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# Numerical conformal bootstrap methods based solely on
Conformal Invariance and crossing symmetry provide accurate
estimates of the low-lying spectrum of local operators of non-trivial
quantum field theories describing critical systems like 3d Ising,
O(N)-sigma models, Yang-Lee edge singularity, surface
transitions and so on

# These results were traditionally obtained using Renormalization
Group approach with diagrammatic expansions like e expansion or
Monte Carlo simulations

# How to explain the numerical agreement analytically?
three main approaches:

@ Large spin perturbation theory & Crossing Symmetry
@ Mellin space approach to Conformal Bootstrap
® Conformal multiplet recombination



Conformal multiplet recombination (Rychkov & Tan,
2015)

Consider the massless ¢* theory in d = 4 — ¢ dimensions described by

the action 1 1
_ d 2 4
s= [ ¥ 5007 + yra6*

The lowest non-trivial order results for the anomalous dimensions of ¢*

theory in d = 4 — e dimensions are reproduced assuming the following
three Axioms

© The WF fixed point is conformally invariant

® Every local operator O of the WF fixed point reduces to a
corresponding free field operator in the ¢ — 0 limit

® ¢°is a descendant of ¢ in the WF fixed point as a consequence of
the e.o.m.

o, 1 34
8¢—§g¢
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% The Axiom 3 is too strong as it assumes e.o.m. which a priori have
nothing to do with Conformal Symmetry
* In this talk:

| wish to show (according to FG, A.Guerrieri, A. Petkou and C.Wen,
PRL 118(2017)061601 and arXiv:1702.03938) that the “Axiom 3” is
actually a Theorem of CFT, namely 0 & B="®

define the Wilson-Fisher fixed point and its associated ¢ expansion
using only CFT notions

extend the analysis to other WF fixed points (¢° in d = 6, ¢° in
d =3, ...) and to generalized free field theories

compute at the first non-trivial order in e of the anomalous
dimensions of scalar operators and OPE coefficients of
O(N)-invariant theories

compute the anomalous dimensions of infinite classes of spinning
operators, including the non conserved ones
(FG,arXiv:1711.05530)
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# A CFT in d dimensions is defined by a set of local operators
{Ok(x)} x € R? and their correlation functions

(01 (X1) 500 On(Xn)>

* Local operators can be multiplied. Operator Product Expansion:

01(X)02(0) ~ Y _ C12k(X) Ok (0)
k

# Oat(x) are labelled by a scaling dimension A
Onei(AX) = X204 14(X)

an SO(d) c SO(d + 1,1) representation ¢ (spin), and possibly a
flavor index f

* among the local operators there are the identity and generally a
(unique) energy -momentum tensor T,,,(x) = Og2(X)

= a CFT has no much to do with Lagrangians, coupling constants or
equations of motion.
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# Acting with the SO(d + 1, 1) Lie algebra [J,, ., P, K,,, D] on a state
A, 0y = Oa |0) generates a whole representation of the
conformal group. The local operator of minimal A (or K, |A, ¢) = 0)
is said a primary, the others are descendants

* Not all the primaries define irreducible representations:

# There are primaries admitting an invariant subspace: there is a
descendant which is also primary. It corresponds to a null state
i.e. a state of null norm

= Denoting with [A, /] a descendant primary and with [A’, /'] its
parent primary (assumed to be described by a symmetric
traceless tensor), in view of the fact that they belong to the same
representation , they must share the eigenvalues c,, ¢4, ... of all
the Casimir operators C,, Cy, . ..

(B, 0) = (A, 1) (B, 0) = (A, ) |

# since [A, /] and [A/, /'] belong to the same rep.= A = A’ + nand
the first two eq.s fix uniquely the possible pairs:




& There are three families of descendant primaries:
Parent Primary
A

Descendant Primary
Ay 1
10—k 1—0+k U+ k k=12,
gk I+k % k=1,2,.
d+0 —k—1 |d+l+k—-1 |0 —k k=1,2,..

oy <@ = =
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& There are three families of descendant primaries:

Parent Primary | Descendant Primary

A Ay /
1-7—k 1—7+k |7~k k=1,2,...
d_k 9+ k Iz k=1,2,...
d+0 —k—-1 |d+0+k—-1|0—-k| k=1,2,....¢

= There is a scalar parent primary O with the same scaling
dimension Ap = g — 1 of the canonical free scalar field ¢

= P?0(x)|0) = ~9?0(x)|0) is a null state
= |f the theory is unitary > 0°O(x) = 0 % O(x) = ¢¢(x)
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& There are three families of descendant primaries:

Parent Primary | Descendant Primary

A Ay /
-0k T—i+k [0+k| k=12,
d_k 9+k 4 k=1.2,...
d+0 —k-1 |d+l+k-1|0—-k| k=1,2,...¢

= There is a scalar parent primary O with the same scallng
dimension A» = § — 1 of the canonical free scalar field ¢y

= P20(x)|0) = —02 O(x)|0) is a null state
= |f the theory is unitary & 020(x) = 0 > O(x) = ¢(x)
# Similarly the scalar parent primary with k > 1 describes a

generalized free conformal field theory having a Lagrangian
description with a 9% kinetic term
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A CFT in d — € dimensions is a smooth deformation of the free field
theory in d dimensions if

(1] El(’),-(—)@-f VAVGY EAof—{—'y,-:Aof—i—’y( )e—i—'y( ) s
@ O] x 0 =Y, cfOF, O0ix Op= Y (clh + O(e))O
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A CFT in d — € dimensions is a smooth deformation of the free field
theory in d dimensions if

0 10+~ (9; Ao, = AO}'+’}/i:AOl[+’}/I-(1)6+’7’-(2)62+...

@ O] x 0 =3, cfyOF, Oix Op= Y (chy + O(e))Ok
For generic d this deformation does not exist, since 9°¢ with Ay =
Ay, + 'yg)e + ... does not have a counterpart in the free theory unless

there is a scalar ¢} with the same scaling dimensions of D2y, ie.
még-1)=9+10d,=3m=5d=4 m=3;d=6 m=2
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A CFT in d — € dimensions is a smooth deformation of the free field
theory in d dimensions if

0 10+~ (9; Ao, = Aoif—1—7,-:AOI(—|—’7,§1)6—|—%-(2)62—|—...
@ O] x 0 =3, cfyOF, Oix Op= Y (chy + O(e))Ok

For generic d this deformation does not exist, since 9°¢ with Ay =
Ay, + 74 does not have a counterpart in the free theory unless there is
a scalar ¢ with the same scaling dimensions of 02y, i.e.
mg-1)=9+10dn=3 m=5dy=4, m=3;dp,=6, m=2
dm is the upper critical dimension and the smooth deformation at d =
dm — € is the Wilson-Fisher fixed point in the CFT approach.
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A CFT in d — € dimensions is a smooth deformation of the free field
theory in d dimensions if

0 10+~ (9; Ao, = AO;—{—"}/I':AO}‘+’}/I-(1)€+’}/,-(2)62+...
@ O] x 0 =3, cfyOF, Oix Op= Y (chy + O(e))Ok

For generic d this deformation does not exist, since 9°¢ with Ay =
Ay, + 74 does not have a counterpart in the free theory unless there is
a scalar ¢ with the same scaling dimensions of 02y, i.e.
mg-1)=9+10dy,=3 m=5dp=4, m=3;dy, =6, m=2
dm is the upper critical dimension and the smooth deformation at d =
dm — € is the Wilson-Fisher fixed point in the CFT approach.

For generalized free field theories (i. e. k > 1) d, = ZKISEF”

Note that ¢™ is a primary of the free theory and a descendant of the
deformed (=interacting) theory
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How to extract the anomalous dimensions ~; in a WF
fixed point?

©® Look for primaries Oy and O} such that in d = dp, (upper critical
dimension)
[Of] x [OF] = c1]pr]+em [0]'] + ... (possible only if m is odd)

8 in d = dy — e the smoothly deformed CFT (= interacting theory)
[¢™] is absorbed by [¢]
[O] x [0'] = (c1 + O(e)) [¢] + ...

® The matching conditions of these two fusion rules in the e — 0
limit gives v» and v at the first non vanishing order in e

# In particular we take Oy = qﬁ? and O} = O,';’é a spin £ primary made
with p + 1 factors of ¢; and ¢ derivatives

aAof (p+1)(——1)+€ 2p+1>m)
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-
Null states and poles

% Factorizing the 4-pt function in the [12]-channel in d = dp,
(&} Op le) (| Op,edy)
<¢? O£7£O£,£¢?> - ZO C(29 ZaGHo S (a]r) B =
(9] OF 4la) (| O] ,¢F) (8] OF sla)(a|O] ,F)
= YacH, el +Ch EaeHW e
with (¢¢|or) = (of'|6F") =1
% At the WF fixed point in d = d, — ¢, ™ and its descendants are
absorbed by ¢ as a sub-representation H, with x = P?¢ = —02¢:
<¢p Op,ﬁop,£¢p> =

> (@] OF sla)(alOf ,#f) (#P Op.¢|8) (BlOp.e8°)
i ( XLach, =" Tam ot lsen ) T

2 (P Op o |x) (X|Op,ed)
Ch = G %)

(xIx) = (9|KZP?|¢) = 8dDy(Dy — Dy,)
= The 4-pt function of the interacting theory has a pole at A, = Ay,
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I
Computing (x|Op |¢P)

* Op, is @a symmetric traceless tensor with 7 indices that can be
represented as Op y(x,2) = Oy, ,, 2" -z (zl € Ct z-z=0)
* At d = dn — ¢ we have the OPE
#(x) pP(0) = (¢1 + O(e)) ) Ad)gifﬂpﬁg [Op,¢(0, Z) + descendants]
2z
* Applying 92 to both sides (x(x) = —92¢(x))
X(X) 9P(0) = (¢ + O(e)) Mp. (x-2)° —77[Op,¢(0, ) + descendants]

BB yp—Bp
(%) 2

.....

< (X|OpeldP) = c1 Mp
Mp,é = (A¢ + Ay — Dpy —|—€) (Ap,g AV A 2+ d—f-ﬂ)

= (V¢ + Ve — Vo) (d — 2+ 20) + O(€?) = O(e)
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= The matching conditions can be written more precisely in the form
2 2

2
. M . M 2 (orafo! )
L’e = ¢ — C_m = frfpe
im0 o = Meso sasys; = (%) = (ﬂ—@,d),o;,ﬁ

1 2
Top = ’Yép)e + ’Yép)ez T+

Mfw = O(¢?) = ’yg) =0

¥ =00 0pg=o¢PH ©

LA <p> (2 + 1)!
(prP Pty

WF & CFT 12/23



Examples

In d =4 and m = 3 (i.e. with a perturbing ¢* potential) we get the
recursion relation

2
(1) (1)
Y pr1 =,
(¢”+‘ 4’") 2
- =12p
T

= Al =B pp—1), re=+y/129

There is another way to calculate 7(;13) = 3ry: ¢° is a primary
descendant of ¢ of dimension A, + 2, then
1 @ _ 1

1 1
ADys = 30y, + 7(;3)6 =0y +2,= 7(553) =1,then ry = 3, Y T 708
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Similarly in d = 3 and m = 5 (multicritical Ising with a ¢® potential)

K,
s =) = §3P(P— )(p—2), rg=%1/107

= 7;15) = 20k3, matching with the primary descendant of ¢ yields
fygf,) = 2, thus
=A@ L
10" ¢ 1000

# All these results in d = 3 and d = 4 coincide with those obtained
with Feynman diagrams in quantum field theory
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Generalizations

% For any generalized free field of dimension Ay = g — k in which
#?9t1 is a (null) descendant in the smoothly deformed theory

= in dm—2q+1 — € there is a (generalized) WF critical point
characterized by the following spectrum of anomalous dimensions

(1) q
= (p— . (p>1
7¢P (q + 1)q+1 (p Q)q+1 (p )
k
L Caye D) (8)s g [«qwn]
¢ (g+1)k 2(q + 1))!
k( s )k (2(g+1))
k:1725 q:1727 p:1727
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I
OPE coefficientsin d = 4

Other results can be obtained by considering deformations of OPE
free theories in which a qﬁ? contribution on the RHS appears

[¢r] x [6] = 2[¢7] + V5[¢7] + spinning op.

or

[67] x [¢3] = V10[63] + 5V2[¢7] + V21[¢]] + spinning op.

the ¢? contribution should be replaced by the conformal block of ¢ in
the interacting theory.

2 _ o (22 3 1
C¢¢¢4—2’7 € +O(€)— 46 +O( )

56+O()

575 + O(°) = 15

2
Copes =
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OPE coefficients in generalized free field theories

In the generalized WF fixed point at d = doq 1 — € With dbog 1 = %ﬁ”

2 _62[“‘7“)!)2]3 @ (2r +p+1)p!
#0922 = 2(g+ O ((@- NG+ 1 +N2((r + p— Q)2

e,

(), [0, (%),
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Spinning operators

(8 #2911 fo{)ﬁ 14+q (\/(2q+1)!)3

M _ M (2)
Yo = lgp T4 <¢> gror ) a(i+qd) ~ ((q+1)?

* Difficult to apply when (’),f,,e is degenerate (then both p and /¢ large
% p =1 corresponds to higher-spin conserved currents 04, = J,.

<¢20+1¢p‘7éf> —0o 71(1[) — ’yé” -0

1 1 1
d ,‘Yé’z) Pyl()v) ’Yéyg)
—1)(4+3 2_3 1 2(—1)*¢
4 (o=1)(4+3p) i 14 3((£+1))
3 | (p=1)(p—2)(5p+18)  (p—2)(7p?+11p—90) 0
150 210
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Higher-spin conserved currents 7,

% Conservation law: - - D, 7, = 0

o (d+2 d\ 8 1 82
D= (% +z 2) 9z, — 22" 579z (Todorov operator)

# Applying -2 - D. to both sides of the OPE

cz00 (=X - z)t
ix) 0(0) = 2290 X, o) 4

(x2)

= CJEOO/(d*“-JrZZ)(AJZJrA(Q*AO/—d+2*€):0

~|Az,=d-2+4 IfAp# Ao ©Cq00 =0
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.
Weakly broken HS currents 7,

% useful tool: the five-point function (909" 7, p909+1) =

(6909 |a) (| T|B) (BloT4IH)
>0 2201 COCO'CT, D oneHey D2oBeH,, {ala)(B18)

* Jyis conserved in the free theory. If Ap # Ao = (O|Ty|O') =0

% The 5-pt function of the interacting theory
has a double pole at Ap = Aoy = Ay,
* Matching condition:
, (2v—7e)(d—4420) _
limeso %vﬁd(d—z) =2q+1= 32

(2) _ ».(2) v41)(v+2 _d

> ’ygz) = 0 as expected by stress tensor
conservation

P+l
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O(N)- invariant models

% generalized free theories with scalar fields ¢;,i =1,2,..., N
transforming as vectors under O(N)

* ’y‘(,l’)s = anomalous dimensions of symmetric traceless rank-s

tensors ¢2P ¢, ¢, . . . ¢, — traces
(1) _ s(s=1)+p(N+6(p+s)—4) . (2) _ (=D " (K)x(N+2)

= for dy = 4k Tp,s = N=+8 v Yoo = - 2k(2k)k(N+8)2
= for d, = 3k
) _(2p+s—2)(s(s— 1)+ Pp(BN +10(p + s) — 8))
p.s 3(3N +22)
(2) (-1 YK (k/2)k(N + 2)(N + 4)
7o 8k(3k/2)k(3N + 22)2
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O(N)-invariant models, symmetric traceless weakly
broken HS currents

d = 4 — ¢ matching condition:

(2vp—e)(d—4+2¢)  N+6

imeo =% 242~ = Nt2
2 _ 5. (2 2(N+6
vy =2, (1 - 4(e+(1)‘(/v12*)>

d = 3 — e matching condition:

lim (2vp—7e)(d—4+2¢) _ (N+1)(N+8)
=0 " 2d(d—2) ~— N212N+4

(@ _ o (2) 6(N-+4)
~ =29 (1 - (28—1)(2£+1)(N2+2N+4))
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Conclusions

© Wilson-Fisher fixed points in d — e can be seen as smooth
deformations of free-field theories only using CFT notions, with no
reference to Lagrangians, coupling constants or equations of
motion

® The anomalous dimensions of scalar and spinning operators at
the first non vanishing order are easily obtained

® O(N) symmetric models and generalized free fields allow to
define a more general class of WF fixed points

® Higher order calculations require more constraints from conformal
bootstrap equations.
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