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5 finite
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V regular, connected, F-finite.
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s finite U
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V regular, connected, F-finite.
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Setting

X B
s finite U
%4 S

V regular, connected, F-finite. S C S a finite extension
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Setting

X B——1L
J{& finite U U
174 S —K

V regular, connected, F-finite. S C S a finite extension

d :=|[L: K] is the generic rank of §
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X B——1L
J{& finite U U
174 S —K

V regular, connected, F-finite. S C S a finite extension
d :=|[L: K] is the generic rank of §

Fact: The multiplicity along points of X is at most d.
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X B——1L
J{& finite U U
174 S —K

V regular, connected, F-finite. S C S a finite extension
d :=|[L: K] is the generic rank of §
Fact: The multiplicity along points of X is at most d.

Goal: Study Fg¢(X) = {x € X : multx(x) = d} (d-fold points)
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X B——1L
J{& finite U U
174 S —K

V regular, connected, F-finite. SP C S a finite extension

d :=|[L: K] is the generic rank of §

Fact: The multiplicity along points of X is at most d.

Goal: Study Fg¢(X) = {x € X : multx(x) = d} (d-fold points)

§ is called transversal if Fy(X) # ()
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Properties of transversal morphisms
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Properties of transversal morphisms

Q F4(X) C X is closed and homeomorphic to §(F4(X)) C V.
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Properties of transversal morphisms

Q F4(X) C X is closed and homeomorphic to §(F4(X)) C V.
@ One-to-one correspondence

{Y C X regular, Y C Fg(X)} <+ {Z C V regular, Z C 6(F4(X))}
Y & Z=4(Y)
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Properties of transversal morphisms

Q F4(X) C X is closed and homeomorphic to §(F4(X)) C V.
@ One-to-one correspondence

{Y C X regular, Y C Fg(X)} <+ {Z C V regular, Z C 6(F4(X))}
Y & Z=4(Y)

@ Tranversal morphisms can be blown-up along permissible centers:
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Properties of transversal morphisms

Q F4(X) C X is closed and homeomorphic to §(F4(X)) C V.
@ One-to-one correspondence

{Y C X regular, Y C Fg(X)} <+ {Z C V regular, Z C 6(F4(X))}
Y & Z=4(Y)

@ Tranversal morphisms can be blown-up along permissible centers:

Y ¢ X
|
yy c v
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Properties of transversal morphisms

Q F4(X) C X is closed and homeomorphic to §(F4(X)) C V.
@ One-to-one correspondence

{Y C X regular, Y C Fg(X)} <+ {Z C V regular, Z C 6(F4(X))}
Y & Z=4(Y)

@ Tranversal morphisms can be blown-up along permissible centers:

Y © X=X

|

yy c v
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Properties of transversal morphisms

Q F4(X) C X is closed and homeomorphic to §(F4(X)) C V.
@ One-to-one correspondence

{Y C X regular, Y C Fg(X)} <+ {Z C V regular, Z C 6(F4(X))}
Y & Z=4(Y)

@ Tranversal morphisms can be blown-up along permissible centers:

Y © X=X

|

5(Y) c V—WV
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Properties of transversal morphisms

Q F4(X) C X is closed and homeomorphic to §(F4(X)) C V.
@ One-to-one correspondence

{Y C X regular, Y C Fg(X)} <+ {Z C V regular, Z C 6(F4(X))}
Y & Z=4(Y)

@ Tranversal morphisms can be blown-up along permissible centers:

Y © X=X

;T

5(Y) c V—WV

01 finite of generic rank d.
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Summarizing, there is a one to one correspondence between sequences
over X
X X1 X5 X,

of blow-ups along regular centers consisting of d-fold points,
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Summarizing, there is a one to one correspondence between sequences
over X

X X1 Xo e X

of blow-ups along regular centers consisting of d-fold points, and
sequences of blow-ups of finite morphisms (along permissible centers)

X=—Xi=—X e=<=— X,
T T
V~—V—V =V,
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Summarizing, there is a one to one correspondence between sequences
over X

X X1 Xo e X

of blow-ups along regular centers consisting of d-fold points, and
sequences of blow-ups of finite morphisms (along permissible centers)

X=—Xi=—X e=<=— X,
T T
V~—V—V =V,

which in turn can be read off from

Ve—Vie—V, eV,
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Representability in characteristic zero
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Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:
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Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:

6(Fa(X)) = Sing(J, b)
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Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:

0(Fq(X)) =Sing(J, b) :={x € V:v(J) > b}

D. Sulca and O. Villamayor Day 5: Multiplicity along points of a radicial covering of a regular variety



Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:

0(Fq(X)) =Sing(J, b) :={x € V:v(J) > b}

@ Preservation under permissible blow-ups:
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Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:

0(Fq(X)) =Sing(J, b) :={x € V:v(J) > b}

@ Preservation under permissible blow-ups:

Y C X X1
] :
oY) C v 2!
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Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:

0(Fq(X)) =Sing(J, b) :={x € V:v(J) > b}

@ Preservation under permissible blow-ups:

Y C X X1
] :
oY) C v 2!

0(Fa(X)) = Sing(J, b)
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Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:

0(Fq(X)) =Sing(J, b) :={x € V:v(J) > b}

@ Preservation under permissible blow-ups:

Y C X X1

] :

oY) C v 2!
8(Fq4(X)) = Sing(J, b) 01(Fa(X1)) = Sing(h, b)
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Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:

0(Fq(X)) =Sing(J, b) :={x € V:v(J) > b}

@ Preservation under permissible blow-ups:

Y C X X1

] :

oY) C v 2!
8(Fq4(X)) = Sing(J, b) 01(Fa(X1)) = Sing(h, b)

where JOv, = I(H1)?Ji, with Hi C V4 the exceptional hypersurface.

D. Sulca and O. Villamayor Day 5: Multiplicity along points of a radicial covering of a regular variety



Roll in resolution of singularities

Goal: Define a sequence of blow-ups along regular centers included in the
set of d-fold points

X X1 Xa X,
with
d = maxmultx = maxmultx, = --- = maxmultx,_, > maxmulty, .
This is equivalent to defining a sequence of blow-ups
V<~—Vi~—VW 7

where we set (Jo, b) := (J, b) as before, and for i > 0,
e Vi_y « V; D H; blow-up along a regular Z;_; C Sing(J;_1, b)
o Ji10y, = I(H;)*J;
e Sing(J,, b) = 0.
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Purely inseparable morphisms (radicial morphisms)
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Purely inseparable morphisms (radicial morphisms)

Fix g = pé.
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Purely inseparable morphisms (radicial morphisms)

Fix g = pé.
Object of study: finite morphisms 6 : X — V such that Of, C Oy.
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Purely inseparable morphisms (radicial morphisms)

Fix g = pé.
Object of study: finite morphisms 6 : X — V such that Of, C Oy.

In affine terms, finite extensions S C B with BY C S.
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Purely inseparable morphisms (radicial morphisms)

Fix g = pé.
Object of study: finite morphisms 6 : X — V such that Of, C Oy.

In affine terms, finite extensions S C B with BY C S.

Equivalently, S9-subalgebras C C S.
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Purely inseparable morphisms (radicial morphisms)

Fix g = pé.
Object of study: finite morphisms 6 : X — V such that Of, C Oy.

In affine terms, finite extensions S C B with BY C S.
Equivalently, S9-subalgebras C C S.

S9-submodule M C S ~» S9subalgebra SI[M] C S ~~ radicial morphism
§ : X — Spec(S).
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Purely inseparable morphisms (radicial morphisms)

Fix g = pé.
Object of study: finite morphisms 6 : X — V such that Of, C Oy.

In affine terms, finite extensions S C B with BY C S.
Equivalently, S9-subalgebras C C S.

S9-submodule M C S ~» S9subalgebra SI[M] C S ~~ radicial morphism
§ : X — Spec(S).

Summarizing: Radicial morphisms X — V are viewed from OY,-modules
M C Oy.
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First description of §(Fy(X))
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First description of §(Fy(X))
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R

R = B is local, say with maximal ideal n
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R
R = B is local, say with maximal ideal n
ayB=R+n

mult(B) = d (generic rank) iff b) n is integral over mB
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R
R = B is local, say with maximal ideal n
ayB=R+n

mult(B) = d (generic rank) iff b) n is integral over mB

Equivalent conditions
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R
R = B is local, say with maximal ideal n
ayB=R+n

mult(B) = d (generic rank) iff b) n is integral over mB

Equivalent conditions
e B=R+mB
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R

R = B is local, say with maximal ideal n

ayB=R+n

mult(B) = d (generic rank) iff b) n is integral over mB

Equivalent conditions
e B=R+mB
e B9 = RI+ml@Ba
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R

R = B is local, say with maximal ideal n

ayB=R+n

mult(B) = d (generic rank) iff b) n is integral over mB

Equivalent conditions
e B=R+mB
o B9 =RI+m@BdI
e BIC RI+md
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R
R = B is local, say with maximal ideal n
ayB=R+n

mult(B) = d (generic rank) iff b) n is integral over mB
Equivalent conditions

e B=R+mB

e BY=R9+m@Ba

e BYIC RI+md

e M C RT4+m9 with M C R an R9-module generating B9.
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First description of §(Fy(X))

B (R, m) F-finite regular local ring, B C R

R = B is local, say with maximal ideal n

ayB=R+n

mult(B) = d (generic rank) iff b) n is integral over mB

Equivalent conditions
e B=R+mB
o B9 =RI+m@BdI
e BIC RI+md
e M C RT4+m9 with M C R an R9-module generating B9.

Corollary

For an O},-module .#/ C Ov with associated morphism § : X — V we have

S(Fa(X) = {x € V: s C Oy +m) )
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p-basis

R a ring of characteristic p.
A subset {zj,...,z,} is a (finite) p-basis if R is a free RP-module with
basis

{z{* -z : 0 < a; < p}
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R a ring of characteristic p.
A subset {zj,...,z,} is a (finite) p-basis if R is a free RP-module with
basis

{z{* -z : 0 < a; < p}

@ F-finite fields admit finite p-basis.
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R a ring of characteristic p.
A subset {zj,...,z,} is a (finite) p-basis if R is a free RP-module with
basis

{z{* -z : 0 < a; < p}

@ F-finite fields admit finite p-basis.
e (R, m) local, regular, F-finite, has a p-basis of the form

Xlyeo s Xry Y1yeoos Vs
——

r.s.p. p-basis at R/m
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R a ring of characteristic p.
A subset {zj,...,z,} is a (finite) p-basis if R is a free RP-module with
basis

{z{* -z : 0 < a; < p}

@ F-finite fields admit finite p-basis.
e (R, m) local, regular, F-finite, has a p-basis of the form

Xlyeoos Xry  Yiyeeos Vs (adapted p-basis)
—

r.s.p. p-basis at R/m
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R a ring of characteristic p.
A subset {zj,...,z,} is a (finite) p-basis if R is a free RP-module with
basis

{z{* -z : 0 < a; < p}

@ F-finite fields admit finite p-basis.
e (R, m) local, regular, F-finite, has a p-basis of the form

Xlyeoos Xry  Yiyeeos Vs (adapted p-basis)
—

r.s.p. p-basis at R/m

Notation

xyS = eyt y
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R a ring of characteristic p.
A subset {zj,...,z,} is a (finite) p-basis if R is a free RP-module with
basis

{z{* -z : 0 < a; < p}

@ F-finite fields admit finite p-basis.
e (R, m) local, regular, F-finite, has a p-basis of the form
Xlyeoos Xry  Yiyeeos Vs (adapted p-basis)
—

r.s.p. p-basis at R/m

Notation

B

XMy = Xy

Ag ={(e,B) ENG** : 0 < o, B < q} DAY == A — {(0,0)}
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R a ring of characteristic p.
A subset {zj,...,z,} is a (finite) p-basis if R is a free RP-module with
basis

{z{* -z : 0 < a; < p}

@ F-finite fields admit finite p-basis.
e (R, m) local, regular, F-finite, has a p-basis of the form

Xlyeoos Xry  Yiyeeos Vs (adapted p-basis)
—

r.s.p. p-basis at R/m

Notation

Pt Xyl

x“y
Ag ={(e,B) ENG** : 0 < o, B < q} DAY == A — {(0,0)}

= R is free R%-module with basis {x?y® : (a, 8) € Aq}.
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VFER, f= chﬁx"yﬂ (g-expansion),

D. Sulca and O. Villamayor Day 5: Multiplicity along points of a radicial covering of a regular variety



VFER, f= Zciﬁxayﬂ (g-expansion),

Q f em” if and only if cg,ﬁxo‘yﬁ em” for all (o, B) € A,q.
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VFER, f= Zciﬁxayﬂ (g-expansion),

Q f em” if and only if cg,ﬁxo‘yﬁ em” for all (o, B) € A,q.
@ f € RI+m" if and only if c;ﬁxayﬂ em” for all (a, B) € Af
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VFER, f= Zciﬁxayﬂ (g-expansion),

Ag

Q f em” if and only if cg,ﬁxo‘yﬁ em” for all (o, B) € A,q.
@ f € RI+m" if and only if cgﬁxayﬂ em” for all (a, B) € Af

Corollary

1) Ifp C R is a regular prime, then R+ p" = RN (R +p"Ry).
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VFER, f= chﬁxayﬂ (g-expansion),

Ag

Q f em” if and only if cg,ﬁxo‘yﬁ em” for all (o, B) € A,q.
@ f € RI+m" if and only if cgﬁxayﬂ em” for all (a, B) € Af

Corollary

1) Ifp C R is a regular prime, then R+ p" = RN (R +p"Ry).
2) For an OY,-module .# C Oy and Z C V regular, t.f.a.e.:
e Z C §(Fu(X)) (Z is permissible for §).

D. Sulca and O. Villamayor Day 5: Multiplicity along points of a radicial covering of a regular variety



VFER, f= chﬁxayﬂ (g-expansion),

Ag

Q f em” if and only if cg,ﬁxo‘yﬁ em” for all (o, B) € A,q.
@ f € RI+m" if and only if cgﬁxayﬂ em” for all (a, B) € Af

Corollary

1) Ifp C R is a regular prime, then R+ p" = RN (R +p"Ry).
2) For an OY,-module .# C Oy and Z C V regular, t.f.a.e.:
e Z C §(Fu(X)) (Z is permissible for §).

o M C O+ my ., where § € Z is the generic point.
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VFER, f= chﬁxayﬂ (g-expansion),

Ag

Q f em” if and only if cg,ﬁxo‘yﬁ em” for all (o, B) € A,q.
@ f € RI+m" if and only if cgﬁxayﬂ em” for all (a, B) € Af

Corollary

1) Ifp C R is a regular prime, then R+ p" = RN (R +p"Ry).
2) For an OY,-module .# C Oy and Z C V regular, t.f.a.e.:

e Z C 6(Fy(X)) (Z is permissible for §).

o Me C (97/7f < m‘\q/vf, where £ € Z is the generic point.

o M C O +I(2)1.
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Differential operators
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Differential operators

R an arbitrary ring

Homz(R, R)
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Differential operators

R an arbitrary ring

Homg(R, R) = R C Homz(R, R)
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Differential operators

R an arbitrary ring

Homg(R, R) = R =: Diff% C Homgz(R, R)
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Differential operators

R an arbitrary ring

Homg(R, R) = R =: Diff c Diff} c Diff3 C --- C Homz(R, R
R R R
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Differential operators

R an arbitrary ring

Homg(R, R) = R =: Diff c Diff} c Diff3 C --- C Homz(R, R
R R R

D € Diffy < Dx — xD € Diffg !, Vx € R
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Differential operators

R an arbitrary ring

Homg(R, R) = R =: Diff c Diff} c Diff3 C --- C Homz(R, R
R R R

D € Diffy < Dx — xD € Diffg !, Vx € R

Diffs, = R & Diffg ., (D € Diff , iff D(1) = 0)
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Differential operators

R an arbitrary ring

Homg(R, R) = R =: Diff c Diff} c Diff3 C --- C Homz(R, R
R R R

D € Diffy < Dx — xD € Diffg !, Vx € R

Diffs, = R & Diffg ., (D € Diff , iff D(1) = 0)
Fundamental property: For | <t R and D € Diff%,

D™ c 1™k Vm>k
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Differential operators

R an arbitrary ring

Homg(R, R) = R =: Diff% c Diffy c Diff3 C --- C Homgz(R, R)

D € Diffy < Dx — xD € Diffg !, Vx € R

Diffs, = R & Diffg ., (D € Diff , iff D(1) = 0)
Fundamental property: For | <t R and D € Diff%,
D™ c 1™k Vm>k
Logarithmic differential operators:

Diff; = {D € Diffg : D(I™) C I™, ¥m > 0}
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Differential operators

R an arbitrary ring

Homg(R, R) = R =: Diff% c Diffy c Diff3 C --- C Homgz(R, R)

D € Diffy < Dx — xD € Diffg !, Vx € R

Diffs, = R & Diffg ., (D € Diff , iff D(1) = 0)
Fundamental property: For | <t R and D € Diff%,
D™ c 1™k Vm>k
Logarithmic differential operators:

Diff; = {D € Diffg : D(I™) C I™, ¥m > 0}

I* Difff, C Difff |
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Fix (R, m) regular F-finite with adapted p-basis {x1,...,X;,y1,...,¥s}
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Fix (R, m) regular F-finite with adapted p-basis {x1,...,X;,y1,...,¥s}

There are differential operators D, 5 for all (o, 3) € N, s.t.

Da.s(xy’) = @) (g) x1=y" P (v, 8) € Ng**
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Fix (R, m) regular F-finite with adapted p-basis {x1,...,X;,y1,...,¥s}

There are differential operators D, 5 for all (o, 3) € N, s.t.

Da.s(xy’) = @) (g) x1=y" P (v, 8) € Ng**

In addition,
o Difff is free with basis {D, 5 : |o| +|8] < k}
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Fix (R, m) regular F-finite with adapted p-basis {x1,...,X;,y1,...,¥s}

There are differential operators D, 5 for all (o, 3) € N, s.t.
Yoo — Y 4 y—ay, 00— r+s
Daﬁ(x y )_ X y ) v(’)/75)61\10
a\p
In addition,
o Difff is free with basis {D, 5 : |o| +|8] < k}
o Difffy , is free with basis {Da 5 : 0 < || + |8] < k}
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Fix (R, m) regular F-finite with adapted p-basis {x1,...,X;,y1,...,¥s}

There are differential operators D, 5 for all (o, 3) € N, s.t.
Yoo — Y 4 y—ay, 00— r+s
Daﬁ(x y )_ X y ) v(’)/75)61\10
a\p
In addition,
o Difff is free with basis {D, 5 : |o| +|8] < k}
o Difffy , is free with basis {Da 5 : 0 < || + |8] < k}
° Diff’[?)m is generated by {x"D, s : 7| = |a|, |a| + |8] < k}.
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Fix g = pé.
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Fix g = pé.
o Any D € Diff}, " is R9-linear, hence Diff§ '(RY) = 0.
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Fix g = pé.
o Any D € Diff}, " is R9-linear, hence Diff§ '(RY) = 0.

@ Taylor operators of order g — 1 are respectful with g-expansions:
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Fix g = pé.
o Any D € Diff}, " is R9-linear, hence Diff§ '(RY) = 0.
@ Taylor operators of order g — 1 are respectful with g-expansions:
For f =34, cg’ﬁx“yﬁ € R, and D, 5 with |y| + (4| < q,

o0 S, (e

Aq
o003t () ()

are g-expansions.
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Let (R, m) be an F-finite regular local ring.
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Let (R, m) be an F-finite regular local ring.
Q f cm” if and only if Diffy '(f) C m.
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Let (R, m) be an F-finite regular local ring.
Q f € m" if and only if Diffy *(f) C m.
@ f € RYif and only if Diff§ () = 0.

© f € R7+m" if and only if Diff§ . (f) C m".
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Let (R, m) be an F-finite regular local ring.
Q f € m" if and only if Diffy *(f) C m.
@ f € RYif and only if Diff§ () = 0.
© f € R7+m" if and only if Diff§ . (f) C m".

Q If vn(f) = ga+ b with 0 < b < g, then viy(Dqy0(f)) = ga for some
a with |a| = b.
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Let (R, m) be an F-finite regular local ring.
Q f cm” if and only if Diffy '(f) C m.
f € RYif and only if Diff§ () = 0.
f € R7+m" if and only if Diff§ ' (f) C m".
If v (f) = ga+ b with 0 < b < g, then vy(Dqy0(f)) = ga for some
a with |a| = b.
f € R7 4+ m9 if and only if Diff§ (f) C mal=D+L,
In particular, f € RY 4+ m7 if and only if DifF;’?j(f) Cm.

Q
o
o
o
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Moving to the global setting

Fix an O}-module .# C Oy and an ideal J C Oy.

Then there are coherent ideals on V

Diff$,(J) C Diffy,(J) C Diffi,(J) C ---
Diffy () C -+ C Diff{, } (M)

s. t. forall x e V,

(DiffYy(J))x = D, (Jx)
(Diffy o (A))x = Diff§, (), k=1,....q 1.
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Corollary

Q {x € V:uv(J) > n}=V(Diff 1 (T)).
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Corollary

Q {x € V:uv(J) > n}=V(Diff 1 (T)).
Q If §: X — V is the O} -module associated with .#, then

3(Fa(X)) = V(Diffy; ().

’
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Corollary

Q {x € V:uv(J) > n}=V(Diff 1 (T)).
Q If §: X — V is the O} -module associated with .#, then
8(Fa(X)) = V(Diffy, [ (#)).

Q@ (xeV: MOy +my }={xeV: I/X(Diff?;j(///)) > q(a—1)+1}.
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Corollary

@ {x€ V()= n}=V(Diff 1 ().

Q If §: X — V is the O} -module associated with .#, then
8(Fa(X)) = V(Diffy, [ (#)).

Q@ (xeV: MOy +my }={xeV: I/X(Diffﬁ’;j(///)) > q(a—1)+1}.

VM) :=max{neN: .4 C Oy, . + my .} (order after cleaning)
(M) = min{u(Diffy (M) +1,...,ve(Diff§, (M) +q—1}

Nx(#) defines an upper-semicontinuos function V — N.
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Corollary

Q {x € V:uv(J) > n}=V(Diff 1 (T)).
Q If §: X — V is the O} -module associated with .#, then

8(Fa(X)) = V(Diffy, (M)

Q@ (xeV: MOy +my }={xeV: I/X(Diffﬁ’;j(///)) > q(a—1)+1}.

VM) :=max{neN: .4 C Oy, . + my .} (order after cleaning)
(M) = min{u(Diffy (M) +1,...,ve(Diff§, (M) +q—1}
Nx(#) defines an upper-semicontinuos function V — N.
Proposition

V() < ne( ), and the equality holds if gt vi”(.#). In addition,

(), A ()
[P = 1

In particular, {x € V: 4 C Oy, +my } ={x €V :n(A) > qa}.

J
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Transformations by blow-ups
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Transformations by blow-ups

For a regular hypersurface H C V,

vu(Diffy,  (#)) = qa

where a:=max{a>0:.# C O + Z(H)*} = LMJ
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Transformations by blow-ups

For a regular hypersurface H C V,

vu(Diffy,  (#)) = qa

where a:=max{a>0:.# C O + Z(H)*} = LMJ

Assume a > 1. Then
O + .4 = O + (0% + M) NI(H)* = OF + (Z(H)V)".4,
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Transformations by blow-ups

For a regular hypersurface H C V,

vu(Diffy,  (#)) = qa
where a := max{a>0:.# C O} +Z(H)"} = LMJ'
Assume a > 1. Then
O + .4 = O + (0% + M) NI(H)* = OF + (Z(H)V)".4,

Lemma

For § : X — V the morphism defined by .#, there are finite morphisms

X X1 X ... X,

|

HC vV

that are blow-ups along regular centers Y; C Fy(X;) whose image in V is H. In
addition, the composition X, — V corresponds to ..
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Let V « Vi D H; be a blow-up along a regular center Z.

Let .# C Oy be an O}-module, and J an Oy-ideal.

D. Sulca and O. Villamayor Day 5: Multiplicity along points of a radicial covering of a regular variety



Let V « Vi D H; be a blow-up along a regular center Z.

Let .# C Oy be an O}-module, and J an Oy-ideal.

@ Fori=1,...,q9— 1, there are inclusions

I(Hy) (Diffy, o (4)Ov,) C Diff"VhHw(///O@l)
C Diffy, . (.# OY,) C Diffy ()0,

1
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Let V « Vi D H; be a blow-up along a regular center Z.

Let .# C Oy be an O}-module, and J an Oy-ideal.

@ Fori=1,...,q9— 1, there are inclusions
I(Hy) (Diffy , (.#)Ov,) C Diffy, yy (A OF,)
C Diffy, . (.# OY,) C Diffy ()0,
o For any i/, there are inclusions

I(Hy) (Diff\, (7)Ov,) C Diffy, 1, (TOV,)
C Diffy, (70}, ) C Diff\,(J)0Ov,
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Let V « Vi D H; be a blow-up along a regular center Z.

Let .# C Oy be an O}-module, and J an Oy-ideal.

@ Fori=1,...,q9— 1, there are inclusions
I(Hy) (Diffy , (.#)Ov,) C Diffy, yy (A OF,)
C Diffy, . (.# OY,) C Diffy ()0,
@ For any i/, there are inclusions

I(Hy) (Diff\, (7)Ov,) C Diffy, 1, (TOV,)
C Diffy, (70}, ) C Diff\,(J)0Ov,

Lemma (Fundamental point-wise inequality)

If v (J) = b for all x € Z, so that JO\, = I(Hl)bjl for an ideal JJ; on
Vi, then

Vw(xl)(j) > Vxl(jl), VXl S \/1.
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Proposition

Let V <<~ V4 D H, be a blow-up along a regular center Z C V, and set
nz(.#) = qa+ b, with 0 <b< g, and assume a > 1.

Then
v (DIff§, " (# OY,)) = qa,

so that for an qul—module M4, we have
O + MO = OY + (Z(H) D) A,
In addition, there exists a commutative diagram

fi f f

X<—" (X Xy Vi)red G X,
lé léﬂ iél \Léa
% il Vi = Vi = = v,
V4 MOY, M Mo

with 75f; the blow-up of X along the center Y C Fg(X) s.t. Z =4(Y).
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g-differential collection

A g-differential collection on V is a sequence of ideals
G=(N,Tz, ,Tg-1)

such that Diff\,(J;) C Jii.

Example: for an OY,-module .#Z C Oy,

G(M) = (Diff\, (M), ...,Diff, }(A)).
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g-differential collection

A g-differential collection on V is a sequence of ideals
G=(N,Tz, ,Tg-1)

such that Diff\,(J;) C Jii.

Example: for an OY,-module .#Z C Oy,

G(M) = (Diff\, (M), ...,Diff, }(A)).

We associate with a g-differential collection the function
ﬂx(g) = min{l/x(jl) + 13 ceey Vx(jqfl) +q— 1}

This defines an upper-semicontinuous function V — N.
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Transformation of g-differential collections

Fix a blow-up V <~ V; D H; along a regular center Z C V.
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Transformation of g-differential collections

Fix a blow-up V <~ V; D H; along a regular center Z C V.
Let G = (J1,. .., J4—1) be a g-differential collection. We denote
GOy, = (J10v,,...,Jq-10y,) (total transform).

This is again a g-differential collection on V;.
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Transformation of g-differential collections

Fix a blow-up V <~ V; D H; along a regular center Z C V.

Let G = (J1,. .., J4—1) be a g-differential collection. We denote
GOy, = (J10v,,...,Jq-10y,) (total transform).

This is again a g-differential collection on V;.

We also set
(GOV)1(Hyee = (J10v; = 1(H1)P), ..., (Tq-10v; : 1(H1)%)),

which is also a g-differential collection on V;.
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Let V<~ V4 D H; be a blow-up along a regular center Z C V.

Proposition (Fundamental point-wise inequality)

Let G be a g-differential collection, and assume that 7x(G) = ga + b for all
x € Z, where 0 < b < q. Then

nw(xl)(g) Z 77><1(gl): Vx1 € Vi

for Gi := (GO, ) ()
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Let V<~ V4 D H; be a blow-up along a regular center Z C V.

Proposition (Fundamental point-wise inequality)

Let G be a g-differential collection, and assume that 7x(G) = ga + b for all
x € Z, where 0 < b < q. Then

Nrea)(G) 2 g (G1), Vx1 € Vi
for G1 := (GO, )i(y)s-
In the case G = G(.#) for an Of-module .# C Oy, the a-transform
M C Oy, is then defined, and we have CLAIM:
G(A3) C G

hence 1, (#3) > 1, (G1) for all x1 € V4. Therefore, we cannot deduce the
point-wise inequality 7).(x)(#) > 1y (A2).

D. Sulca and O. Villamayor Day 5: Multiplicity along points of a radicial covering of a regular variety



Constructions using logarithmic differential operators
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Constructions using logarithmic differential operators

For a ring R and a collection of ideals A = {h, ..., .} we define

Diffg A, := Diffg,  N--- N Diffg, ,
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Constructions using logarithmic differential operators

For a ring R and a collection of ideals A = {h, ..., .} we define
Diffg A, := Diffg,  N--- N Diffg, ,
For an F-finite regular scheme V, a collection of ideals A = {Z1,...,Z,} on V,
and an OY-module .# C Oy, there coherent ideals
Diffy a4 () C Diffyy p . C -+ C Diff{, (M)
s. t. for all x € V we have

(Diffy g1 (M)« = Diffo, (M), Yx€EV.
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Constructions using logarithmic differential operators

For a ring R and a collection of ideals A = {h, ..., .} we define
Diffg A, := Diffg,  N--- N Diffg, ,
For an F-finite regular scheme V, a collection of ideals A = {Z1,...,Z,} on V,
and an OY-module .# C Oy, there coherent ideals
Diffy a4 () C Diffyy p . C -+ C Diff{, (M)
s. t. for all x € V we have

(Diffy g1 (M)« = Diffo, (M), Yx€EV.

Proposition
If £ is any invertible ideal included in Z; N - - - N Z,, then

G(AM N, L) = (Diffyp o (M) : L), ..., (Diffy N () LT7T))

is a g-differential collection. In addition, G(.#) C G(.#, A, L)
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Assume that A = {Z;,...,Z,} is a collection of ideals of regular
hypersurfaces with normal crossings.

Let V << V4 D H; be the blow-up along a regular center Z having
normal crossings with these hypersurfaces.

Let Z7,...,Z; denote the strict transforms of 7y, ...,Z,.

Then Ay :={Z;,...,Z;,Z(H1)} has also normal crossings.
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Assume that A = {Z;,...,Z,} is a collection of ideals of regular
hypersurfaces with normal crossings.

Let V << V4 D H; be the blow-up along a regular center Z having
normal crossings with these hypersurfaces.

Let Z7,...,Z; denote the strict transforms of 7y, ...,Z,.

Then Ay :={Z;,...,Z;,Z(H1)} has also normal crossings.

Lemma (Giraud's lemma)

For any OY,-module .,

I(Hy) (Diffy o (#)Ov,) C Diffyy 5 (AOY,), i=1,...,g—1.
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Consider 3-uplas (.#, A, L)

A C Oy an O}-module
N ={TZ1,...,Z,} ideals of regular hypersurfaces with normal crossings
L CZiN---NZ, an invertible ideal
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Consider 3-uplas (.#, A, L)

A C Oy an O}-module
N ={TZ1,...,Z,} ideals of regular hypersurfaces with normal crossings
L CZiN---NZ, an invertible ideal

We associate to this 3-upla the g-differential collection.
s G(AM N, L) == ((DifFyp (M) : LY, ..., (Diff (M) : L)) D G(M)

and set
ag+ b :=max{n(G(#,N, L)) :xe V}, 0<b<aq.

We choose a regular center Z C V having normal crossings with the
hypersurfaces and perform the blow-up V <~ V4 D H; along Z.
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Consider 3-uplas (.#, A, L)

A C Oy an O}-module
N ={TZ1,...,Z,} ideals of regular hypersurfaces with normal crossings
L CZiN---NZ, an invertible ideal

We associate to this 3-upla the g-differential collection.
s G(AM N, L) == ((DifFyp (M) : LY, ..., (Diff (M) : L)) D G(M)

and set
ag+ b :=max{n(G(#,N, L)) :xe V}, 0<b<aq.

We choose a regular center Z C V having normal crossings with the
hypersurfaces and perform the blow-up V <~ V4 D H; along Z.

The a-transform of (.#, N\, L) is the 3-tuple (#1, A1, L£1) on Vi defined as:

M the a-transform of .#
A ={Zi,...,Z;,I(H1)}, Zj the strict transform of Z;
L1 = (LOw)I(H)

~ G, Ny, L1) = ((DifFy, py 1 (AA) : L1), ..., (DifFY L () 1 £71))
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Theorem (Fundamental point-wise inequality)

There is an inclusion of g-differential collections
(g('//lv A, ‘C')OVI)I(HI)qa c g('//llv A, [’1)
= N (G( A1, N1, L1)) < M) G(A LN L), ¥ € Vi

In applications:

™2 r

Vo Vi Vi
(Ao, No, Lo) (A1, N, L1) (A N, L)

where Ay :== M, No =, and Lo = Oy.
We get (40, Mo, Lo) = n(.4) and

maxn(.#) = maxn( Mo, No, Lo) > maxn( M, A1, L1) > -+ > maxn( Ay, N, L))
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Thanks!
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