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are used when

e evaluating Feynman integrals in quantum field theory,

o evaluating multizeta functions at poles and their
generalisations higher zeta functions,
e counting integer points on cones and evaluating conical zeta
functions at poles,
o evaluating at poles branched zeta functions associated with
trees,

while preserving locality / multiplicativity.
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Observable © — Measurement (O) € C
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of variables (n = ny + ny)

/ il ) el b b — ( / an F1(x1) dx1> . ( / s F2(30) dX2> .
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y

Let U C R" be an open subset and € > 0. Two functions ¢, € D(U)
are independent i.e., ¢ I ¢ whenever d (Supp(¢), Supp(s)) > €
For ¢ = 0, this amounts to disjointness of supports, otherwise to

e-separation of supports.
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Counterexample

Equip R with the locality relation x T y <= x + yZZ.
(R, T,4) is NOT a locality semi-group: for U = {1/3} we have
(1/3,1/3)e (U x U )N | but 1/3+1/3=2/3¢U".




morphisms



morphisms

(X, Tx)— (Y, Ty)isalocalitymapif @@ &(Tx) C Ty.




morphisms

(X, Tx)— (Y, Ty)isalocalitymapif @@ &(Tx) C Ty.

& (A Ta,ma)— (B, Tz, mg) is moreover a locality morphism of
locality semi-groups if a1 | 4 ap = ®(ma(a1, a2)) = mpe(P(a1), P(az2)).




morphisms

(X, Tx)— (Y, Ty)isalocalitymapif @@ &(Tx) C Ty.

morphisms

& (A Ta,ma)— (B, Tz, mg) is moreover a locality morphism of
locality semi-groups if a1 | 4 ap = ®(ma(a1, a2)) = mpe(P(a1), P(az2)).

From to : (K. Rejzner)

A




morphisms

(X, Tx)— (Y, Ty)isalocalitymapif @@ &(Tx) C Ty.

morphisms

& (A Ta,ma)— (B, Tz, mg) is moreover a locality morphism of
locality semi-groups if a1 | 4 ap = ®(ma(a1, a2)) = mpe(P(a1), P(az2)).

From to : (K. Rejzner)

Causal relation ~ Locality relation T.
symmetrisation

A




morphisms

(X, Tx)— (Y, Ty)isalocalitymapif @@ &(Tx) C Ty.

morphisms

& (A Ta,ma)— (B, Tz, mg) is moreover a locality morphism of
locality semi-groups if a1 | 4 ap = ®(ma(a1, a2)) = mpe(P(a1), P(az2)).

From to : (K. Rejzner)
Causal relation ~  Locality relation T.
symmetrisation
An S-matrixisamap S: (G, T,+) — Ul
—_——— ——
group with locality T unitary elements of an algebra 2l

which is locality multiplicative (as a result of the Hammerstein prop-

erty):

A




morphisms

(X, Tx)— (Y, Ty)isalocalitymapif @@ &(Tx) C Ty.
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& (A Ta,ma)— (B, Tz, mg) is moreover a locality morphism of
locality semi-groups if a1 | 4 ap = ®(ma(a1, a2)) = mpe(P(a1), P(az2)).

From to : (K. Rejzner)
Causal relation ~  Locality relation T.
symmetrisation
An S-matrixisamap S: (G, T,+) — Ul
—_——— ——
group with locality T unitary elements of an algebra 2l
which is locality multiplicative (as a result of the Hammerstein prop-
erty): h 1 Hh= S(f ) =S8(h) - S(h).
y) 1 (A + R)=58(h)__S(R)
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In our approach, a given choice of locality fixes the value 0.
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e M(CK>f= ielﬁ) h holomorphic germ, s; € Z>o,

e /;:Ck—C, Ly ¢ Ck — C linear forms.

@ Dependence set Dep(f) := (€1, ,€m, L1, , Ly).

of variables
On M(C*®) = Uen M(C¥) , i | <= Dep() | Dep(f).

Back to the

E::zlL22::L=>§—:€M,((C2)
(li=z1—2) | (z1+2=L)= 222 c M_(C?).
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The partial product on M(C*®) = [,y M(C*):

M(C®) x M(C®)D T — M(C®)

Back again to the

(z1—2) L (71 + ) = 272 =

1
z1tz (21— 2) - Z1+2 "
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@ Regularised evaluator ev(™® : M(CK) e M4 (CK) —C

evo

f—s F7°(0) = evo™®&(f)
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@ a (commutative) locality algebra (A, T 4, ma),

@ the algebra of multivariate meromorphic germs at zero
(M(Coo)v 1, ')'

@ a locality morphism

O (A, Ta,ma) — (M(C®), 1,-).

So & is partially multiplicative:
a1 [ aa = ®(ma(ay, a2)) = ®(a1) - ¢(a2).

Build a locality character ™€ : (A, T 4, ma) — (C, )

ay [ nay = ®"® (ma(a1, a2)) = ®™*8(a1) - "°%(a2). (1)
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Back to our main protagonist

o The regularised evaluator
evo'8 :=evgomy : (M(C*), L) — Cis a locality
character.

v
Theorem

A locality morphism & : (A, 7)) — (M((Ck), ) gives rise to a
locality character

O =evy™®od: (A T) —C.

A multivariate regularisation provides a renormalisation scheme
which respects locality .
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@ pointed convex cones C in R* equipped with the cartesian product
(L. Guo, S.-P., B. Zhang 2017);

@ rooted forests F equipped with the concatenation product
(P.Clavier, L. Guo, S.-P., B. Zhang 2018);

© Feynman graphs I' on manifolds equipped with the concatenation
product (N.-V. Dang, B. Zhang 2017).

The map¢p: — M( )

Q exponential mtegrals/sums on a cone C:
C>é— f ec & elé® dx and €~ 3 &—> D i e

@ branched zeta functions sg — (¢(sg) indexed by forests F;

© Feynman amplitudes (z.,e € £(I')) — [], G(z.), with G(z.) the
kernel of (A + m?)~1%% on each edge e of the graph I".
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One can at poles while preserving

@ Exponential integrals/sums on rational convex cones equipped with
an orthogonality independence relation (L. Guo, S.-P., B. Zhang
2017);

@ Branched zeta functions equipped with an orthogonality
independence relation (P. Clavier, L. Guo, S.-P., B. Zhang 2018);

© Feynman integrals on manifolds with a disjointness independence
relation (N.-V. Dang, B. Zhang 2017).
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questions

VErsus

Can a univariate locality renormalisation scheme
¢: (A, ma, AN) — (M(C),-) factorise through a multivariate
scheme? Does there exist

o ®: (A ma, ) — (M(C>),-) and
o 7 : Im(®) — M(C)
such that ¢ =no ®.

4
actions

@ Group G acting on A which induces an action on
d(A) € M(C=)
o How does it act on ®*8(A) ?
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Given a probability space P := (R, %, P) and two events A,B € ¥:
AT B <= P(A B) = P(A) P(B).

y

Given two submanifolds L; and Ly of a manifold M:
Li Tl Limly<= T,L1 + T,lb = T,M VxelinL,.

Given two positive integers m, n in N:
mlin< m/n=1.
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