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CFTs with global symmetry

OPE has a further decomposition according to irreps of the global

symmetry
Z ! Z /

O,((P transforms in the I-th irrep of the symmetry group.
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CFTs with global symmetry

OPE has a further decomposition according to irreps of the global

symmetry
Z ! Z /

O,((P transforms in the I-th irrep of the symmetry group.
Similarly for four point function,
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P(k), are projectors, written in terms of invariant tensors (CG- coefficients).
PrOJectors satisfy
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CFTs global symmetry

Suppose the CFT preserves O(N) symmetry, operators that appear in
@' x ¢ OPE belong to three different channel

nXn—=SSAST

bounding the lowest operator in S-channel gives us a kink, corresponding
to the O(N) vector. The projectors are written in terms of d;;.

s 1
Pl = 00k

1 1
P,-(jkT,) = 5 (0t + 0ixdjs) = 00k
a1 :
Pl = 5 (Oikdjs — dikdj)
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CFTs global symmetry

((N) Singlet Bounds
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[Kos, Poland, Simmons-Duffin '13]
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Suppose the symmetry has an extra invariant tensor djj,

gf)i X gf)f ~ )\¢¢¢d,‘jk¢k +....
We have an extra channel channel

nRn—>Sene AT +....
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F4 group has such a rank-3 invariant tensor. Take ¢’ to in the n = 26
dimensional representation of F4 group.
Assuming
@ First spin-0 operator in n-channel has scaling dimension A,
@ second spin-0 operator in n-channel has scaling dimension larger or
equal to A,
@ operators with other spins or in other channels satisfies the unitarity
bound.
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F4 group has such a rank-3 invariant tensor. Take ¢’ to in the n = 26
dimensional representation of F4 group.
Assuming

@ First spin-0 operator in n-channel has scaling dimension A,

@ second spin-0 operator in n-channel has scaling dimension larger or
equal to A,

@ operators with other spins or in other channels satisfies the unitarity
bound.

Since F4 is a subgroup of O(26), bounding S-channel here would still give
us the O(n) vector model kink.
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Figure: F4 bootstrap in D = 5.[Pang, JR, Su '16]

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 7 /49



6.5

6.0}

agy
5.0 Excluded

4.5}

Allowed

400 oo oo . : ]
1975 1976 1977 1978 1.979 1.980

Ay

Figure: F4 bootstrap in D = 5.95.[Pang, JR, Su '16]
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Consider the ¢3 theory

1 . . o
£ = 5(0,0)(0u") + G et 6
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Consider the ¢3 theory
1 i i, & iaj ik
L= 5(8u¢ )(3%25 ) + 6dijk¢ ¢j¢ 5

Beta function:

. € ].9 3
B(g) = 2g+56g + ...

The model has a fixed point at value of g ~ \/e.

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 9 /49



Consider the ¢3 theory
1 i i, & iaj ik
L= 5(8u¢ )(3%25 ) + 6dijk¢ ¢j¢ 5

Beta function:
€ ].9 3

fle)=—58+ 8 +---

The model has a fixed point at value of g ~ \/e.
The operator d,-jk¢f¢k becomes a descendant at this fixed point, as a
result of the equation of motion

O ~ dijd o
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We consider the case when ¢' lives in the n = N — 1 representation of Sy
(the reason to do this would become clear later).
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We consider the case when ¢' lives in the n = N — 1 representation of Sy
(the reason to do this would become clear later).

A hyper-tetrahedron with N vertices could be embedded in N-1
dimensional space, using “vielbeins”
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We consider the case when ¢' lives in the n = N — 1 representation of Sy
(the reason to do this would become clear later).

A hyper-tetrahedron with N vertices could be embedded in N-1
dimensional space, using “vielbeins”

For S, it is simply

d=(L-h =
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There exist an invariant tensor
_ o o
dUk — E e,' ej ek
o

In this case
non—-SonoT oA
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There exist an invariant tensor
_ o o
dUk — E e,' ej ek
o

In this case
non—-SonoT oA
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Using crossing symmetry

(61305 02 )b (s ) b1 (xa)) = {651 0x1 ) (2 ) (s ) b )

Each projector would give us one equation.
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Using crossing symmetry
—

(Di(x1)pj(x2) bk (x3)Pi(xa)) = <¢:(X1)¢J(X2)¢k( )¢/(X4)>

Each projector would give us one equation
with e {1t nt, T A7},

ZZWO Ao (1, V) =0,
Oel
where
—F

0 g £ 0

+ 0 n ) _z
Voo = | £ | Vil = | 2 Vag(en = | Htet) | Ve = | |

H H H(m—n-2) H

n—1 D) 2

3|
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Using crossing symmetry
— ——

(Di(x1)pj(x2) bk (x3)Pi(xa)) = <¢:(X1)¢J(X2)¢k( )¢/(X4)>

Each projector would give us one equation.

l_l

SN 220 \7&’3 (V) =0, with [e{1F,nt T A7},

I Oe€l
where
0 F 7FF 0
L+ 0 . 0 2 A _F
Vholo(w) = | £ |\ Vil = | £ | VALl = | o) |V p ) = | 2 |-
_H H(m—n-2) A
n n—-1 2(n—1)n 2

Here F and H are short for Fa ; and Hp , defined by
Fa, = vBe Ga,(u,v) — uBe Ga,i(v, u),
HAJ = VA¢ GAJ(U, V) + UA¢ GAJ(V, u).

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 12 / 49



To calibrate our code, let us consider 2D S3 case,
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To calibrate our code, let us consider 2D S3 case, since
202 —=>1sPla®2,d 0
one can check that the projector is

T/
Plg.k,) —0.
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To calibrate our code, let us consider 2D S3 case, since
202 —=>1sPla®2,d 0
one can check that the projector is

T/
Plg.k,) —0.

Using these projectors, we could derived the following crossing equations

ZZ/\wo O/O(U v)=0, with /e€{1T, n" A"},

oel
with
(1) ; 7o) A FA) d
n
VAo,lo(u v)=| F |, Vao. ,O(u v) = 0 v Ve ,O(u v) = F
H —2H —H
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The crossing equation is the same as for O(2) group.
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The crossing equation is the same as for O(2) group.

The only modification is that we need to allow ¢; itself to appear in the
n — channel.
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The crossing equation is the same as for O(2) group.

The only modification is that we need to allow ¢; itself to appear in the
n — channel.

In two space time dimensions, we get the [JR, Su "17]

2.0f

05¢
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Minimal models of W3 algebra

Red cross means minimal models of W3 algebra.
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Minimal models of W3 algebra

Red cross means minimal models of W3 algebra.
W3 algebra contains a spin 3 current.

[Ln’ vVn] = (2" - m)VVn+m!

C
3-5!

(W, W] = 5 (n* = 4)(n* — 1)nd,

n+m,

ot b (n—m)A

n+m

+(n—m)[fg(n+m+2)(n+m+3)-%(n+2)(m+2)]L,,+m,
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Minimal models of W3 algebra

Red cross means minimal models of W3 algebra.
W3 algebra contains a spin 3 current.

[Ln’ vyn] = (2" - m)VVn+m!

C

UAARES

(2 =4)(n*=1)ns,, . 0+ b*(n—m)A

n+m

+(n—m)[ﬁ(n+m+2)(n+m+3)-%(n+2)(m+2)]L,,+m,

Roughly speaking, the minimal models are

L=0,0'0.0+ V(8',0)

with V(¢1, ¢) being a polynomial invariant under a Z3 rotation,
¢ — exp (%71’1)(;5, with highest degree term to be (¢f¢)P~2.
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Explain the spectrum

Their central charges are

G =2(1 12))

Cp(p-1
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Explain the spectrum

Their central charges are

G =2(1 12))

Cp(p-1

Scaling dimensions (of W3 primaries) are
n m B 1 n_ "2
alo (4 m) ] = ity (@ + Do+ ) = pm )

-M@+nm—nﬁ—Mm—mw2—u)

where m,n, m’, n’ and p are positive integers whose range are
n+n<p—-1 m+m <pandp>4
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Minimal models of W3 algebra
In the bootstrap result
1 2 2(p — 3)
Ay=2x A0 =2r—
c=2xole(y 1)) =5

wrdp(11)]-2

and

respectively.
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Minimal models of W3 algebra

In the bootstrap result
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and

respectively.
They satisfy
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Minimal models of W3 algebra
In the bootstrap result
1 2 2(p — 3)
Ay=2x A0 =2r—
c=2xole(y 1)) =5

swerale (1))

and

respectively.
They satisfy

5

Minimal models of Virasoro algebra shows a similar behaviour when
bootstrapping 2D CFT's with Z>. [Rychkov, Vichi '09]
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Result

The first operator in n-channel [JR, Su '17]
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Check the actual symmetry

One can check the extremal functional, or simply

o delete ¢' itself from its OPE, and check whether the curve changes.
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Check the actual symmetry

One can check the extremal functional, or simply

o delete ¢' itself from its OPE, and check whether the curve changes.

It turns out that ¢ is not in ¢’ x ¢/ OPE. The most nature explanation is
that the symmetry is in fact:

Sy ® 2.
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Check the actual symmetry

One can check the extremal functional, or simply

o delete ¢' itself from its OPE, and check whether the curve changes.

It turns out that ¢ is not in ¢’ x ¢/ OPE. The most nature explanation is
that the symmetry is in fact:

Sy ® 2.

For single correlator bootstrap, their crossing equations look the same.
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Write down the scalar Lagrangian

1 . o o
L= 50,6'0,0 + & dimdumd' 69! + £ (6/¢')?
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Write down the scalar Lagrangian
1 i i, 81 i 82 i
L= 50u0'0u0 + 5 dimdiam®' ¢ 66" + = (6'6')?
It has four fixed points

free theory

critical O(n)

P1

P2

At the O(N) fixed point g3 = 0.

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 20 / 49



The large N limit

One could compare the e-expansion result with Ising model, for example:

(P +8n+7)¢

AP =1 ¢
g 2 T108(n1 32
4 —9n3 + 31n% — 45n + 22) €2
Agzzl—f—l-(n n®> 4+ 31n n;k )e
2 108 (n?2 — 5n + 8)
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The large N limit

One could compare the e-expansion result with Ising model, for example:

(P +8n+7)¢

AP =1 ¢
¢ > " T 108(n+3)? ’
4 —9n3 + 31n% — 45n + 22) €2
Agzzl—f—l-(n n®> 4+ 31n n;k )e
2 108 (n2 — 5n + 8)

The corresponding Ising series is
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The large N limit

Junchen Rong (FGS,IBS)

Operator Apoo
$en_ Alne

¢2 €S Alesmg

$* €S, Ist | 2 x AF"e

4 [

¢* €S, 2st AI:,'"g

¢2 €ny Aﬁsmg -
PeT 2 x Alng

Table: large N spectrum for P;.
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The large N limit

Operator JAHIIUNN

$en_ Alne

$es D — AS"E

¢* €S, st | 2 x (D — AS"8)
[

¢* €S, 2st Alj,'“g

¢2 €ny Aesmg -

PeT 2 x Alne

Table: large N spectrum for P;.
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The large N limit

The large N limit of P1 is given by N-copy of decoupled Ising model.
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The large N limit

The large N limit of P1 is given by N-copy of decoupled Ising model.
N-Ising point has the symmetry

Sn @ (Z)V.

Conformal primaries is composed of operators in Ising model.
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The large N limit

The large N limit of P1 is given by N-copy of decoupled Ising model.
N-Ising point has the symmetry

Sn @ (Z)V.

Conformal primaries is composed of operators in Ising model.
The operators

Oq

transforms in the N-dimension representation.
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The large N limit

The large N limit of P1 is given by N-copy of decoupled Ising model.
N-Ising point has the symmetry

Sn @ (Z)V.

Conformal primaries is composed of operators in Ising model.
The operators

Oq

transforms in the N-dimension representation.
In 0 x 0 OPE, we have

NON—-SOneAs T
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The large N limit

S-channel operators are

Zea, Z€a€ﬁ, Ze’a

a a#p a
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The large N limit

S-channel operators are

Zea, Z€a€ﬁ, Ze’a

a a#p a

n-channel operators are

i N
€a €y €aCo -

Notice that Za €q, is a singlet, here n =N — 1.
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The large N limit

S-channel operators are

Zea, Zﬁaéﬁ, Ze’a

a a#p a

n-channel operators are

i N
€a €y €aCo -

Notice that Za €q, is a singlet, here n =N — 1.

T'-channel:

0(a08)lazs - - -

Notice o # 8 makes sure that the operators would not be renormalised.
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The large N limit

S-channel operators are

Zea, Zﬁaéﬁ, Ze’a

a a#p a
n-channel operators are
€ael, el ...
Notice that Za €q, is a singlet, here n =N — 1.

T'-channel:

0(a03) lazp - - -

Notice o # 8 makes sure that the operators would not be renormalised.

A-channel:
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The large N limit

Operator FAVSENGR
¢ € n_ Alsne O
$?eS AFTe S, €a
p* e S, Ist | 2 x Alesmg Yoa 5 €a€s
¢t eS, o5t | ASTE A
¢ € ny Alsine €€l

o
¢2 eT 2 X ALSmg U(aaﬁ)li;éj

Table: large N behaviour from e-expansion, for fixed point P;.
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The large N limit

At large N, P is related to P; by a “double trace” flow

sz = 5P1 + A/d?’XZG,’Gj

i)
~ 5p1+/\/d3x 0-(> «)

In IR, the Hubbard-Stratonovich auxiliary field O appears in the spectrum.

Operator JAVSENNS
pen_ AETE Oa
¢S D — AFMS 0
¢t €S, Ist | 2x (D — AF™) | 00
¢*e S, ost | ASME A
¢? € ny Alne €l
€ (07
QZ)Z eT 2 X A!ysmg U(aaﬁ)‘aiﬂ

Table: large N behaviour from e-expansion, for fixed point Ps.
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The large N limit

Sy ® 22’V invariant operators of the decoupled Ising model
O(x) = 4 X, calx)
(0(x1)0(x2)) ~ 1

suppose (e(x1)e(x2)) ~ 1.
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The large N limit

Sy ® 22’V invariant operators of the decoupled Ising model
O(x) = 4 X, calx)
(0(x1)0(x2)) ~ 1

suppose (e(x1)e(x2)) ~ 1.

Three point function

(0(1)0(2)0(2)) = g7 S eata) ~ v

o
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The large N limit

Four point function point function

(O(21)O(22)O(x3)O(4))
= % > (O (1)0 (22) 0" (w3) 0 (z4))

1,5,k
1 1 1 1 1 1
=Nz X o me tNT D Tmoms T NT D. 380 7
i=jAk=1T12 T34 i=k£j=1 T13  T24 i=l£j=1T14 ~T23
1
tyz 2. (0000)
i=j=k=l
1 1 1 1 1
:(1_*)( o 250 | 2Rho Ao | 20 24 >+*<OOOO>~ (2.11)
N \app0230° 21302500 aiy Oa55° N

The leading piece is disconnected, equivalent to a free scalar in AdS with
mass m?L2 = (3 — A)A..
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The large N limit

Could the Sy ® ZZN invariant sector be described by some bulk theory?
Higher spin symmetry is broken.
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The large N limit

Could the Sy ® ZZN invariant sector be described by some bulk theory?
Higher spin symmetry is broken.

free theory

critical O(n)

P

p2
It is restored at the free theory point.
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The large N limit

Could the Sy ® ZZN invariant sector be described by some bulk theory?
Higher spin symmetry is broken.

free theory

critical O(n)

P1

P2

It is restored at the free theory point. The spectrum contains both higher
spin current and other massive modes.
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Cubic fixed point

The N=4 case deserves special attention.
Se® 2 =533 (2%)°

The order of the group is 4! x 2 =31 x2 x 2 x 2 =48.
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Cubic fixed point

The N=4 case deserves special attention.
Se® 2 =533 (2%)°

The order of the group is 4! x 2 =31 x2 x 2 x 2 =48.
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Cubic fixed point

The N=4 case deserves special attention.
Se® 2 =533 (2%)°

The order of the group is 4! x 2 =31 x2 x 2 x 2 =48.

\ b’
\

;‘ A
4 \

S3® (Z»)3 : permutation and reflection of the three axis.
54 ® Z»  : surface diagionals forms two tetrahedrons.
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Cubic fixed point

Crystal of the type ABX3 (perovskites)
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Cubic fixed point

Crystal of the type ABX3 (perovskites)

The Ginzburg-Landau theory has a term breaks O(3) to S3 ® (22)3.
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Extremal Functional

To study bootstrap equation, we apply a linear functional on the crossing
equation. Numerical bootstrap use the basis

o= Z amn(az)m(af)n
m+n is odd,m+n<A
Remember for the crossing equation is

Z FA,/(ua V) =0,

Oco

>‘2OOFA0J0(”7 v) = —Foo(u, v) Z)‘OFAI u,v)
we try to find a linear functional such that

a(Fpo,p(u,v)) =1,
a(Fa /(u,v)) > 0 for others

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 33 /49



Cubic fixed point

If such an « exist, we have

Xo, = —a(Foo(u, v)) = Y Apa(Fa(u,v)) < —a(Foo(u,v))
(0]

We try to find the most restrictive bound, which minimize —a(Foo(u, v)).
Such an « should satiefy

Z Ma(Fa (u,v)) =0.

(@)
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Cubic fixed point

The in S-channel scalar from extremal functional [JR, Su '17]

16l T T T o T T T ]
141 1
1.2f 1

9100 T 1
4 1.60 —
08l 1.55 ]
1.50
0.67 145 ]
W
1.40
041 0515 0516 0517 0518 0519 0.5207

0.505 0510 0.515 0.520 0525 0.530 0.535 0.540

Ay
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Cubic fixed point

The in S-channel scalar from extremal functional [JR, Su '17]

g [ 1.60 | A
1.55
1.50

06¢ 1.45 ]

1.40
041 0515 0516 0517 0518 0519 0.5207

0.505 0510 0.515 0.520 0525 0.530 0.535 0.540

Ay

The red error bars are Monte Carlo simulation for in O(3) invariant
Heisenberg model [Campostrini, Hasenbusch, Pelissetto, Rossi, Vicari '01].
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Cubic fixed point

The in S-channel scalar from extremal functional [JR, Su '17]

1.40 . . . .
0515 0516 0517 0518 0519 0520

The red error bars are Monte Carlo simulation for in O(3) invariant
Heisenberg model [Campostrini, Hasenbusch, Pelissetto, Rossi, Vicari '01].
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Cubic fixed point

It was believed that certain critical exponents in cubic anisotropic model
and in O(3) vector model agree with each other to surprisingly high
precision. For exampled, a six loop result shows: [Carmona, Pelissetto,

Vicari '99]
pCubic — nOB) — _0.0001(1),
yCubic _,03) — _0.0003(3).

Junchen Rong (FGS,IBS) Mar 20th, 2018 OIST 37 /49



Cubic fixed point

It was believed that certain critical exponents in cubic anisotropic model
and in O(3) vector model agree with each other to surprisingly high
precision. For exampled, a six loop result shows: [Carmona, Pelissetto,

Vicari '99]
pCubic — nOB) — _0.0001(1),
yCubic _,03) — _0.0003(3).

Our result indicates this may not be the case!
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Cubic fixed point

It was believed that certain critical exponents in cubic anisotropic model
and in O(3) vector model agree with each other to surprisingly high
precision. For exampled, a six loop result shows: [Carmona, Pelissetto,
Vicari '99]

neubic — %3 = —0.0001(1),

pCubic _,00) = —0.0003(3).

Our result indicates this may not be the case!

n“Uc ~ 0.033, 7°0®) ~ 0.0375 + 0.0005
vubic ~0.650, °G) ~ 0.711 £ 0.002

A recent preprint [Stergiou '18] studies the S-channel operator, and also
discovered this difference.
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Cubic fixed point

Remember vCubic ~ 0.650, v90) ~ 0.711 + 0.002.
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Experiment in SrTiO3 shows [Waldkirch, Muller, Berlinger '72]

v =0.63 + 0.07

Another experiment based on SrTiO3; and LaAlOs[Muller, Berlinger '71]
shows 3 = 0.33 + 0.02. Assuming Ay = 0.5165 and use the scaling
relation Ay - v = 3. we get

v~ 0.64 £ 0.04.
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Cubic fixed point

Remember vCubic ~ 0.650, v90) ~ 0.711 + 0.002.
Experiment in SrTiO3 shows [Waldkirch, Muller, Berlinger '72]

v =0.63 + 0.07

Another experiment based on SrTiO3; and LaAlOs[Muller, Berlinger '71]
shows 3 = 0.33 + 0.02. Assuming Ay = 0.5165 and use the scaling
relation Ay - v = 3. we get

v~ 0.64 £ 0.04.

This seems to favor the numerical bootstrap result!
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Cubic fixed point

Previous explanation of this tension between experimental result and
e-expansion was that the residual strains in the crystals used in the
experiments cause the actually phase transition to be governed by the
decoupled Ising model. [Aharony, Bruce '74]
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Cubic fixed point

Previous explanation of this tension between experimental result and
e-expansion was that the residual strains in the crystals used in the
experiments cause the actually phase transition to be governed by the
decoupled Ising model. [Aharony, Bruce '74]

A lattice simulation would be interesting.

H/kpT = — > [K5i -5+ M(s;-53)%]
>

(4

Our Monte Carlo friends are working on it.
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Another kink

Another kink could be found in the larger Ay region [JR, Su '17]
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Ay

One can check that the spectrum contain energy momentum tensor (or
conserved flavor current if there is continuous symmetry).
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Another kink

Another kink could be found in the larger Ay region [JR, Su '17]

0.75 0.80 0.85 0.90

Ay

One can check that the spectrum contain energy momentum tensor (or
conserved flavor current if there is continuous symmetry).

Similar kink could be found in other on bootstrap curve with other
symmetry. [Nakayama '17]
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D>6

Consider the ¢3 theory

£ = 5(0:0)(0u0) + Eds'ol 6",
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o 1 i i 8 ik
£ = 5(0u)(@,0") + Edys' 0",

Beta function:

ﬁ(g):—%g—c-g3+....

The model has a fixed point at imaginary value of g = iy/e.
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D>6

Consider the ¢3 theory
o 1 i i 8 ik
£ = 5(0u)(@,0") + Edys' 0",

Beta function:

ﬁ(g):—%g—c-g3+....

The model has a fixed point at imaginary value of g = iy/e.

With proper resummation, the critical exponents calculated using this
fixed point could describe Potts model at D = 2.

At 6 > D > 3, Potts models undergo a first order fixed point, related to
the fact that the fixed point is non-unitary.
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Take D > 6, g is again real. Do these fixed points have some physical
reality?
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Take D > 6, g is again real. Do these fixed points have some physical
reality?
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Figure: Sy bootstrap at D = 6.05.
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Consider the ¢ theory with a single scalar

1
£ = 5(0u0)(0u0) + §0°,
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Consider the ¢ theory with a single scalar

1
£ = 5(0u0)(0u0) + §0°,

Beta function:

ﬁ(g):—gg—c~g3+....

This fixed point describes Lee-Yang edge singularity.
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Figure: Bootstrap single scalar theory at D = 6.05.
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Figure: Bootstrap single scalar theory at D = 7.

A different type of non-unitary fixed points in D > 6 was studied in
[Gliozzi, Guerrieri, Petkou, Wen '16].
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Figure: Bootstrap single scalar theory at D = 7.

A different type of non-unitary fixed points in D > 6 was studied in
[Gliozzi, Guerrieri, Petkou, Wen '16]. They are generalized Wilson-Fisher
fixed points for a scalar with kinetic term L ~ %ngkgb, the dimension
violate unitary bound.
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Fusion rule truncation
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Figure: The fixed point from fusion rule truncation.
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Fusion rule truncation
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Figure: The fixed point from fusion rule truncation.
Primarily result using ¢ x ¢ ~ 1+ ¢+ T + Ay4. [Gliozzi '13].
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Fusion rule truncation

2.51 2.52 2,53 2.54 2,55

Ay
Figure: The fixed point from fusion rule truncation.
Primarily result using ¢ x ¢ ~ 1+ ¢+ T + Ay4. [Gliozzi '13]. Setting

determinant of minors to zero give us the curves.
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Future Directions

@ Can we get the D > 7 points from exact functional renormalization?
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Thank you!
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