UwDkLqELmxoBcLQ="></latexit><latexit sha1_base64="H2jtp58cHpY6UwDkLqELmxoBcLQ="></latexit><latexit sha1_base64="H2jtp58cHpY6UwDkLqELmxoBcLQ="></latexit><latexit sha1_base64="H2jtp58cHpY6UwDkLqELmxoBcLQ="></latexit>

 ab
cl (t1, t2) =

✓
GF (t1, t2) Glr,1(t1, t2)

�Glr,2(t1, t2) �GF̄ (t1, t2)

◆

<latexit sha1_base64="ehualYmU2TtKlcy5mbtKTRJZT6g="></latexit><latexit sha1_base64="ehualYmU2TtKlcy5mbtKTRJZT6g="></latexit><latexit sha1_base64="ehualYmU2TtKlcy5mbtKTRJZT6g="></latexit><latexit sha1_base64="ehualYmU2TtKlcy5mbtKTRJZT6g="></latexit>

Holographic Tensors



Large q Limit

✴
Large	q	Limit	simplify	SD	equation	for	two	point	function	

✓ Rescaling	the	coupling:	

✓ 1/q	expansion	of	Large	N	classical	solution:	

✴
SD	equation	becomes	“Liouville”	equations	

✓ Solution:	

J 2 =
qJ2
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Generalizations
✴

TFD	of	Complex	SYK	model:	

✓ Bi-local	field:	

✓ Large	q	limit:	

✴
Multiple	copies	of	SYK	models	
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similar	to	[Sachdev, Jensen, Davison et al, 2016]



Discussion

✴
Real	time	formulation	of	SYK	model	at	Finite	temperature	

✴
Fluctuation	around	the	classical	solution:	

✓ can	perform	1/N	expansion	of	collective	action	

✓ Quadratic	action	gives	two	point	function	of	bi-locals	(four	point	functions	of	

fermions)	

✴
Meaning	of	extra	mode	

✴
Explicit	interaction	between	two	SYK	model	

✓ Traversable	wormhole:	[Maldacena, Qi, 2018]

 ab(t1, t2) =  
ab
cl (t1, t2) +

1p
N

⌘ab(t1, t2)
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