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Computing efficiently in AdS/CFT

Still far from harnessing the full computational power of AdS/CFT.

Dramatic illustration:

In N “ 4 SYM, correlators xOp1
. . .Opny of one-half BPS local operators

OI1...Ip
p pxq “ TrXtI1 . . . XIpupxq , Ik “ 1, . . . 6 .

Trivial for n “ 2, 3 but wild for n ě 4.

Seemingly very hard even for N Ñ8, λÑ8, the regime of classical
IIB supergravity on AdS5 ˆ S

5.
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Classical sugra is a complicated non-linear theory.

Prior to our work, only very few holographic correlators were known, even
for the most susy backgrounds, and despite heroic efforts:

‚ For AdS5 ˆ S
5:

§ Three cases with pi “ p, namely p “ 2, 3, 4
Arutyunov Frolov, Arutyunov Dolan Osborn, Arutyunov Sokatchev

§ The class p1 “ n` k, p2 “ n´ k, p3 “ p4 “ k ` 2
(“next-to-next-to-extremal” cases) Uruchurtu

‚ For AdS7 ˆ S
4: Only pi “ 2 (supergraviton) Arutyunov Sokatchev

‚ For AdS3 ˆ S
3 ˆM4: None

[But see recent indirect results for xOHOHOLOLy Galliani Giusto Russo ]

‚ For AdS4 ˆ S
7: None
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A new approach

In this talk, I will describe a new approach to holographic correlators.

‚ Conceptually, on-shell “bootstrap” approach.

Diagrammatic expansion hides true simplicity of final result.
Instead, directly fix the full answer by consistency.

‚ Technically, Mellin representation of CFT correlators.
Mack, Penedones, . . .

Our principal new result is a very simple explicit formula for
xOp1

Op2
Op3

Op4
y in N “ 4 SYM, in the sugra limit, for arbitrary pi.

Partial results for AdS7 ˆ S
4 and AdS4 ˆ S

7.
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Review of traditional method

To leading Op1{N2
q order,

Asugra “ Aexchange `Acontact

‚ External legs: bulk-to-boundary propagators K∆ipxi, Zq.

‚ Internal legs: bulk-to-bulk propagators G∆,`pZ,W q.

‚ Vertices: effective action obtained by KK reduction of IIB sugra on S5.
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Contact diagrams with no derivatives are knowns as D-functions,

D∆1∆2∆3∆4 “

ż

rdZs K∆1px1, ZqK∆2px2, ZqK∆3px3, ZqK∆4px4, Zq .

D1111 is the scalar box integral in 4d; the higher D-functions are obtained by
taking derivatives in x2

ij .

These are the basic building blocks. Remarkably, all exchange diagrams that
occur in AdS5 ˆ S

5 can be written as finite sums of D∆1∆2∆3∆4 .
D’Hoker Freedman LR, “How to succeed at z-integrals without really trying”.

Example: scalar exchange.
For external dimensions ∆i “ p, internal dimension ∆ (always even),

A∆,`“0
p p p p px1, x2, x3, x4q “

p´1
ÿ

k“∆{2

ak |x12|
´2p`2kDk k p p px1, x2, x3, x4q
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field sk Aµ,k Cµ,k φk tk ϕµν,k
irrep r0, k, 0s r1, k ´ 2, 1s r1, k ´ 4, 1s r2, k ´ 4, 2s r0, k ´ 4, 0s r0, k ´ 2, 0s
m2 kpk ´ 4q kpk ´ 2q kpk ` 2q k2 ´ 4 kpk ` 4q k2 ´ 4
∆ k k ` 1 k ` 3 k ` 2 k ` 4 k ` 2

twist τ k k k ` 2 k ` 2 k ` 4 k

Sugra modes exchanged in the holographic one-half BPS four-point function.
Twist cut-off: τ ď mintp1 ` p2, p3 ` p4u ´ 2 for an s-channel exchange.

Heroic calculation of quartic couplings by Arutyunov and Frolov:
15 pages just to write them down.

Proliferation of diagrams and tedious combinatorics make this very hard
already at pi „ 4.

With rearrangements, some hopeful hints of simplication:
1, 4, 14 Ds for p “ 2, 3, 4, but answers completely non-transparent.
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Kinematics

Eliminate SOp6q indices by contracting them with a null vector

Oppx, tq “ tI1 . . . tIp O
I1...Ip
p pxq , t ¨ t “ 0 .

For simplicity, I will focus on pi “ p in this talk.

Using bosonic subgroup SUp2, 2q ˆ SUp4q Ă PSUp2, 2|4q,

xOppx1, t1q . . .Oppx4, t4qy “

ˆ

t12t34

x2
12x

2
34

˙p

GpU, V ;σ, τq ,

where xij “ xi ´ xj , tij “ ti ¨ tj and

U “ px12q
2px34q

2

px13q
2px24q

2 , V “ px14q
2px23q

2

px13q
2px24q

2

σ “ t13t24
t12t34

, τ “ t14t23
t12t34

.

Note that GpU, V ;σ, τq is a polynomial of degree p in σ and τ ,

GpU, V ;σ, τq “
ÿ

0ďm`nďp

σmτnGpm,nqpU, V q .
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We should finally impose the constraints from the fermionic symmetries.

In position space, the superconformal Ward identity reads
Eden Petkou Schubert Sokatchev, Nirschl Osborn

Bz̄rGpzz̄, p1´ zqp1´ z̄q;αᾱ, p1´ αqp1´ ᾱqq
ˇ

ˇ

ᾱÑ1{z̄
s “ 0 ,

where we have performed the useful change of variables

U “ zz̄ V “ p1´ zqp1´ z̄q

σ “ αᾱ , τ “ p1´ αqp1´ ᾱq

The solution is

GpU, V ;σ, τq “ GfreepU, V ;σ, τq `R HpU, V ;σ, τq

R “ p1´ zαqp1´ z̄αqp1´ zᾱqp1´ z̄ᾱq .

All dynamical information is contained in HpU, V ;σ, τq.
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A position space method

Write an ansatz as a finite sum of D-functions,

Asugra “ Aexchange `Acontact “
ÿ

aijklpσ, τqDijklpU, V q

“ RΦ ΦpU, V q `RU logU `RV log V `R1

ΦpU, V q ” scalar box function,
RΦ,U,V,1 ” rational functions of U and V , polynomials in σ and τ ,

depending on a finite set of undetermined parameters.

Parameters uniquely fixed by imposing the superconformal Ward identity.
No details of sugra effective action needed. Easier than standard method.

Known results reproduced. New result for pi “ 5.
But still too hard for larger pi.
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CFT correlators as AdS scattering amplitudes

CFT correlators are the best analog we have in AdS for an S-matrix.
They are on-shell objects. Mellin space makes this analogy manifest.

Scattering in AdS

Penedones, Fitzpatrick Kaplan Penedones Raju, Paulos
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Mellin representation of CFT correlators

Gpxiq “ xO1px1qO2px2q . . .Onpxnqyconn “

ż

rdδijsMpδijqpx
2
ijq
´δij .

The integration variables obey the constraints

δij “ δji , δii “ ´∆i ,
n
ÿ

j“1

δij “ 0

Mpδijq is the so-called reduced Mellin amplitude [Mack]. The OPE

O1px1qO2px2q “
ÿ

i

C12i

px2
12q

∆1`∆2´∆i
2

pOipx2q ` descendantsq

implies that Mpδijq has simple poles at

δ12 “
∆1 `∆2 ´ p∆i ` 2nq

2

with residue „ C12i xOiO3 . . .Ony. Poles with n ą 0 come from descendants.
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In 4pt case, two independent variables. We can use “Mandelstam” invariants

s “ ∆1 `∆2 ´ 2δ12 , t “ ∆1 `∆4 ´ 2δ14, u “ ∆1 `∆3 ´ 2δ13,

with s` t` u “
ř

i ∆i.

‚ Mps, tq has the usual crossing symmetry properties of a 2 Ñ 2 S-matrix.

‚ Primary operator O in the s-channel OPE px12 Ñ 0q Ñ poles at

s0 “ τO ` 2n

τ ” ∆´ J is the twist
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Mellin amplitude at large N

Now define the Mellin amplitude M by [Mack]

Mpδijq “Mpδijq
ź

iăj

Γrδijs .

The factors of Gamma’s are such that M has polynomial residues.

Particularly natural definition at large N . The explicit poles in the
Gamma’s account precisely for the double-trace contributions. [Penedones]

For example, Γpδ12q gives poles corresponding to the double-traces

O∆1
BJlnO∆2

,

of twist τ “ ∆1 `∆2 ` 2n`Op1{N2q.

At large N , M is meromorphic, with only single-trace poles.
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Mellin amplitudes for Witten diagrams

D∆1∆2∆3∆4 has M “ 1.

The simplification of sugra calculations in Mellin space descends from this fact.

Contact diagrams with 2k spacetime derivatives have M “ Pkps, tq,
polynomial of degree k. Penedones

Exchange diagrams (in the s-channel) take the general form

M∆,Jps, tq “
8
ÿ

m“0

QJ,mptq

s´ p∆´ Jq ´ 2m
` PJ´1ps, tq

for arbitrary internal dimension ∆ and spin J .

When specialized to the quantum numbers of AdS5 ˆ S
5, sum over m

truncates at some mmax. This is the translation of the fact that exchange
diagrams are finite sums of D-functions.
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This is actually necessary for consistency of the OPE interpretation.
Single-trace poles must truncate before they overlap with the double-trace
poles from Γp´s{2` pq2.

A double pole in s corresponds to a logU term in GpU, V q, and is needed to
account for the Op1{N2

q anomalous dimensions of the double-trace operators.
But a triple pole cannot arise at this order.
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Conditions on M for 1/2 BPS correlator

xOppx1, t1q . . .Oppx4, t4qy “

ˆ

t12t34

x2
12x

2
34

˙p

GpU, V ;σ, τq

GpU, V ;σ, τq ØMps, t;σ, τq

In the sugra limit M is a very constrained function.
Our goal is to characterize it from a set of abstract conditions:

1. Crossing symmetry

σpMpu, t; 1{σ, τ{σq “Mps, t, ;σ, τq

τpMpt, s;σ{τ, 1{τq “Mps, t;σ, τq

2. Analytic properties:

M has a finite number of simple poles in s, t, u at 2, 4, . . . 2p´ 2.
The residue at each pole is a polynomial in the other variable.
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3. Asymptotics for large s, t:

Mpβs, βt;σ, τq „ Opβq for β Ñ8 .

Necessary for consistency of the flat space limit, which is dominated
by graviton exchange. Obvious for exchange diagrams (since J ď 2).
True if contact diagrams with at most two derivatives contribute.
Non-trivial but true, as confirmed by Arutyunov Frolov Klabbers Savin

4. Superconformal Ward identity:
Need to translate into Mellin space the solution of the Ward identity,

GpU, V ;σ, τq “ GfreepU, V ;σ, τq `RpU, V ;σ, τqHpU, V ;σ, τq ,

where R is a quadratic polynomial in U , V and in σ, τ .

G ÑM, Gfree Ñ “zero”, HÑ ĂM (new object). Hence:

Mps, t;σ, τq “ pR ˝ ĂMps, t;σ, τq

where pR is a certain difference operator shifting s and t.
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Our solution

These conditions define a very constrained bootstrap problem.
Experimentation at low p leads to the conjecture

ĂMps, t;σ, τq “
ÿ

i` j ` k “ p´ 2

0 ď i, j, k ď p´ 2

Cpppp
`

p´2
i j k

˘2
σiτ j

ps´ sM ` 2kqpt´ tM ` 2jqpũ´ uM ` 2iq
,

where sM “ tM “ uM “ 2p´ 2, ũ ” u´ 2.

This satisfies all conditions and reproduces the known sugra results for
p “ 2, 3, 4, 5. As simple as it could be.

We believe this is the unique solution but lack a complete proof.

Normalization has been fixed by requiring vanishing of sugra correlator in
the lightlike limit Aprile Drummond Heslop Paul

Cpppp

ˆ

p´ 2

i j k

˙2

“
1

N2

23p4

i!j!k!
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General external weights

ĂMps, t;σ, τq “
ÿ

i` j ` k “ L´ 2

0 ď i, j, k ď L´ 2

aijk σ
iτ j

ps´ sM ` 2kqpt´ tM ` 2jqpũ´ uM ` 2iq
,

where

L “ maxtp4, pp2 ` p3 ` p4 ´ p1q{2u

sM “ mintp1 ` p2, p3 ` p4u ´ 2

tM “ mintp1 ` p4, p2 ` p3u ´ 2

uM “ mintp1 ` p3, p2 ` p4u ´ 2

and

aijk “ p1` |p1´p2`p3´p4|

2 q
´1
i p1`

|p1`p4´p2´p3|

2 q
´1
j

ˆ p1` |p1`p2´p3´p4|

2 q
´1
k

`

L´2
i j k

˘

Cp1p2p3p4
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Double-traces: trees and loops

Alday Bissi, Alday Caron-Huot, Aprile Drummond Heslop Paul

M implicitly contains λ “ 8, Op1{N2q dimensions of double-traces

Opl
1
2 pτ´p´qqB`Oq

Operators with the same τ , ` and SUp4qR quantum numbers mix.

§ Op1{N2q mixing problem completely solved.
Simple closed form expressions. Degeneracy partially lifted.

§ This info fixes the log2
px2

12q{N
4 singularity of, e.g., xO2O2O2O2y.

§ Full Op1{N4q xO2O2O2O2y found imposing crossing.

§ Finally one extracts the Op1{N4q dimensions of O2B
`O2, for ` ě 2.

Op1{N2q dimensions of O2B
`O2 saturate numerical bootstrap bounds.

Does this persist to Op1{N4q?
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AdS7 ˆ S4

Structurally similar, but more involved.

‚ Position space method:
pi “ 2 reproduced, new results for pi “ 3, 4.

‚ Mellin space method:
Mps, t;σ, τq satisfies stringent constraints analogous to AdS5 case,

e.g., a difference operator acting on an auxiliary amplitude ĂM must
yield a certain pole structure. We believe that they fix it uniquely.

General solution still missing.

For pi “ 2 (supergraviton 4pt function),

ĂM2ps, t;σ, τq “
8

N3ps´ 6qps´ 4qpt´ 6qpt´ 4qpũ´ 6qpũ´ 4q

where ũ “ u´ 6.
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For pi “ 4,

ĂM4ps, t;σ, τq “ ĂM4,200ps, tq ` σ
2
ĂM4,020ps, tq ` τ

2
ĂM4,002ps, tq

`σĂM4,110ps, tq ` στ ĂM4,011ps, tq ` τ ĂM4,101ps, tq

ĂM4,200ps, tq “
1

29700N3

7
ź

i“2

1

s´ 2i

7
ź

j“6

1

t´ 2j

7
ź

k“6

1

ũ´ 2k

ˆ
`

165s4
´ 6820s3

` 102620s2
´ 661648s` 1525632

˘

,

ĂM4,101ps, tq “
1

7425N3

7
ź

i“4

1

s´ 2i

7
ź

j“4

1

t´ 2j

7
ź

k“6

1

ũ´ 2k

ˆp165s2t2 ´ 4180s2t` 26180s2
´ 4180st2 ` 105980st

´ 664424s` 26180t2 ´ 664424t` 4170432q .

ĂM4,200ps, tq “ ĂM4,020pũ, tq “ ĂM4,002pt, sq ,

ĂM4,011ps, tq “ ĂM4,101pũ, tq “ ĂM4,110pt, sq .

Rather unwieldy, but still vastly simpler than position space answer
(G = sum of 137 D-functions).
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AdS4 ˆ S7

Intrinsically harder: exchange diagrams are infinite sums of D-functions,
equivalently the Mellin amplitude has infinitely many poles.

By a combination of a position-space-style ansatz and of a clever
implementation of the SC Ward identity in Mellin space, Zhou was able
to calculate the supergraviton 4pt function.

Spectral data for double-trace operators are nicely compatible with
localization and numerical bootstrap results Zhou, Chester
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Conclusion

The remarkable simplicity of M for AdS5 ˆ S
5 is a welcome surprise.

Like the Parke-Taylor formula for tree-level MHV gluon scattering,
it succinctly encodes the sum of an intimidating number of diagrams.

Holographic correlators are much simpler than previously understood.
Hidden elegant structure?
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