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In the beginning…. 
(almost)



3

Conformal Scream



You were 
asked to 
verify 
this……
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With bootstrap (ok, not 
quite there but getting 

better)



Anomalous dimension at 3 loops from Caron-huot or 
Mellin Bootstrap

Quit[]

◼ Expression either using Caron-huot or using Polyakov bootstrap.

$Assumptions := {ℓ ∈ Integers && ℓ ≥ 0}
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Δ0 := 2 - 2 / 3 ϵ + 19 / 162 ϵ^2
h := 2 - ϵ / 2
Δϕ := 1 - ϵ / 2 + ϵ^2 / 108 + aa ϵ^3
Δ := 2 Δϕ + ell

◼ Gamma1-h+qq+rr+ Δ0
2 
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Gamma1-h+ Δ0
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2  means that we need to set qq,rr to zero.

Anomalous dimension of Jℓ to 3- loops.
Series[(2 - 2 / 3 ϵ - 34 / 81 ϵ^2) γ2 /. {qq → 0, rr → 0, ell → ℓ}, {ϵ, 0, 3}] //

FullSimplify // Normal

-
ϵ2

9 ℓ (1 + ℓ)
-
ϵ3 63 + 68 ℓ - 22 ℓ2 + 36 ℓ (1 + ℓ) (EulerGamma + PolyGamma[0, ℓ])

486 ℓ2 (1 + ℓ)2

In Mellin 
bootstrap we do 

not take any 
Feynman 

diagram input!!



In August 2016, Mathematica 11.0 was released. It 
was timed aptly since our Mellin bootstrap papers 
were to come out in a month. 

In[60]:= InverseMellinTransform[Gamma[-t]^2 Gamma[s + t]^2, t, y]

Out[60]= ys Gamma[s]4 Hypergeometric2F1Regularized[s, s, 2 s, 1 - y]

–Look it is your destiny.



–S. Wolfram

“There’s more in calculus too. Like Green’s 
functions for general equations in general domains. 

And, long awaited (at least by me): Mellin 
transforms. (They’ve been a favorite of mine ever 
since they were central to a 1977 particle physics 

paper of mine.)” 

http://reference.wolfram.com/language/ref/GreenFunction.html
http://reference.wolfram.com/language/ref/GreenFunction.html
http://reference.wolfram.com/language/ref/MellinTransform.html
http://reference.wolfram.com/language/ref/MellinTransform.html
http://www.stephenwolfram.com/publications/academic/positivity-constraints-qcd.pdf
http://www.stephenwolfram.com/publications/academic/positivity-constraints-qcd.pdf


Sampling of results
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[agrees with Derkachov, Gracey, Manashov’s 3-loop Feynman diagram calc!!]

[not available using FD; 1609.00572, 1611.08407 using Mellin bootstrap, see Alday et al 2017 for 4th 
order cT]



Hjalmar Mellin (Finnish 
mathematician)

f(x) =

Z c+i1

c�i1
f̃(s)x�s ds
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Outline

• Caron-huot/Alday in Mellin space 


• Polyakov in Mellin space or Mellin bootstrap 


• Difficulties in Mellin space

Based partly insights drawn from 1609.00572, 
1611.08407, 1612.05032, 1709.06110 but mainly on 
ongoing work with R.Gopakumar 1xxx.xxxxx
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• I will begin by reviewing an amazing formula 
derived by Caron-Huot in 1703.00278.
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• Caron-huot derived an inversion formula. 
Given a 4 point function, using this formula, 
we can compute the OPE data directly. Similar 
to LSPT.

• Logic is to start with the Euclidean OPE 
inversion formula [using Harmonic function 
analysis] and analytically continue to 
Lorentzian signature.

• Eventually, only the discontinuity of the four 
point function is needed.

13



w

1/�� 1

C

���1/��1

w

C+

C�

Figure 5. The w-plane contours C and C± in the CFT case. The singularities at w = ±1 are
integrable and come only from the measure factor |z � z̄|d�2. The branch points at w = ±� and
w = ±1/� pose no problems, but the arcs at w = 0 and w ! 1 correspond to the Regge limit where
the integrand should vanish at large positive spin.

which is equivalent to eq. (2.28) via the change of variable 2 cosh ⌘ = w + 1/w. Whereas the

Euclidean contour integral (3.10) only made physical sense for integer spin J , the discontinuity

integral eq. (3.11) is fundamentally Lorentzian and makes sense for continuous spin.

3.3 Main derivation: conformal Froissart-Gribov formula

We now adapt this contour deformation argument to CFTs. The geometry is easier to visualize

in terms of the ⇢-coordinates (2.9), where the “radial” and “angular” variables are naturally

identified with the magnitude and phase of ⇢. The Euclidean inversion formula (3.5) then

runs over the unit disc:

c(J,�) = N(J,�)

Z 1

0
�d�

I

|w|=1

dw

iw
µ(⇢, ⇢̄) g(⇢, ⇢̄)FJ,�(⇢, ⇢̄)

���⇢=�w
⇢̄=�w�1

. (3.12)

Here, the measure in ⇢-coordinates, including the Jacobian from the change of variable, is

µ(⇢, ⇢̄) =
(1� ⇢2)(1� ⇢̄)2

16⇢2⇢̄2

����
(1� ⇢⇢̄)(⇢̄� ⇢)

4⇢⇢̄

����
d�2✓(1� ⇢)(1� ⇢̄)

(1 + ⇢)(1 + ⇢̄)

◆a+b
2

. (3.13)

We also recall that, at this stage, J is still restricted to be an integer.

At fixed � < 1, the complex-w plane contains the same features as in the preceding

subsection. There are two copies of the t-channel cut starting at w = � and w = 1/�

(corresponding to ⇢̄ = 1 and ⇢ = 1, respectively), and two copies of the u-channel cut,

starting at w = �� and w = �1/�.

Roughly speaking, the idea is to split the block FJ,� into a part which vanishes like wJ

near the origin and another which vanishes like w�J at infinity, so that we can close the

w-contour to the interior or exterior in each case. This was the trick in the S-matrix case.

The behavior of the blocks FJ,� is however more complicated. As explained in appendix A,

there are 8 solutions to the Casimir equations corresponding to a given value of J and �,

– 18 –
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u = zz̄, v = (1� z)(1� z̄)

z =
4⇢

(1 + ⇢)2
, z̄ =

4⇢̄

(1 + ⇢̄)2

⇢ = �w, ⇢̄ = �/w

c(�, `) = N(�, `)

Z
d2zµ(z, z̄)F�,J(z, z̄)h����i

Add “spurious 
pieces” to close 
contour to the 
centre. Get 
unusual block!

Usual block

“Trivial”



Z 1

0
dudvµ(u, v)⇥GJ+d�1,��d+1(u, v)⇥ dDisc[4pt]

dDisc[vt] = 2 sin2(⇡t)vt

|{z}

!!dimension, spin 
interchanged!! 

Analyticity in spin

15

“non-
trivial”



Z 1

0

dy

y2
k�(y)dDisc G(1� y)
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Lorentzian OPE integral in Mellin 
space
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Mellin bootstrap removes  
this restriction.

k�(y) = y�/22F1(�/2,�/2,�, y)
<latexit sha1_base64="jAj5A6j2z/sAEZ8jvtZNY2K3fcA=">AAACIXicbVDLSgMxFM3UV62vUZdugkVoodSZImgXQlEQlxUcW2jHIZNmamjmQZIRhmG+xY2/4saFSnfiz5i2s7CtB0JOzrmXm3vciFEhDeNbK6ysrq1vFDdLW9s7u3v6/sGDCGOOiYVDFvKuiwRhNCCWpJKRbsQJ8l1GOu7oeuJ3ngkXNAzuZRIR20fDgHoUI6kkR2+OnLTvEomySlK9TB5nj9NGBtPMadw4ZiUXanN3Lak6etmoG1PAZWLmpAxytB193B+EOPZJIDFDQvRMI5J2irikmJGs1I8FiRAeoSHpKRognwg7na6YwROlDKAXcnUCCafq344U+UIkvqsqfSSfxKI3Ef/zerH0LuyUBlEsSYBng7yYQRnCSV5wQDnBkiWKIMyp+ivET4gjLFWqJRWCubjyMrEa9WbdvDsrt67yNIrgCByDCjDBOWiBW9AGFsDgBbyBD/CpvWrv2pc2npUWtLznEMxB+/kFvIqiGQ==</latexit><latexit sha1_base64="jAj5A6j2z/sAEZ8jvtZNY2K3fcA=">AAACIXicbVDLSgMxFM3UV62vUZdugkVoodSZImgXQlEQlxUcW2jHIZNmamjmQZIRhmG+xY2/4saFSnfiz5i2s7CtB0JOzrmXm3vciFEhDeNbK6ysrq1vFDdLW9s7u3v6/sGDCGOOiYVDFvKuiwRhNCCWpJKRbsQJ8l1GOu7oeuJ3ngkXNAzuZRIR20fDgHoUI6kkR2+OnLTvEomySlK9TB5nj9NGBtPMadw4ZiUXanN3Lak6etmoG1PAZWLmpAxytB193B+EOPZJIDFDQvRMI5J2irikmJGs1I8FiRAeoSHpKRognwg7na6YwROlDKAXcnUCCafq344U+UIkvqsqfSSfxKI3Ef/zerH0LuyUBlEsSYBng7yYQRnCSV5wQDnBkiWKIMyp+ivET4gjLFWqJRWCubjyMrEa9WbdvDsrt67yNIrgCByDCjDBOWiBW9AGFsDgBbyBD/CpvWrv2pc2npUWtLznEMxB+/kFvIqiGQ==</latexit><latexit sha1_base64="jAj5A6j2z/sAEZ8jvtZNY2K3fcA=">AAACIXicbVDLSgMxFM3UV62vUZdugkVoodSZImgXQlEQlxUcW2jHIZNmamjmQZIRhmG+xY2/4saFSnfiz5i2s7CtB0JOzrmXm3vciFEhDeNbK6ysrq1vFDdLW9s7u3v6/sGDCGOOiYVDFvKuiwRhNCCWpJKRbsQJ8l1GOu7oeuJ3ngkXNAzuZRIR20fDgHoUI6kkR2+OnLTvEomySlK9TB5nj9NGBtPMadw4ZiUXanN3Lak6etmoG1PAZWLmpAxytB193B+EOPZJIDFDQvRMI5J2irikmJGs1I8FiRAeoSHpKRognwg7na6YwROlDKAXcnUCCafq344U+UIkvqsqfSSfxKI3Ef/zerH0LuyUBlEsSYBng7yYQRnCSV5wQDnBkiWKIMyp+ivET4gjLFWqJRWCubjyMrEa9WbdvDsrt67yNIrgCByDCjDBOWiBW9AGFsDgBbyBD/CpvWrv2pc2npUWtLznEMxB+/kFvIqiGQ==</latexit><latexit sha1_base64="jAj5A6j2z/sAEZ8jvtZNY2K3fcA=">AAACIXicbVDLSgMxFM3UV62vUZdugkVoodSZImgXQlEQlxUcW2jHIZNmamjmQZIRhmG+xY2/4saFSnfiz5i2s7CtB0JOzrmXm3vciFEhDeNbK6ysrq1vFDdLW9s7u3v6/sGDCGOOiYVDFvKuiwRhNCCWpJKRbsQJ8l1GOu7oeuJ3ngkXNAzuZRIR20fDgHoUI6kkR2+OnLTvEomySlK9TB5nj9NGBtPMadw4ZiUXanN3Lak6etmoG1PAZWLmpAxytB193B+EOPZJIDFDQvRMI5J2irikmJGs1I8FiRAeoSHpKRognwg7na6YwROlDKAXcnUCCafq344U+UIkvqsqfSSfxKI3Ef/zerH0LuyUBlEsSYBng7yYQRnCSV5wQDnBkiWKIMyp+ivET4gjLFWqJRWCubjyMrEa9WbdvDsrt67yNIrgCByDCjDBOWiBW9AGFsDgBbyBD/CpvWrv2pc2npUWtLznEMxB+/kFvIqiGQ==</latexit>

� = �+ `
<latexit sha1_base64="9OTSV9YfAs8TrY3ZbDYxe9T7juw=">AAAB+XicbVBNS8NAEN34WetXqkcvwSIIQklEUA9CUQ8eKxhbaELZbCft0s0HuxOlxP4ULx5UvPpPvPlv3LY5aOuDgcd7M8zMC1LBFdr2t7GwuLS8slpaK69vbG5tm5Wde5VkkoHLEpHIVkAVCB6DixwFtFIJNAoENIPB1dhvPoBUPInvcJiCH9FezEPOKGqpY1a8AJBeeNcgkB55IETHrNo1ewJrnjgFqZICjY755XUTlkUQIxNUqbZjp+jnVCJnAkZlL1OQUjagPWhrGtMIlJ9PTh9ZB1rpWmEidcVoTdTfEzmNlBpGge6MKPbVrDcW//PaGYZnfs7jNEOI2XRRmAkLE2ucg9XlEhiKoSaUSa5vtVifSspQp1XWITizL88T97h2XnNuT6r1yyKNEtkj++SQOOSU1MkNaRCXMPJInskreTOejBfj3fiYti4Yxcwu+QPj8wcJ2pNo</latexit><latexit sha1_base64="9OTSV9YfAs8TrY3ZbDYxe9T7juw=">AAAB+XicbVBNS8NAEN34WetXqkcvwSIIQklEUA9CUQ8eKxhbaELZbCft0s0HuxOlxP4ULx5UvPpPvPlv3LY5aOuDgcd7M8zMC1LBFdr2t7GwuLS8slpaK69vbG5tm5Wde5VkkoHLEpHIVkAVCB6DixwFtFIJNAoENIPB1dhvPoBUPInvcJiCH9FezEPOKGqpY1a8AJBeeNcgkB55IETHrNo1ewJrnjgFqZICjY755XUTlkUQIxNUqbZjp+jnVCJnAkZlL1OQUjagPWhrGtMIlJ9PTh9ZB1rpWmEidcVoTdTfEzmNlBpGge6MKPbVrDcW//PaGYZnfs7jNEOI2XRRmAkLE2ucg9XlEhiKoSaUSa5vtVifSspQp1XWITizL88T97h2XnNuT6r1yyKNEtkj++SQOOSU1MkNaRCXMPJInskreTOejBfj3fiYti4Yxcwu+QPj8wcJ2pNo</latexit><latexit sha1_base64="9OTSV9YfAs8TrY3ZbDYxe9T7juw=">AAAB+XicbVBNS8NAEN34WetXqkcvwSIIQklEUA9CUQ8eKxhbaELZbCft0s0HuxOlxP4ULx5UvPpPvPlv3LY5aOuDgcd7M8zMC1LBFdr2t7GwuLS8slpaK69vbG5tm5Wde5VkkoHLEpHIVkAVCB6DixwFtFIJNAoENIPB1dhvPoBUPInvcJiCH9FezEPOKGqpY1a8AJBeeNcgkB55IETHrNo1ewJrnjgFqZICjY755XUTlkUQIxNUqbZjp+jnVCJnAkZlL1OQUjagPWhrGtMIlJ9PTh9ZB1rpWmEidcVoTdTfEzmNlBpGge6MKPbVrDcW//PaGYZnfs7jNEOI2XRRmAkLE2ucg9XlEhiKoSaUSa5vtVifSspQp1XWITizL88T97h2XnNuT6r1yyKNEtkj++SQOOSU1MkNaRCXMPJInskreTOejBfj3fiYti4Yxcwu+QPj8wcJ2pNo</latexit><latexit sha1_base64="9OTSV9YfAs8TrY3ZbDYxe9T7juw=">AAAB+XicbVBNS8NAEN34WetXqkcvwSIIQklEUA9CUQ8eKxhbaELZbCft0s0HuxOlxP4ULx5UvPpPvPlv3LY5aOuDgcd7M8zMC1LBFdr2t7GwuLS8slpaK69vbG5tm5Wde5VkkoHLEpHIVkAVCB6DixwFtFIJNAoENIPB1dhvPoBUPInvcJiCH9FezEPOKGqpY1a8AJBeeNcgkB55IETHrNo1ewJrnjgFqZICjY755XUTlkUQIxNUqbZjp+jnVCJnAkZlL1OQUjagPWhrGtMIlJ9PTh9ZB1rpWmEidcVoTdTfEzmNlBpGge6MKPbVrDcW//PaGYZnfs7jNEOI2XRRmAkLE2ucg9XlEhiKoSaUSa5vtVifSspQp1XWITizL88T97h2XnNuT6r1yyKNEtkj++SQOOSU1MkNaRCXMPJInskreTOejBfj3fiYti4Yxcwu+QPj8wcJ2pNo</latexit>
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<latexit sha1_base64="hOWdqkJlh5nUwBLH2Q40jk1uWnY="></latexit><latexit sha1_base64="hOWdqkJlh5nUwBLH2Q40jk1uWnY="></latexit><latexit sha1_base64="hOWdqkJlh5nUwBLH2Q40jk1uWnY="></latexit><latexit sha1_base64="hOWdqkJlh5nUwBLH2Q40jk1uWnY="></latexit>

y`2F1(�� + `,�� + `, 2�� + 2`, y) =
<latexit sha1_base64="H8A8T0W4AuVWf+cX90BQN+jBVSE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIFaXMDIK6EIqKuqxgbaFTh0x62oZmLiQZYRj6SG58FN0oqLj1LUwvi9p6IPDz/edwcn4v4kwq03w3MnPzC4tL2eXcyura+kZ+c+tehrGgUKUhD0XdIxI4C6CqmOJQjwQQ3+NQ83oXA7/2CEKyMLhTSQRNn3QC1maUKI3c/HXy4ADnOO279pVrFZ1L4Iq4TtRlBwPjcAbYk8QeomT/zM0XzJI5LDwrrLEooHFV3PyL0wpp7EOgKCdSNiwzUs2UCMUoh37OiSVEhPZIBxpaBsQH2UyHB/fxniYt3A6FfoHCQzo5kRJfysT3dKdPVFdOewP4n9eIVfukmbIgihUEdLSoHXOsQjxID7eYAKp4ogWhgum/YtolglClM87pEKzpk2dF1S6dlqzbo0L5fJxGFu2gXVREFjpGZXSDKqiKKHpCr+gDfRrPxpvxZXyPWjPGeGYb/Snj5xdxQ6g1</latexit><latexit sha1_base64="H8A8T0W4AuVWf+cX90BQN+jBVSE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIFaXMDIK6EIqKuqxgbaFTh0x62oZmLiQZYRj6SG58FN0oqLj1LUwvi9p6IPDz/edwcn4v4kwq03w3MnPzC4tL2eXcyura+kZ+c+tehrGgUKUhD0XdIxI4C6CqmOJQjwQQ3+NQ83oXA7/2CEKyMLhTSQRNn3QC1maUKI3c/HXy4ADnOO279pVrFZ1L4Iq4TtRlBwPjcAbYk8QeomT/zM0XzJI5LDwrrLEooHFV3PyL0wpp7EOgKCdSNiwzUs2UCMUoh37OiSVEhPZIBxpaBsQH2UyHB/fxniYt3A6FfoHCQzo5kRJfysT3dKdPVFdOewP4n9eIVfukmbIgihUEdLSoHXOsQjxID7eYAKp4ogWhgum/YtolglClM87pEKzpk2dF1S6dlqzbo0L5fJxGFu2gXVREFjpGZXSDKqiKKHpCr+gDfRrPxpvxZXyPWjPGeGYb/Snj5xdxQ6g1</latexit><latexit sha1_base64="H8A8T0W4AuVWf+cX90BQN+jBVSE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIFaXMDIK6EIqKuqxgbaFTh0x62oZmLiQZYRj6SG58FN0oqLj1LUwvi9p6IPDz/edwcn4v4kwq03w3MnPzC4tL2eXcyura+kZ+c+tehrGgUKUhD0XdIxI4C6CqmOJQjwQQ3+NQ83oXA7/2CEKyMLhTSQRNn3QC1maUKI3c/HXy4ADnOO279pVrFZ1L4Iq4TtRlBwPjcAbYk8QeomT/zM0XzJI5LDwrrLEooHFV3PyL0wpp7EOgKCdSNiwzUs2UCMUoh37OiSVEhPZIBxpaBsQH2UyHB/fxniYt3A6FfoHCQzo5kRJfysT3dKdPVFdOewP4n9eIVfukmbIgihUEdLSoHXOsQjxID7eYAKp4ogWhgum/YtolglClM87pEKzpk2dF1S6dlqzbo0L5fJxGFu2gXVREFjpGZXSDKqiKKHpCr+gDfRrPxpvxZXyPWjPGeGYb/Snj5xdxQ6g1</latexit><latexit sha1_base64="H8A8T0W4AuVWf+cX90BQN+jBVSE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIFaXMDIK6EIqKuqxgbaFTh0x62oZmLiQZYRj6SG58FN0oqLj1LUwvi9p6IPDz/edwcn4v4kwq03w3MnPzC4tL2eXcyura+kZ+c+tehrGgUKUhD0XdIxI4C6CqmOJQjwQQ3+NQ83oXA7/2CEKyMLhTSQRNn3QC1maUKI3c/HXy4ADnOO279pVrFZ1L4Iq4TtRlBwPjcAbYk8QeomT/zM0XzJI5LDwrrLEooHFV3PyL0wpp7EOgKCdSNiwzUs2UCMUoh37OiSVEhPZIBxpaBsQH2UyHB/fxniYt3A6FfoHCQzo5kRJfysT3dKdPVFdOewP4n9eIVfukmbIgihUEdLSoHXOsQjxID7eYAKp4ogWhgum/YtolglClM87pEKzpk2dF1S6dlqzbo0L5fJxGFu2gXVREFjpGZXSDKqiKKHpCr+gDfRrPxpvxZXyPWjPGeGYb/Snj5xdxQ6g1</latexit>

Truncating, polynomial of degree   in t
<̀latexit sha1_base64="UR+12yvhNByvBabr1SFx4URLeVA=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgaUlqa9db0YvHCq4ttEvJptk2NJtdkqxQSn+DFw8qXv1D3vw3ZtsKKvpg4PHeDDPzwlRwbRD6cAorq2vrG8XN0tb2zu5eef/gTieZosyniUhUJySaCS6Zb7gRrJMqRuJQsHY4vsr99j1Tmify1kxSFsRkKHnEKTFW8ntMiFK/XEFuvVb1ahgiF9UxPqtbgs8bHvIgdtEcFbBEq19+7w0SmsVMGiqI1l2MUhNMiTKcCjYr9TLNUkLHZMi6lkoSMx1M58fO4IlVBjBKlC1p4Fz9PjElsdaTOLSdMTEj/dvLxb+8bmYiL5hymWaGSbpYFGUCmgTmn8MBV4waMbGEUMXtrZCOiCLU2HzyEL4+hf8Tv+peuPimVmleLtMogiNwDE4BBg3QBNegBXxAAQcP4Ak8O9J5dF6c10VrwVnOHIIfcN4+AROejmg=</latexit><latexit sha1_base64="UR+12yvhNByvBabr1SFx4URLeVA=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgaUlqa9db0YvHCq4ttEvJptk2NJtdkqxQSn+DFw8qXv1D3vw3ZtsKKvpg4PHeDDPzwlRwbRD6cAorq2vrG8XN0tb2zu5eef/gTieZosyniUhUJySaCS6Zb7gRrJMqRuJQsHY4vsr99j1Tmify1kxSFsRkKHnEKTFW8ntMiFK/XEFuvVb1ahgiF9UxPqtbgs8bHvIgdtEcFbBEq19+7w0SmsVMGiqI1l2MUhNMiTKcCjYr9TLNUkLHZMi6lkoSMx1M58fO4IlVBjBKlC1p4Fz9PjElsdaTOLSdMTEj/dvLxb+8bmYiL5hymWaGSbpYFGUCmgTmn8MBV4waMbGEUMXtrZCOiCLU2HzyEL4+hf8Tv+peuPimVmleLtMogiNwDE4BBg3QBNegBXxAAQcP4Ak8O9J5dF6c10VrwVnOHIIfcN4+AROejmg=</latexit><latexit sha1_base64="UR+12yvhNByvBabr1SFx4URLeVA=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgaUlqa9db0YvHCq4ttEvJptk2NJtdkqxQSn+DFw8qXv1D3vw3ZtsKKvpg4PHeDDPzwlRwbRD6cAorq2vrG8XN0tb2zu5eef/gTieZosyniUhUJySaCS6Zb7gRrJMqRuJQsHY4vsr99j1Tmify1kxSFsRkKHnEKTFW8ntMiFK/XEFuvVb1ahgiF9UxPqtbgs8bHvIgdtEcFbBEq19+7w0SmsVMGiqI1l2MUhNMiTKcCjYr9TLNUkLHZMi6lkoSMx1M58fO4IlVBjBKlC1p4Fz9PjElsdaTOLSdMTEj/dvLxb+8bmYiL5hymWaGSbpYFGUCmgTmn8MBV4waMbGEUMXtrZCOiCLU2HzyEL4+hf8Tv+peuPimVmleLtMogiNwDE4BBg3QBNegBXxAAQcP4Ak8O9J5dF6c10VrwVnOHIIfcN4+AROejmg=</latexit><latexit sha1_base64="UR+12yvhNByvBabr1SFx4URLeVA=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgaUlqa9db0YvHCq4ttEvJptk2NJtdkqxQSn+DFw8qXv1D3vw3ZtsKKvpg4PHeDDPzwlRwbRD6cAorq2vrG8XN0tb2zu5eef/gTieZosyniUhUJySaCS6Zb7gRrJMqRuJQsHY4vsr99j1Tmify1kxSFsRkKHnEKTFW8ntMiFK/XEFuvVb1ahgiF9UxPqtbgs8bHvIgdtEcFbBEq19+7w0SmsVMGiqI1l2MUhNMiTKcCjYr9TLNUkLHZMi6lkoSMx1M58fO4IlVBjBKlC1p4Fz9PjElsdaTOLSdMTEj/dvLxb+8bmYiL5hymWaGSbpYFGUCmgTmn8MBV4waMbGEUMXtrZCOiCLU2HzyEL4+hf8Tv+peuPimVmleLtMogiNwDE4BBg3QBNegBXxAAQcP4Ak8O9J5dF6c10VrwVnOHIIfcN4+AROejmg=</latexit>



� = 2�� + `+ �`
<latexit sha1_base64="8/czibUk6rWWYYH42y/oNlIQ+ak=">AAACDHicbZDNSsNAFIUn/tb6F3XpJlgFoVCSIqgLoagLlxWMLTQhTKY37dCZJMxMhBL6Am58FTcuVNz6AO58G6dtFtp6YZiPc+5l5p4wZVQq2/42FhaXlldWS2vl9Y3NrW1zZ/deJpkg4JKEJaIdYgmMxuAqqhi0UwGYhwxa4eBq7LceQEiaxHdqmILPcS+mESVYaSkwD71rYApf1Kd34KV9WvWAsarXw5xrQXNgVuyaPSlrHpwCKqioZmB+ed2EZBxiRRiWsuPYqfJzLBQlDEZlL5OQYjLAPehojDEH6eeTbUbWkVa6VpQIfWJlTdTfEznmUg55qDs5Vn05643F/7xOpqIzP6dxmimIyfShKGOWSqxxNFaXCiCKDTVgIqj+q0X6WGCidIBlHYIzu/I8uPXaec25Pak0Los0SmgfHaBj5KBT1EA3qIlcRNAjekav6M14Ml6Md+Nj2rpgFDN76E8Znz8QEZsk</latexit><latexit sha1_base64="8/czibUk6rWWYYH42y/oNlIQ+ak=">AAACDHicbZDNSsNAFIUn/tb6F3XpJlgFoVCSIqgLoagLlxWMLTQhTKY37dCZJMxMhBL6Am58FTcuVNz6AO58G6dtFtp6YZiPc+5l5p4wZVQq2/42FhaXlldWS2vl9Y3NrW1zZ/deJpkg4JKEJaIdYgmMxuAqqhi0UwGYhwxa4eBq7LceQEiaxHdqmILPcS+mESVYaSkwD71rYApf1Kd34KV9WvWAsarXw5xrQXNgVuyaPSlrHpwCKqioZmB+ed2EZBxiRRiWsuPYqfJzLBQlDEZlL5OQYjLAPehojDEH6eeTbUbWkVa6VpQIfWJlTdTfEznmUg55qDs5Vn05643F/7xOpqIzP6dxmimIyfShKGOWSqxxNFaXCiCKDTVgIqj+q0X6WGCidIBlHYIzu/I8uPXaec25Pak0Los0SmgfHaBj5KBT1EA3qIlcRNAjekav6M14Ml6Md+Nj2rpgFDN76E8Znz8QEZsk</latexit><latexit sha1_base64="8/czibUk6rWWYYH42y/oNlIQ+ak=">AAACDHicbZDNSsNAFIUn/tb6F3XpJlgFoVCSIqgLoagLlxWMLTQhTKY37dCZJMxMhBL6Am58FTcuVNz6AO58G6dtFtp6YZiPc+5l5p4wZVQq2/42FhaXlldWS2vl9Y3NrW1zZ/deJpkg4JKEJaIdYgmMxuAqqhi0UwGYhwxa4eBq7LceQEiaxHdqmILPcS+mESVYaSkwD71rYApf1Kd34KV9WvWAsarXw5xrQXNgVuyaPSlrHpwCKqioZmB+ed2EZBxiRRiWsuPYqfJzLBQlDEZlL5OQYjLAPehojDEH6eeTbUbWkVa6VpQIfWJlTdTfEznmUg55qDs5Vn05643F/7xOpqIzP6dxmimIyfShKGOWSqxxNFaXCiCKDTVgIqj+q0X6WGCidIBlHYIzu/I8uPXaec25Pak0Los0SmgfHaBj5KBT1EA3qIlcRNAjekav6M14Ml6Md+Nj2rpgFDN76E8Znz8QEZsk</latexit><latexit sha1_base64="8/czibUk6rWWYYH42y/oNlIQ+ak=">AAACDHicbZDNSsNAFIUn/tb6F3XpJlgFoVCSIqgLoagLlxWMLTQhTKY37dCZJMxMhBL6Am58FTcuVNz6AO58G6dtFtp6YZiPc+5l5p4wZVQq2/42FhaXlldWS2vl9Y3NrW1zZ/deJpkg4JKEJaIdYgmMxuAqqhi0UwGYhwxa4eBq7LceQEiaxHdqmILPcS+mESVYaSkwD71rYApf1Kd34KV9WvWAsarXw5xrQXNgVuyaPSlrHpwCKqioZmB+ed2EZBxiRRiWsuPYqfJzLBQlDEZlL5OQYjLAPehojDEH6eeTbUbWkVa6VpQIfWJlTdTfEznmUg55qDs5Vn05643F/7xOpqIzP6dxmimIyfShKGOWSqxxNFaXCiCKDTVgIqj+q0X6WGCidIBlHYIzu/I8uPXaec25Pak0Los0SmgfHaBj5KBT1EA3qIlcRNAjekav6M14Ml6Md+Nj2rpgFDN76E8Znz8QEZsk</latexit>

“double trace” 
operators

Z
dyy2���2y`2F1(�� + `,�� + `, 2�� + 2`, y)

<latexit sha1_base64="fikI5UXmbg3GG8nr5AO/gKClsyY="></latexit><latexit sha1_base64="fikI5UXmbg3GG8nr5AO/gKClsyY="></latexit><latexit sha1_base64="fikI5UXmbg3GG8nr5AO/gKClsyY="></latexit><latexit sha1_base64="fikI5UXmbg3GG8nr5AO/gKClsyY="></latexit>

⇥dDiscy=1(1� y)�
0/2���

2F1(
�0

2
,
�0

2
,�0 � h+ 1, 1� y)

<latexit sha1_base64="VmenEQwO2cZk8e19fXghq+0likA="></latexit><latexit sha1_base64="VmenEQwO2cZk8e19fXghq+0likA="></latexit><latexit sha1_base64="VmenEQwO2cZk8e19fXghq+0likA="></latexit><latexit sha1_base64="VmenEQwO2cZk8e19fXghq+0likA="></latexit>

Z 1

0

dy

y2
k�(y)dDisc G(1� y)

<latexit sha1_base64="KWHFXQYGK126Ir1G1sDY+Xb7XqM="></latexit><latexit sha1_base64="KWHFXQYGK126Ir1G1sDY+Xb7XqM="></latexit><latexit sha1_base64="KWHFXQYGK126Ir1G1sDY+Xb7XqM="></latexit><latexit sha1_base64="KWHFXQYGK126Ir1G1sDY+Xb7XqM="></latexit>

�` =
<latexit sha1_base64="udnVMaURZ+qULJ2LBXahaUGgDr8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYWmlAm2227dDcJuxuhhP4NLx5UvPprvPlv3LY5aOuDgcd7M8zMi1LBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKcp8mohEtSPUTPCY+YYbwdqpYigjwVrR6Hbqt56Y0jyJH8w4ZaHEQcz7nKKxUhAMUErsBkyI62615tbdGcgy8QpSgwLNbvUr6CU0kyw2VKDWHc9NTZijMpwKNqkEmWYp0hEOWMfSGCXTYT67eUJOrNIj/UTZig2Zqb8ncpRaj2VkOyWaoV70puJ/Xicz/csw53GaGRbT+aJ+JohJyDQA0uOKUSPGliBV3N5K6BAVUmNjqtgQvMWXl4l/Vr+qe/fntcZNkUYZjuAYTsGDC2jAHTTBBwopPMMrvDmZ8+K8Ox/z1pJTzBzCHzifPztkkVo=</latexit><latexit sha1_base64="udnVMaURZ+qULJ2LBXahaUGgDr8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYWmlAm2227dDcJuxuhhP4NLx5UvPprvPlv3LY5aOuDgcd7M8zMi1LBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKcp8mohEtSPUTPCY+YYbwdqpYigjwVrR6Hbqt56Y0jyJH8w4ZaHEQcz7nKKxUhAMUErsBkyI62615tbdGcgy8QpSgwLNbvUr6CU0kyw2VKDWHc9NTZijMpwKNqkEmWYp0hEOWMfSGCXTYT67eUJOrNIj/UTZig2Zqb8ncpRaj2VkOyWaoV70puJ/Xicz/csw53GaGRbT+aJ+JohJyDQA0uOKUSPGliBV3N5K6BAVUmNjqtgQvMWXl4l/Vr+qe/fntcZNkUYZjuAYTsGDC2jAHTTBBwopPMMrvDmZ8+K8Ox/z1pJTzBzCHzifPztkkVo=</latexit><latexit sha1_base64="udnVMaURZ+qULJ2LBXahaUGgDr8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYWmlAm2227dDcJuxuhhP4NLx5UvPprvPlv3LY5aOuDgcd7M8zMi1LBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKcp8mohEtSPUTPCY+YYbwdqpYigjwVrR6Hbqt56Y0jyJH8w4ZaHEQcz7nKKxUhAMUErsBkyI62615tbdGcgy8QpSgwLNbvUr6CU0kyw2VKDWHc9NTZijMpwKNqkEmWYp0hEOWMfSGCXTYT67eUJOrNIj/UTZig2Zqb8ncpRaj2VkOyWaoV70puJ/Xicz/csw53GaGRbT+aJ+JohJyDQA0uOKUSPGliBV3N5K6BAVUmNjqtgQvMWXl4l/Vr+qe/fntcZNkUYZjuAYTsGDC2jAHTTBBwopPMMrvDmZ8+K8Ox/z1pJTzBzCHzifPztkkVo=</latexit><latexit sha1_base64="udnVMaURZ+qULJ2LBXahaUGgDr8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYWmlAm2227dDcJuxuhhP4NLx5UvPprvPlv3LY5aOuDgcd7M8zMi1LBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKcp8mohEtSPUTPCY+YYbwdqpYigjwVrR6Hbqt56Y0jyJH8w4ZaHEQcz7nKKxUhAMUErsBkyI62615tbdGcgy8QpSgwLNbvUr6CU0kyw2VKDWHc9NTZijMpwKNqkEmWYp0hEOWMfSGCXTYT67eUJOrNIj/UTZig2Zqb8ncpRaj2VkOyWaoV70puJ/Xicz/csw53GaGRbT+aJ+JohJyDQA0uOKUSPGliBV3N5K6BAVUmNjqtgQvMWXl4l/Vr+qe/fntcZNkUYZjuAYTsGDC2jAHTTBBwopPMMrvDmZ8+K8Ox/z1pJTzBzCHzifPztkkVo=</latexit>

= #

Z
dt�2(�t)�2(�� + t)Q

2��+`
`,0 (t)

<latexit sha1_base64="g6gzP7y1iOkUHmTx5ds3opuIwNc="></latexit><latexit sha1_base64="g6gzP7y1iOkUHmTx5ds3opuIwNc="></latexit><latexit sha1_base64="g6gzP7y1iOkUHmTx5ds3opuIwNc="></latexit><latexit sha1_base64="g6gzP7y1iOkUHmTx5ds3opuIwNc="></latexit>

⇥3F2

 
�0

2 � 2�� � t+ 1, �0

2 , �0

2

�0 � h+ 1, �0

2 � t

!

<latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit><latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit><latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="PU8w/SgCsr3MF2zrUEkzaLp5L3w="></latexit><latexit sha1_base64="PU8w/SgCsr3MF2zrUEkzaLp5L3w="></latexit><latexit sha1_base64="zJF839AjanvGlwFprpZ/GKf3qoc="></latexit><latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit><latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit><latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit><latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit><latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit><latexit sha1_base64="knTlyGhLWB1Q8ltz2Dx+Epgwhi8="></latexit>

⇥ sin2(⇡t)
<latexit sha1_base64="v0+QHsntaDNl+ldjbrpZmvXqpLs=">AAAB/nicbVBNS8NAEN3Ur1q/ooIXL4tFqJeSFEG9Fb14rGBsoYlls920SzebsDsRSu3Bv+LFg4pXf4c3/43bNgdtfTDweG+GmXlhKrgGx/m2CkvLK6trxfXSxubW9o69u3enk0xR5tFEJKoVEs0El8wDDoK1UsVIHArWDAdXE7/5wJTmibyFYcqCmPQkjzglYKSOfeADj5nGvubyvoYrfsoxnJQ6dtmpOlPgReLmpIxyNDr2l99NaBYzCVQQrduuk0IwIgo4FWxc8jPNUkIHpMfahkpilgaj6f1jfGyULo4SZUoCnqq/J0Yk1noYh6YzJtDX895E/M9rZxCdByMu0wyYpLNFUSYwJHgSBu5yxSiIoSGEKm5uxbRPFKFgIpuE4M6/vEi8WvWi6t6cluuXeRpFdIiOUAW56AzV0TVqIA9R9Iie0St6s56sF+vd+pi1Fqx8Zh/9gfX5Ay1RlHM=</latexit><latexit sha1_base64="v0+QHsntaDNl+ldjbrpZmvXqpLs=">AAAB/nicbVBNS8NAEN3Ur1q/ooIXL4tFqJeSFEG9Fb14rGBsoYlls920SzebsDsRSu3Bv+LFg4pXf4c3/43bNgdtfTDweG+GmXlhKrgGx/m2CkvLK6trxfXSxubW9o69u3enk0xR5tFEJKoVEs0El8wDDoK1UsVIHArWDAdXE7/5wJTmibyFYcqCmPQkjzglYKSOfeADj5nGvubyvoYrfsoxnJQ6dtmpOlPgReLmpIxyNDr2l99NaBYzCVQQrduuk0IwIgo4FWxc8jPNUkIHpMfahkpilgaj6f1jfGyULo4SZUoCnqq/J0Yk1noYh6YzJtDX895E/M9rZxCdByMu0wyYpLNFUSYwJHgSBu5yxSiIoSGEKm5uxbRPFKFgIpuE4M6/vEi8WvWi6t6cluuXeRpFdIiOUAW56AzV0TVqIA9R9Iie0St6s56sF+vd+pi1Fqx8Zh/9gfX5Ay1RlHM=</latexit><latexit sha1_base64="v0+QHsntaDNl+ldjbrpZmvXqpLs=">AAAB/nicbVBNS8NAEN3Ur1q/ooIXL4tFqJeSFEG9Fb14rGBsoYlls920SzebsDsRSu3Bv+LFg4pXf4c3/43bNgdtfTDweG+GmXlhKrgGx/m2CkvLK6trxfXSxubW9o69u3enk0xR5tFEJKoVEs0El8wDDoK1UsVIHArWDAdXE7/5wJTmibyFYcqCmPQkjzglYKSOfeADj5nGvubyvoYrfsoxnJQ6dtmpOlPgReLmpIxyNDr2l99NaBYzCVQQrduuk0IwIgo4FWxc8jPNUkIHpMfahkpilgaj6f1jfGyULo4SZUoCnqq/J0Yk1noYh6YzJtDX895E/M9rZxCdByMu0wyYpLNFUSYwJHgSBu5yxSiIoSGEKm5uxbRPFKFgIpuE4M6/vEi8WvWi6t6cluuXeRpFdIiOUAW56AzV0TVqIA9R9Iie0St6s56sF+vd+pi1Fqx8Zh/9gfX5Ay1RlHM=</latexit><latexit sha1_base64="v0+QHsntaDNl+ldjbrpZmvXqpLs=">AAAB/nicbVBNS8NAEN3Ur1q/ooIXL4tFqJeSFEG9Fb14rGBsoYlls920SzebsDsRSu3Bv+LFg4pXf4c3/43bNgdtfTDweG+GmXlhKrgGx/m2CkvLK6trxfXSxubW9o69u3enk0xR5tFEJKoVEs0El8wDDoK1UsVIHArWDAdXE7/5wJTmibyFYcqCmPQkjzglYKSOfeADj5nGvubyvoYrfsoxnJQ6dtmpOlPgReLmpIxyNDr2l99NaBYzCVQQrduuk0IwIgo4FWxc8jPNUkIHpMfahkpilgaj6f1jfGyULo4SZUoCnqq/J0Yk1noYh6YzJtDX895E/M9rZxCdByMu0wyYpLNFUSYwJHgSBu5yxSiIoSGEKm5uxbRPFKFgIpuE4M6/vEi8WvWi6t6cluuXeRpFdIiOUAW56AzV0TVqIA9R9Iie0St6s56sF+vd+pi1Fqx8Zh/9gfX5Ay1RlHM=</latexit>

r
<latexit sha1_base64="cFA2NZVAVKMmRswHyemmDh7knRI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMG2hDWWz3bRrN7thdyOUkP/gxYOKV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gkntzO/80SVZlI8mGlCgxiPBIsYwcZK7SwfZCofVGtu3Z0DrRKvIDUo0BpUv/pDSdKYCkM41rrnuYkJMqwMI5zmlX6qaYLJBI9oz1KBY6qDbH5tjs6sMkSRVLaEQXP190SGY62ncWg7Y2zGetmbif95vdREV0HGRJIaKshiUZRyZCSavY6GTFFi+NQSTBSztyIyxgoTYwOq2BC85ZdXiX9Rv65795e15k2RRhlO4BTOwYMGNOEOWuADgUd4hld4c6Tz4rw7H4vWklPMHMMfOJ8/iJmPSw==</latexit><latexit sha1_base64="cFA2NZVAVKMmRswHyemmDh7knRI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMG2hDWWz3bRrN7thdyOUkP/gxYOKV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gkntzO/80SVZlI8mGlCgxiPBIsYwcZK7SwfZCofVGtu3Z0DrRKvIDUo0BpUv/pDSdKYCkM41rrnuYkJMqwMI5zmlX6qaYLJBI9oz1KBY6qDbH5tjs6sMkSRVLaEQXP190SGY62ncWg7Y2zGetmbif95vdREV0HGRJIaKshiUZRyZCSavY6GTFFi+NQSTBSztyIyxgoTYwOq2BC85ZdXiX9Rv65795e15k2RRhlO4BTOwYMGNOEOWuADgUd4hld4c6Tz4rw7H4vWklPMHMMfOJ8/iJmPSw==</latexit><latexit sha1_base64="cFA2NZVAVKMmRswHyemmDh7knRI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMG2hDWWz3bRrN7thdyOUkP/gxYOKV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gkntzO/80SVZlI8mGlCgxiPBIsYwcZK7SwfZCofVGtu3Z0DrRKvIDUo0BpUv/pDSdKYCkM41rrnuYkJMqwMI5zmlX6qaYLJBI9oz1KBY6qDbH5tjs6sMkSRVLaEQXP190SGY62ncWg7Y2zGetmbif95vdREV0HGRJIaKshiUZRyZCSavY6GTFFi+NQSTBSztyIyxgoTYwOq2BC85ZdXiX9Rv65795e15k2RRhlO4BTOwYMGNOEOWuADgUd4hld4c6Tz4rw7H4vWklPMHMMfOJ8/iJmPSw==</latexit><latexit sha1_base64="cFA2NZVAVKMmRswHyemmDh7knRI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMG2hDWWz3bRrN7thdyOUkP/gxYOKV3+QN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gkntzO/80SVZlI8mGlCgxiPBIsYwcZK7SwfZCofVGtu3Z0DrRKvIDUo0BpUv/pDSdKYCkM41rrnuYkJMqwMI5zmlX6qaYLJBI9oz1KBY6qDbH5tjs6sMkSRVLaEQXP190SGY62ncWg7Y2zGetmbif95vdREV0HGRJIaKshiUZRyZCSavY6GTFFi+NQSTBSztyIyxgoTYwOq2BC85ZdXiX9Rv65795e15k2RRhlO4BTOwYMGNOEOWuADgUd4hld4c6Tz4rw7H4vWklPMHMMfOJ8/iJmPSw==</latexit>

�(
�0

2
� 2�� � t+ 1)

<latexit sha1_base64="lFg8tSvjtchqBqrMdip82TmiJ6U=">AAACEnicbVBNS8NAEN3Ur1q/qh69BItYFUtSBPVWVNBjBatCU8pku2mX7iZhdyKU0P/gxb/ixYOKV0/e/DduPw7a+mDg7Xsz7MzzY8E1Os63lZmZnZtfyC7mlpZXVtfy6xu3OkoUZTUaiUjd+6CZ4CGrIUfB7mPFQPqC3fnd84F/98CU5lF4g72YNSS0Qx5wCmikZn7fuwQpoegFCmjqXTCBsNtPy/3D8ujR9OIOP8QDd6+ZLzglZwh7mrhjUiBjVJv5L68V0USyEKkAreuuE2MjBYWcCtbPeYlmMdAutFnd0BAk0410eFPf3jFKyw4iZSpEe6j+nkhBat2TvumUgB096Q3E/7x6gsFJI+VhnCAL6eijIBE2RvYgILvFFaMoeoYAVdzsatMOmHTQxJgzIbiTJ0+TWrl0WnKvjwqVs3EaWbJFtkmRuOSYVMgVqZIaoeSRPJNX8mY9WS/Wu/Uxas1Y45lN8gfW5w9+lpzY</latexit><latexit sha1_base64="lFg8tSvjtchqBqrMdip82TmiJ6U=">AAACEnicbVBNS8NAEN3Ur1q/qh69BItYFUtSBPVWVNBjBatCU8pku2mX7iZhdyKU0P/gxb/ixYOKV0/e/DduPw7a+mDg7Xsz7MzzY8E1Os63lZmZnZtfyC7mlpZXVtfy6xu3OkoUZTUaiUjd+6CZ4CGrIUfB7mPFQPqC3fnd84F/98CU5lF4g72YNSS0Qx5wCmikZn7fuwQpoegFCmjqXTCBsNtPy/3D8ujR9OIOP8QDd6+ZLzglZwh7mrhjUiBjVJv5L68V0USyEKkAreuuE2MjBYWcCtbPeYlmMdAutFnd0BAk0410eFPf3jFKyw4iZSpEe6j+nkhBat2TvumUgB096Q3E/7x6gsFJI+VhnCAL6eijIBE2RvYgILvFFaMoeoYAVdzsatMOmHTQxJgzIbiTJ0+TWrl0WnKvjwqVs3EaWbJFtkmRuOSYVMgVqZIaoeSRPJNX8mY9WS/Wu/Uxas1Y45lN8gfW5w9+lpzY</latexit><latexit sha1_base64="lFg8tSvjtchqBqrMdip82TmiJ6U=">AAACEnicbVBNS8NAEN3Ur1q/qh69BItYFUtSBPVWVNBjBatCU8pku2mX7iZhdyKU0P/gxb/ixYOKV0/e/DduPw7a+mDg7Xsz7MzzY8E1Os63lZmZnZtfyC7mlpZXVtfy6xu3OkoUZTUaiUjd+6CZ4CGrIUfB7mPFQPqC3fnd84F/98CU5lF4g72YNSS0Qx5wCmikZn7fuwQpoegFCmjqXTCBsNtPy/3D8ujR9OIOP8QDd6+ZLzglZwh7mrhjUiBjVJv5L68V0USyEKkAreuuE2MjBYWcCtbPeYlmMdAutFnd0BAk0410eFPf3jFKyw4iZSpEe6j+nkhBat2TvumUgB096Q3E/7x6gsFJI+VhnCAL6eijIBE2RvYgILvFFaMoeoYAVdzsatMOmHTQxJgzIbiTJ0+TWrl0WnKvjwqVs3EaWbJFtkmRuOSYVMgVqZIaoeSRPJNX8mY9WS/Wu/Uxas1Y45lN8gfW5w9+lpzY</latexit><latexit sha1_base64="lFg8tSvjtchqBqrMdip82TmiJ6U=">AAACEnicbVBNS8NAEN3Ur1q/qh69BItYFUtSBPVWVNBjBatCU8pku2mX7iZhdyKU0P/gxb/ixYOKV0/e/DduPw7a+mDg7Xsz7MzzY8E1Os63lZmZnZtfyC7mlpZXVtfy6xu3OkoUZTUaiUjd+6CZ4CGrIUfB7mPFQPqC3fnd84F/98CU5lF4g72YNSS0Qx5wCmikZn7fuwQpoegFCmjqXTCBsNtPy/3D8ujR9OIOP8QDd6+ZLzglZwh7mrhjUiBjVJv5L68V0USyEKkAreuuE2MjBYWcCtbPeYlmMdAutFnd0BAk0410eFPf3jFKyw4iZSpEe6j+nkhBat2TvumUgB096Q3E/7x6gsFJI+VhnCAL6eijIBE2RvYgILvFFaMoeoYAVdzsatMOmHTQxJgzIbiTJ0+TWrl0WnKvjwqVs3EaWbJFtkmRuOSYVMgVqZIaoeSRPJNX8mY9WS/Wu/Uxas1Y45lN8gfW5w9+lpzY</latexit>

3F2s appear 
again and again



Aside on continuous Hahn 
polynomials

G�,`(u, v) =

Z i1

�i1
dsdt usvt�2(�t)�2(s+ t)�2(�� � s)

�(��`
2 � s)�̃( (2h���`)

2 � s)

�2(�� � s)
P�,`(s, t)
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introduced by Pafnuty Chebyshev in 1875 (Chebyshev 1907) and rediscovered by Wolfgang Hahn (Hahn 
1949)



3F2


�`, 2s+ `� 1, s+ t

s , s
; 1

�
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1

2⇡i

Z i1

�i1
d⇠

�2(s)�(2s+ `� 1 + ⇠)�(s+ t+ ⇠)�(�⇠)

�(s+ t)�(`+ 1� ⇠)�(2s+ `� 1)�2(s+ ⇠)
`!
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Mellin-Barnes 
representation

Usual
Useful for large spin 
asymptotic
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=

1

4⇡i�(�� � s)2

Z i1

�i1
d⌫q[⌫]q[�⌫]=

q[⌫] =
�(h+⌫

2 � s)�2( 2���h+⌫
2 )

(�� h) + ⌫

M(⌫) = q[⌫]q[�⌫]
Spectral function. Polyakov (1974!!) 
gave a different physical argument for 
the double poles. Exactly the same 
form!! Momentum/position space are 
not ideal to see the simplification we 
saw in Mellin space.

Witten diagrams in Mellin space
Pe

ne
do

ne
s, 

Pa
ul

os
…

…
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Witten diagrams in Mellin space



M(s, t) =
X

�,`

c�,` ++ +

Q�
`,m(t)

s� ��`
2 �m

+ regular

Mellin amplitudes should 
factorize on physical poles.
m: descendant label, l: spin
Q: polynomials in t

X

m
…..

Residue fixed by conformal 
invariance; Mack polynomials

Modern Mellin amplitude literature: Mack; Penedones;   
Paulos;……….
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Difference between usual conformal block 
expansion and Witten diagram expansion lies in the 
…. pieces. The regular piece for usual conformal 
block is exponential at infinity while for the Witten 
block it is polynomial. These polynomial pieces will 
have an important role in my story.

…..

23



Strictly

Gosta Mittag-Leffler 
(Swedish mathematician)

Thm: Existence of meromorphic 
functions with prescribed polesMellin’s 

advisor!
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Roughly

�(x) =
1X

n=0

(�1)n

n!(x+ n)

�(y)

�(y � n)
+ �1(x)

Entire function

�(x)�(y)

�(x+ y)
=

1X

n=0

(�1)n

n!(x+ n)

�(y)

�(y � n)

no extra entire 
function piece

famous 
formula 
responsible 
for the birth 
of string 
theory!
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A quick derivation of the Witten 
diagram meromorphic piece

�(⌧/2� s)�(⌧̃/2� s)

�2(�� � s)
=

B(⌧/2� s| {z },�� � ⌧/2)�(⌧̃/2� s)

�(�� � ⌧/2)�(�� � s)

=
X

n

(�1)n(�� � ⌧/2� n)n
(⌧/2 + n� s)�(�� � ⌧/2)

�(⌧̃/2� ⌧/2� n)

�(�� � ⌧/2� n)
+ regular

=
�(h��)

(⌧/2� s)�2(�� � ⌧/2)
3F2


⌧/2� s, ⌧/2��� + 1, ⌧/2��� + 1

⌧/2� s+ 1,�� h+ 1
; 1

�

+regular This gets multiplied by 
the Mack polynomial
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G�,`(u, v) =

Z i1

�i1
dsdt usvt�2(�t)�2(s+ t)�2(�� � s)

�(��`
2 � s)�̃( (2h���`)

2 � s)

�2(�� � s)
P�,`(s, t)
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Explains connection between large spin 
perturbation and MB for the WF fixed point.



• As an aside, 3F2’s need to be analytically continued for the 
scalar exchange at the WF point. 

• This is a key step which enables us to get the anomalous 
dimension and OPE coefficients for the scalar exchange.



• In the traditional approach we expand in 
terms of partial waves which are consistent 
with OPE.

• Impose crossing symmetry as constraint.

Sw
ap
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• In the new approach we expand in terms of 
crossing symmetric partial waves.

•  Impose OPE consistency as constraint.

New approach: key point
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G�,`(u, v) =

Z i1

�i1
dsdt usvt�2(�t)�2(s+ t)�2(�� � s)

�(��`
2 � s)�̃( (2h���`)

2 � s)

�2(�� � s)
P�,`(s, t)
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w�,`(u, v) =

Z i1

�i1
dsdtusvt�2(�t)�2(s+ t)�2(�� � s)

⇣
W (s) +W (t) +W (u) + ⇢c(s, t)

⌘
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⇠
Z

dsdt

(2⇡i)2
�(�t)2�(s+ t)2�(�� � s)2

Q�
`,m(t)

s� ��`
2 �m

usvt

! incompatible with s� channel OPE

! conditions needed to cancel

NB: log u is genuinely spurious as it comes singly 
and not due to expanding some u-power

X

m

! u��+r log u, u��+r
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⇠
Z

dsdt

(2⇡i)2
�(�t)2�(s+ t)2�(�� � s)2

Q�
`,m(s���)

t+�� � ��`
2 �m

usvt

⇠
Z

dsdt

(2⇡i)2
�(�t)2�(s+ t)2�(�� � s)2

Q�
`,m(t)

�� � s� t� ��`
2 �m

usvt

X

m

X

m

Demand that the spurious poles in s+t+u cancel to 
have compatibility with OPE

! u��+r log u, u��+r
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M(s, t) =
X

�,`

c�,` ++ +

should not have (s��� � r)0, (s��� � r)1 terms

8r 2 Z+

This should hold for all t.

Lots of conditions!!
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Show scalar example on board [if time]
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Tw
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Large Spin,
Large twist

large spin
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r=1
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To get anomalous dimension of twist 4 scalar 

s = �� + 1
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Equation in s channel has contributions from all twist 
scalars

s = ��
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Equation in s channel has contributions from all twist 
scalars

BUT difference has contributions only from twist 2 and 
twist 4 scalars and spin 2 stress tensor only

=) ��4 = 4�� + 2✏, C���4 =
✏2
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Similarly for spin-2 twist 4 which is 
non-degenerate



• Turns out that the Caron-huot formula and the Mellin space 
formula for anomalous dimension for the double twist 
operators is exactly the same upto cubic order but is different 
at fourth order.

• The difference is due to contact terms [Rajesh’s talk] that we 
can/must add to the Witten diagram basis which we need a 
clever argument to fix.

• The contact term ambiguity persists even at spin-0. 



w�,`(u, v) =

Z i1

�i1
dsdtusvt�2(�t)�2(s+ t)�2(�� � s)

⇣
W (s) +W (t) +W (u) + ⇢c(s, t)

⌘
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Way forward in Mellin bootstrap

???



• Need an equation that fixes the contact term. May be a 
differential equation? Will help address issues such as 
completeness. 

• For a while we thought that the “split-function” representation 
would help resolve this issue but it does not.

• May be even without fixing this issue one can hope to address 
general questions like transcendentality that Fernando was 
using—prove it.

• Can we shed some light on the AdS dual to the WF point?


