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CFTs with global symmetry

OPE has a further decomposition according to irreps of the global
symmetry

φi × φj ∼
∑
I

P
(I )
ijkl

(∑
O(I )

O
(I )
kl

)
O

(I )
kl transforms in the I-th irrep of the symmetry group.

Similarly for four point function,

〈φi (x1)φj(x2)φk(x3)φl(x4)〉 =
1

x
2∆φ

12 x
2∆φ

34

∑
I

P
(I )
ijkl

(∑
O∈I

λ2
Og∆O,lO(u, v)

)

P
(I )
ijkl are projectors, written in terms of invariant tensors (CG- coefficients).

Projectors satisfy

P
(I )
ijklP

(I )
lkmn = δIJP

(I )
ijmn,∑

I

P
(I )
ijklP

(J)
lkmn = δilδjk ,
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CFTs global symmetry

Suppose the CFT preserves O(N) symmetry, operators that appear in
φi × φj OPE belong to three different channel

n ⊗ n→ S ⊕ A⊕ T

bounding the lowest operator in S-channel gives us a kink, corresponding
to the O(N) vector. The projectors are written in terms of δij .

P
(S)
ijkl =

1

n
δijδkl

P
(T )
ijkl =

1

2
(δikδjl + δikδjl)−

1

n
δijδkl

P
(A)
ijkl =

1

2
(δikδjl − δikδjl)
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CFTs global symmetry

[Kos, Poland, Simmons-Duffin ’13]
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F4 bootstrap

Suppose the symmetry has an extra invariant tensor dijk ,

φi × φj ∼ λφφφdijkφk + . . . .

We have an extra channel channel

n ⊗ n→ S ⊕ n ⊕ A⊕ T ′ + . . . .
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F4 bootstrap

F4 group has such a rank-3 invariant tensor. Take φi to in the n = 26
dimensional representation of F4 group.
Assuming

First spin-0 operator in n-channel has scaling dimension ∆φ,

second spin-0 operator in n-channel has scaling dimension larger or
equal to ∆n,

operators with other spins or in other channels satisfies the unitarity
bound.

Since F4 is a subgroup of O(26), bounding S-channel here would still give
us the O(n) vector model kink.
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F4 bootstrap

Figure: F4 bootstrap in D = 5.[Pang, JR, Su ’16]
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F4 bootstrap

Figure: F4 bootstrap in D = 5.95.[Pang, JR, Su ’16]
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F4 bootstrap

Consider the φ3 theory

L =
1

2
(∂µφ

i )(∂µφ
i ) +

g

6
dijkφ

iφjφk ,

Beta function:

β(g) = − ε
2
g +

19

56
g3 + . . . .

The model has a fixed point at value of g ∼
√
ε.

The operator dijkφ
jφk becomes a descendant at this fixed point, as a

result of the equation of motion

�φi ∼ dijkφ
jφk
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SN bootstrap

We consider the case when φi lives in the n = N − 1 representation of SN
(the reason to do this would become clear later).

A hyper-tetrahedron with N vertices could be embedded in N-1
dimensional space, using “vielbeins”

eαi

For S3, it is simply

e1 = (

√
3

2
,−1

2
), e2 = (−

√
3

2
,−1

2
), e3 = (0, 1).
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SN bootstrap

There exist an invariant tensor

dijk =
∑
α

eαi e
α
j e

α
k

In this case
n⊗ n→ S⊕ n⊕ T′ ⊕ A

P
(1)
ijkl =

1

n
δijδkl ,

P
(n)
ijkl =

n3

(n − 1)(n + 1)2
dijmdklm,

P
(T ′)
ijkl =

1

2
δilδjk +

1

2
δikδjl −

1

n
δijδkl −

n3

(n − 1)(n + 1)2
dijmdklm,

P
(A)
ijkl =

1

2
δilδjk −

1

2
δikδjl .
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SN bootstrap

Using crossing symmetry

〈φi (x1)φj(x2)φk(x3)φl(x4)〉 = 〈φi (x1)φj(x2)φk(x3)φl(x4)〉.
Each projector would give us one equation.

∑
I

∑
O∈I

λ2
φφO

~V
(I )
∆O ,lO

(u, v) = 0 , with I ∈ {1+, n+,T ′
+
,A−} ,

where

~V
(1+)
∆O ,lO

(u, v) =


0
0
F
n

−H
n

 , ~V
(n+)
∆O ,lO

(u, v) =


F
0
F

1−n
H

n−1

 , ~V
(T ′+)
∆O ,lO

(u, v) =


−F
F
2

F(n2−n+2)
2(n−1)n

H(n2−n−2)
2(n−1)n

 , ~V
(A−)
∆O ,lO

(u, v) =


0

−F
2

F
2
H
2

 .

Here F and H are short for F∆,l and H∆,l , defined by

F∆,l = v∆φG∆,l(u, v)− u∆φG∆,l(v , u),

H∆,l = v∆φG∆,l(u, v) + u∆φG∆,l(v , u).
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SN bootstrap

To calibrate our code, let us consider 2D S3 case,

since

2⊗ 2→ 1S ⊕ 1A ⊕ 2n ⊕ 0T ′

one can check that the projector is

P
(T ′)
ijkl = 0.

Using these projectors, we could derived the following crossing equations∑
I

∑
O∈I

λ2
φφO

~V
(I )
∆O ,lO

(u, v) = 0 , with I ∈ {1+, n+,A−} ,

with

~V
(1+)
∆O ,lO

(u, v) =

 0
F
H

 , ~V
(n+)
∆O ,lO

(u, v) =

 F
0
−2H

 , ~V
(A−)
∆O ,lO

(u, v) =

−FF
−H


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SN bootstrap

The crossing equation is the same as for O(2) group.

The only modification is that we need to allow φi itself to appear in the
n − channel .
In two space time dimensions, we get the [JR, Su ’17]
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Minimal models of W3 algebra

Red cross means minimal models of W3 algebra.

W3 algebra contains a spin 3 current.

Roughly speaking, the minimal models are

L = ∂µφ
†∂µφ+ V (φ†, φ)

with V (φ†, φ) being a polynomial invariant under a Z3 rotation,
φ→ exp ( 2

3πi)φ, with highest degree term to be (φ†φ)p−2.
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Explain the spectrum

Their central charges are

Cp = 2
(
1− 12

p(p − 1)

)
.

Scaling dimensions (of W3 primaries) are

∆

[
Φ

(
n m
n′ m′

)]
=

1

12p(p + 1)

(
3((p + 1)(n + n′)− p(m + m′))2

+((p + 1)(n − n′)− p(m −m′))2 − 12

)
,

where m, n,m′, n′ and p are positive integers whose range are
n + n′ ≤ p − 1, m + m′ ≤ p and p ≥ 4.

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 16 / 49



Explain the spectrum

Their central charges are

Cp = 2
(
1− 12

p(p − 1)

)
.

Scaling dimensions (of W3 primaries) are

∆

[
Φ

(
n m
n′ m′

)]
=

1

12p(p + 1)

(
3((p + 1)(n + n′)− p(m + m′))2

+((p + 1)(n − n′)− p(m −m′))2 − 12

)
,

where m, n,m′, n′ and p are positive integers whose range are
n + n′ ≤ p − 1, m + m′ ≤ p and p ≥ 4.

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 16 / 49



Minimal models of W3 algebra

In the bootstrap result

∆φ = 2×∆

[
Φ

(
1 2
1 1

)]
=

2(p − 3)

3(p + 1)
,

and

∆′n = 2×∆

[
Φ

(
1 3
1 1

)]
=

4(2p − 3)

3(p + 1)
,

respectively.

They satisfy

∆′n =
5

2
∆φ + 1,

Minimal models of Virasoro algebra shows a similar behaviour when
bootstrapping 2D CFT’s with Z2. [Rychkov, Vichi ’09]

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 17 / 49



Minimal models of W3 algebra

In the bootstrap result

∆φ = 2×∆

[
Φ

(
1 2
1 1

)]
=

2(p − 3)

3(p + 1)
,

and

∆′n = 2×∆

[
Φ

(
1 3
1 1

)]
=

4(2p − 3)

3(p + 1)
,

respectively.
They satisfy

∆′n =
5

2
∆φ + 1,

Minimal models of Virasoro algebra shows a similar behaviour when
bootstrapping 2D CFT’s with Z2. [Rychkov, Vichi ’09]

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 17 / 49



Minimal models of W3 algebra

In the bootstrap result

∆φ = 2×∆

[
Φ

(
1 2
1 1

)]
=

2(p − 3)

3(p + 1)
,

and

∆′n = 2×∆

[
Φ

(
1 3
1 1

)]
=

4(2p − 3)

3(p + 1)
,

respectively.
They satisfy

∆′n =
5

2
∆φ + 1,

Minimal models of Virasoro algebra shows a similar behaviour when
bootstrapping 2D CFT’s with Z2. [Rychkov, Vichi ’09]

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 17 / 49



Result

The first operator in n-channel [JR, Su ’17]
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Check the actual symmetry

One can check the extremal functional, or simply

delete φi itself from its OPE, and check whether the curve changes.

It turns out that φk is not in φi × φj OPE. The most nature explanation is
that the symmetry is in fact:

SN ⊗ Z2.

For single correlator bootstrap, their crossing equations look the same.
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λφ4 theory

Write down the scalar Lagrangian

L =
1

2
∂µφ

i∂µφ
i +

g1

8
dijmdklmφ

iφjφkφl +
g2

8
(φiφi )2

It has four fixed points

At the O(N) fixed point g1 = 0.
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The large N limit

One could compare the ε-expansion result with Ising model, for example:

∆P1
φ = 1− ε

2
+

(
n2 + 8n + 7

)
ε2

108(n + 3)2
+ . . . ,

∆P2
φ = 1− ε

2
+

(
n4 − 9n3 + 31n2 − 45n + 22

)
ε2

108 (n2 − 5n + 8)2
+ . . . .

The corresponding Ising series is

∆Ising
σ = 1− ε

2
+

ε2

108
+ . . . .
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The large N limit

Operator ∆n→∞

φ ∈ n− ∆Ising
σ

φ2 ∈ S ∆Ising
ε

φ4 ∈ S, 1st 2×∆Ising
ε

φ4 ∈ S, 2st ∆Ising
ε′

φ2 ∈ n+ ∆Ising
ε

φ2 ∈ T′ 2×∆Ising
σ

Table: large N spectrum for P1.
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The large N limit

Operator ∆n→∞

φ ∈ n− ∆Ising
σ

φ2 ∈ S D −∆Ising
ε

φ4 ∈ S, 1st 2× (D −∆Ising
ε )

φ4 ∈ S, 2st ∆Ising
ε′

φ2 ∈ n+ ∆Ising
ε

φ2 ∈ T′ 2×∆Ising
σ

Table: large N spectrum for P2.
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The large N limit

The large N limit of P1 is given by N-copy of decoupled Ising model.

N-Ising point has the symmetry

SN ⊗ (Z2)N .

Conformal primaries is composed of operators in Ising model.
The operators

σα

transforms in the N-dimension representation.
In σ × σ OPE, we have

N ⊗ N → S ⊕ n ⊕ A⊕ T ′
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The large N limit

S-channel operators are∑
α

εα,
∑
α 6=β

εαεβ,
∑
α

ε′α . . .

n-channel operators are

εαe
i
α, ε′αe

i
α . . .

Notice that
∑

α εα, is a singlet, here n = N − 1.

T’-channel:

σ(ασβ)|α 6=β . . .

Notice α 6= β makes sure that the operators would not be renormalised.

A-channel:

σ[α∂µσβ] . . . . . .
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The large N limit

Operator ∆n→∞

φ ∈ n− ∆Ising
σ σα

φ2 ∈ S ∆Ising
ε

∑
α εα

φ4 ∈ S, 1st 2×∆Ising
ε

∑
α 6=β εαεβ

φ4 ∈ S, 2st ∆Ising
ε′

∑
α ε
′
α

φ2 ∈ n+ ∆Ising
ε εαe

i
α

φ2 ∈ T′ 2×∆Ising
σ σ(ασβ)|i 6=j

Table: large N behaviour from ε-expansion, for fixed point P1.
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The large N limit

At large N, P2 is related to P1 by a “double trace” flow

SP2 = SP1 + λ

∫
d3x

∑
i 6=j

εiεj

≈ SP1 + λ

∫
d3x O · (

∑
εi )

In IR, the Hubbard-Stratonovich auxiliary field O appears in the spectrum.

Operator ∆n→∞

φ ∈ n− ∆Ising
σ σα

φ2 ∈ S D −∆Ising
ε O

φ4 ∈ S, 1st 2× (D −∆Ising
ε ) OO

φ4 ∈ S, 2st ∆Ising
ε′

∑
α ε
′
α

φ2 ∈ n+ ∆Ising
ε εαe

i
α

φ2 ∈ T′ 2×∆Ising
σ σ(ασβ)|α 6=β

Table: large N behaviour from ε-expansion, for fixed point P2.
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The large N limit

SN ⊗ ZN
2 invariant operators of the decoupled Ising model

O(x) = 1√
N

∑
α εα(x):

〈O(x1)O(x2)〉 ∼ 1

suppose 〈ε(x1)ε(x2)〉 ∼ 1.

Three point function

〈O(x1)O(x2)O(x3)〉 =
1

N3/2

∑
α

〈εαεαεα〉 ∼
1√
N
λεεε
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The large N limit

Four point function point function

The leading piece is disconnected, equivalent to a free scalar in AdS with
mass m2L2 = (3−∆ε)∆ε.
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The large N limit

Could the SN ⊗ ZN
2 invariant sector be described by some bulk theory?

Higher spin symmetry is broken.

It is restored at the free theory point. The spectrum contains both higher
spin current and other massive modes.
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Cubic fixed point

The N=4 case deserves special attention.

S4 ⊗ Z2 = S3 ⊗ (Z2)3

The order of the group is 4!× 2 = 3!× 2× 2× 2 = 48.

S3 ⊗ (Z2)3 : permutation and reflection of the three axis.
S4 ⊗ Z2 : surface diagionals forms two tetrahedrons.
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Cubic fixed point

Crystal of the type ABX3 (perovskites)

The Ginzburg–Landau theory has a term breaks O(3) to S3 ⊗ (Z2)3.
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Extremal Functional

To study bootstrap equation, we apply a linear functional on the crossing
equation. Numerical bootstrap use the basis

α =
∑

m+n is odd,m+n<Λ

αmn(∂z)m(∂z̄)n

Remember for the crossing equation is∑
O∈φ

F∆,l(u, v) = 0,

λ2
O0
F∆0,l0(u, v) = −F0,0(u, v)−

∑
O

λ2
OF∆,l(u, v)

we try to find a linear functional such that

α(F∆0,l0(u, v)) = 1,

α(F∆,l(u, v)) ≥ 0 for others
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Cubic fixed point

If such an α exist, we have

λ2
O0

= −α(F0,0(u, v))−
∑
O

λ2
Oα(F∆,l(u, v)) ≤ −α(F0,0(u, v))

We try to find the most restrictive bound, which minimize −α(F0,0(u, v)).
Such an α should satiefy∑

O

λ2
Oα(F∆,l(u, v)) = 0.
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Cubic fixed point

The in S-channel scalar from extremal functional [JR, Su ’17]
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Δ
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1.40

1.45

1.50

1.55

1.60

The red error bars are Monte Carlo simulation for in O(3) invariant
Heisenberg model [Campostrini, Hasenbusch, Pelissetto, Rossi, Vicari ’01].
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Cubic fixed point

It was believed that certain critical exponents in cubic anisotropic model
and in O(3) vector model agree with each other to surprisingly high
precision. For exampled, a six loop result shows: [Carmona, Pelissetto,
Vicari ’99]

ηCubic − ηO(3) = −0.0001(1),

νCubic − νO(3) = −0.0003(3).

Our result indicates this may not be the case!

ηCubic ≈ 0.033, ηO(3) ≈ 0.0375± 0.0005

νCubic ≈ 0.650, νO(3) ≈ 0.711± 0.002

A recent preprint [Stergiou ’18] studies the S-channel operator, and also
discovered this difference.
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Cubic fixed point

Remember νCubic ≈ 0.650, νO(3) ≈ 0.711± 0.002.

Experiment in SrTiO3 shows [Waldkirch, Muller, Berlinger ’72]

ν = 0.63± 0.07

Another experiment based on SrTiO3 and LaAlO3[Muller, Berlinger ’71]
shows β = 0.33± 0.02. Assuming ∆φ = 0.5165 and use the scaling
relation ∆φ · ν = β. we get

ν ≈ 0.64± 0.04.

This seems to favor the numerical bootstrap result!
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Cubic fixed point

Previous explanation of this tension between experimental result and
ε-expansion was that the residual strains in the crystals used in the
experiments cause the actually phase transition to be governed by the
decoupled Ising model. [Aharony, Bruce ’74]

A lattice simulation would be interesting.

Our Monte Carlo friends are working on it.
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Another kink

Another kink could be found in the larger ∆φ region [JR, Su ’17]

One can check that the spectrum contain energy momentum tensor (or
conserved flavor current if there is continuous symmetry).
Similar kink could be found in other on bootstrap curve with other
symmetry. [Nakayama ’17]
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D > 6

Consider the φ3 theory

L =
1

2
(∂µφ

i )(∂µφ
i ) +

g

6
dijkφ

iφjφk ,

Beta function:
β(g) = − ε

2
g − c · g3 + . . . .

The model has a fixed point at imaginary value of g = i
√
ε.

With proper resummation, the critical exponents calculated using this
fixed point could describe Potts model at D = 2.
At 6 > D > 3, Potts models undergo a first order fixed point, related to
the fact that the fixed point is non-unitary.
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D > 6

Take D > 6, g∗ is again real. Do these fixed points have some physical
reality?

Figure: SN bootstrap at D = 6.05.
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D > 6

Figure: SN bootstrap at D = 7.
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D > 6

Consider the φ3 theory with a single scalar

L =
1

2
(∂µφ)(∂µφ) +

g

6
φ3,

Beta function:
β(g) = − ε

2
g − c · g3 + . . . .

This fixed point describes Lee-Yang edge singularity.
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D > 6

Figure: Bootstrap single scalar theory at D = 6.05.
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D > 6

Figure: Bootstrap single scalar theory at D = 7.

A different type of non-unitary fixed points in D > 6 was studied in
[Gliozzi, Guerrieri, Petkou, Wen ’16].

They are generalized Wilson-Fisher
fixed points for a scalar with kinetic term L ∼ 1

2φ�
kφ, the dimension

violate unitary bound.
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Fusion rule truncation

Figure: The fixed point from fusion rule truncation.

Primarily result using φ× φ ∼ 1 + φ+ T + ∆4. [Gliozzi ’13]. Setting
determinant of minors to zero give us the curves.
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Future Directions

Can we get the D > 7 points from exact functional renormalization?

Can we get locate the sign change of certain OPE2 using truncated
fusion rule?

Do minimal models of WN algebra also saturate the corresponding
unitarity bound?

Can perform a proper large N calculation and compare with numerical
bootstrap?

Can we improved the numerics? Other linear functional?

To bootstrap CFTs with more invariant tensor? Birdtrack
classification?

. . .
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Thanks

Thank you!
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