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Setting

X

V

B

L

S

∪

K

V regular, connected, F -finite. Sp ⊂ S a finite extension

d := [L : K ] is the generic rank of δ

Fact: The multiplicity along points of X is at most d .

Goal: Study Fd(X ) = {x ∈ X : multX (x) = d} (d-fold points)

δ is called transversal if Fd(X ) 6= ∅
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Properties of transversal morphisms

1 Fd(X ) ⊂ X is closed and homeomorphic to δ(Fd(X )) ⊂ V .
2 One-to-one correspondence

{Y ⊂ X regular, Y ⊂ Fd(X )} ↔ {Z ⊂ V regular, Z ⊂ δ(Fd(X ))}
Y ↔ Z = δ(Y )

3 Tranversal morphisms can be blown-up along permissible centers:

Y X X1

δ(Y ) V V1

δ1 finite of generic rank d .
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Summarizing, there is a one to one correspondence between sequences
over X

X X1
oo X2

oo · · ·oo Xr
oo

of blow-ups along regular centers consisting of d-fold points,

and
sequences of blow-ups of finite morphisms (along permissible centers)

X

δ

��

X1
oo

δ1

��

X2
oo

δ2

��

· · · Xr
oo

δr

��
V V1
oo V2

oo · · · Vr
oo

which in turn can be read off from

V V1
oo V2

oo · · · Vr
oo
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Representability in characteristic zero

One can construct a pair (J, b) on V with the following properties:

δ(Fd(X )) = Sing(J, b) := {x ∈ V : νx(J) ≥ b}

Preservation under permissible blow-ups:

Y ⊂

δ(Y ) ⊂

X X1

V V1

δ(Fd(X )) = Sing(J, b) δ1(Fd(X1)) = Sing(J1, b)

where JOV1 = I (H1)bJ1, with H1 ⊂ V1 the exceptional hypersurface.
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Roll in resolution of singularities

Goal: Define a sequence of blow-ups along regular centers included in the
set of d-fold points

X X1
oo X2

oo · · ·oo Xr
oo

with

d = max multX = max multX1 = · · · = max multXr−1 > max multXr .

This is equivalent to defining a sequence of blow-ups

V V1
oo V2

oo · · · Vr
oo

where we set (J0, b) := (J, b) as before, and for i > 0,

Vi−1 ← Vi ⊃ Hi blow-up along a regular Zi−1 ⊂ Sing(Ji−1, b)

Ji−1OVi = I (Hi )
bJi

Sing(Jr , b) = ∅.
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Purely inseparable morphisms (radicial morphisms)

Fix q = pe .
Object of study: finite morphisms δ : X → V such that Oq

X ⊂ OV .

In affine terms, finite extensions S ⊂ B with Bq ⊂ S .

Equivalently, Sq-subalgebras C ⊂ S .

Sq-submodule M ⊂ S  Sq-subalgebra Sq[M] ⊂ S  radicial morphism
δ : X → Spec(S).

Summarizing: Radicial morphisms X → V are viewed from Oq
V -modules

M ⊂ OV .
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First description of δ(Fd (X ))

B

R

∪

(R,m) F-finite regular local ring, Bq ⊂ R

⇒ B is local, say with maximal ideal n

mult(B) = d (generic rank) iff
a) B = R + n
b) n is integral over mB

.

Equivalent conditions

B = R + mB

Bq = Rq + m(q)Bq

Bq ⊂ Rq + mq

M ⊂ Rq + mq, with M ⊂ R an Rq-module generating Bq.

Corollary

For an Oq
V -module M ⊂ OV with associated morphism δ : X → V we have

δ(Fd(X )) = {x ∈ V : Mx ⊆ Oq
V ,x + mq

V ,x}
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p-basis

R a ring of characteristic p.
A subset {z1, . . . , zn} is a (finite) p-basis if R is a free Rp-module with
basis

{zα1
1 · · · z

αn
n : 0 ≤ αi < p}

F -finite fields admit finite p-basis.

(R,m) local, regular, F -finite, has a p-basis of the form

x1, . . . , xr︸ ︷︷ ︸
r .s.p.

, y1, . . . , ys︸ ︷︷ ︸
p-basis at R/m

(adapted p-basis)

Notation

xαyβ := xα1
1 · · · x

αr
r yβ1

1 · · · y
βs
s

Aq := {(α, β) ∈ Nr+s
0 : 0 ≤ αi , βj < q} ⊃ A+

q := Aq − {(0, 0)}

⇒ R is free Rq-module with basis {xαyβ : (α, β) ∈ Aq}.
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∀f ∈ R, f =
∑
Aq

cq
α,βxαyβ (q-expansion),

= cq
0,0 +

∑
A+

q

cq
α,βxαyβ

Lemma

1 f ∈ mn if and only if cq
α,βxαyβ ∈ mn for all (α, β) ∈ Aq.

2 f ∈ Rq + mn if and only if cq
α,βxαyβ ∈ mn for all (α, β) ∈ A+

q

Corollary

1) If p ⊂ R is a regular prime, then Rq + pn = R ∩ (Rq
p + pnRp).

2) For an Oq
V -module M ⊂ OV and Z ⊂ V regular, t.f.a.e.:

Z ⊂ δ(Fd(X )) (Z is permissible for δ).

Mξ ⊆ Oq
V ,ξ + mq

V ,ξ, where ξ ∈ Z is the generic point.

M ⊂ Oq
V + I(Z )q.
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Differential operators

R an arbitrary ring

HomR(R,R) = R =: Diff0
R ⊂ Diff1

R ⊂ Diff2
R ⊂ · · · ⊂ HomZ(R,R)

D ∈ Diffk
R ⇔ Dx − xD ∈ Diffk−1

R , ∀x ∈ R

Diffk
R = R ⊕ Diffk

R,+, (D ∈ Diffk
R,+ iff D(1) = 0)

Fundamental property: For I C R and D ∈ Diffk
R ,

D(Im) ⊂ Im−k , ∀m ≥ k

Logarithmic differential operators:

Diffk
R,I = {D ∈ Diffk

R : D(Im) ⊂ Im, ∀m ≥ 0}

I k Diffk
R ⊆ Diffk

R,I
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Fix (R,m) regular F -finite with adapted p-basis {x1, . . . , xr , y1, . . . , ys}.

There are differential operators Dα,β for all (α, β) ∈ Nr+s
0 , s.t.

Dα,β(xγyδ) =

(
γ

α

)(
δ

β

)
xγ−αyδ−β , ∀(γ, δ) ∈ Nr+s

0

In addition,

Diffk
R is free with basis {Dα,β : |α|+ |β| ≤ k}

Diffk
R,+ is free with basis {Dα,β : 0 < |α|+ |β| ≤ k}

Diffk
R,m is generated by {xγDα,β : |γ| = |α|, |α|+ |β| ≤ k}.
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Fix q = pe .

Any D ∈ Diffq−1
R is Rq-linear, hence Diffq−1

R,+ (Rq) = 0.

Taylor operators of order q − 1 are respectful with q-expansions:
For f =

∑
Aq

cq
α,βxαyβ ∈ R, and Dγ,δ with |γ|+ |δ| < q,

Dγ,δ(f ) =
∑
Aq

cq
α,β

(
α

γ

)(
β

δ

)
xα−γyβ−δ

xγDγ,δ(f ) =
∑
Aq

cq
α,β

(
α

γ

)(
β

δ

)
xαyβ−δ

are q-expansions.
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Proposition

Let (R,m) be an F -finite regular local ring.

1 f ∈ mn if and only if Diffn−1
R (f ) ⊆ m.

2 f ∈ Rq if and only if Diffq−1
R,+ (f ) = 0.

3 f ∈ Rq + mn if and only if Diffq−1
R,m,+(f ) ⊆ mn.

4 If νm(f ) = qa + b with 0 < b < q, then νm(Dα,0(f )) = qa for some
α with |α| = b.

5 f ∈ Rq + mqa if and only if Diffq−1
R,+ (f ) ⊆ mq(a−1)+1.

In particular, f ∈ Rq + mq if and only if Diffq−1
R,+ (f ) ⊆ m.
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Moving to the global setting

Fix an Oq
V -module M ⊂ OV and an ideal J ⊂ OV .

Then there are coherent ideals on V

Diff 0
V (J ) ⊂ Diff 1

V (J ) ⊂ Diff 2
V (J ) ⊂ · · ·

Diff 1
V ,+(M ) ⊂ · · · ⊂ Diff q−1

V ,+(M )

s. t. for all x ∈ V ,

(Diff k
V (J ))x = Diffk

OV ,x
(Jx)

(Diff k
V ,+(M ))x = Diffk

OV ,x ,+(Mx), k = 1, . . . , q − 1.
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Corollary

1 {x ∈ V : νx(J ) ≥ n} = V(Diff n−1
V (J )).

2 If δ : X → V is the Oq
V -module associated with M , then

δ(Fd(X )) = V(Diff q−1
V ,+(M )).

3 {x ∈ V : Mx ⊆ Oq
V ,x +mqa

V ,x} = {x ∈ V : νx(Diff q−1
V ,+(M )) ≥ q(a−1)+1}.

ν(q)
x (M ) := max{n ∈ N : Mx ⊂ Oq

V ,x + mn
V ,x} (order after cleaning)

ηx(M ) := min{νx(Diff 1
V ,+(M )) + 1, . . . , νx(Diff q−1

V ,+(M )) + q − 1}

ηx(M ) defines an upper-semicontinuos function V → N.

Proposition

ν
(q)
x (M ) ≤ ηx(M ), and the equality holds if q - ν(q)

x (M ). In addition,

bηx(M )

q
c = bν

(q)
x (M )

q
c

In particular, {x ∈ V : Mx ⊆ Oq
V ,x + mqa

V ,x} = {x ∈ V : ηx(M ) ≥ qa}.
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Transformations by blow-ups

Lemma

For a regular hypersurface H ⊂ V ,

νH(Diff q−1
V ,+(M )) = qa

where a := max{a ≥ 0 : M ⊆ Oq
V + I(H)qa} = b ηH (M)

q
c.

Assume a ≥ 1. Then

Oq
V + M = Oq

V + (Oq
V + M ) ∩ I(H)qa = Oq

V + (I(H)(q))aMa

Lemma

For δ : X → V the morphism defined by M , there are finite morphisms

X

δ

��

X1
oo X2

oo . . .oo Xa
oo

H ⊂ V

that are blow-ups along regular centers Yi ⊂ Fd(Xi ) whose image in V is H. In
addition, the composition Xa → V corresponds to Ma.
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Let V ← V1 ⊃ H1 be a blow-up along a regular center Z .

Let M ⊂ OV be an Oq
V -module, and J an OV -ideal.

For i = 1, . . . , q − 1, there are inclusions

I (H1)i (Diff i
V ,+(M )OV1 ) ⊆ Diff i

V1,H1,+(MOq
V1

)

⊆ Diff i
V1,+(MOq

V1
) ⊆ Diff i

V ,+(M )OV1

For any i , there are inclusions

I (H1)i (Diff i
V (J )OV1 ) ⊆ Diff i

V1,H1
(JOq

V1
)

⊆ Diff i
V1

(JOq
V1

) ⊆ Diff i
V (J )OV1

Lemma (Fundamental point-wise inequality)

If νx(J ) = b for all x ∈ Z , so that JOV1 = I(H1)bJ1 for an ideal J1 on
V1, then

νπ(x1)(J ) ≥ νx1 (J1), ∀x1 ∈ V1.
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Proposition

Let V
π←− V1 ⊃ H1 be a blow-up along a regular center Z ⊂ V , and set

ηZ (M ) = qa + b, with 0 ≤ b < q, and assume a ≥ 1.

Then
νH1 (Diff q−1

V1,+
(MOq

V1
)) = qa,

so that for an Oq
V1

-module Ma, we have

Oq
V1

+ MOq
V1

= Oq
V1

+ (I(H1)(q))aMa

In addition, there exists a commutative diagram

X

δ

��

(X ×V V1)red
πδoo

δπ

��

X1
f1oo

δ1

��

· · ·
f2oo Xa

faoo

δa

��
V V1

πoo V1
=oo · · ·=oo Va

=oo

M MOq
V1

M1 Ma

with πδf1 the blow-up of X along the center Y ⊂ Fd(X ) s.t. Z = δ(Y ).
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q-differential collection

A q-differential collection on V is a sequence of ideals

G = (J1,J2, · · · ,Jq−1)

such that Diff i
V (Jj) ⊆ Ji+j .

Example: for an Oq
V -module M ⊂ OV ,

G(M ) := (Diff 1
V ,+(M ), . . . ,Diff q−1

V ,+(M )).

We associate with a q-differential collection the function

ηx(G) = min{νx(J1) + 1, . . . , νx(Jq−1) + q − 1}.

This defines an upper-semicontinuous function V → N.
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Transformation of q-differential collections

Fix a blow-up V
π←− V1 ⊃ H1 along a regular center Z ⊂ V .

Let G = (J1, . . . ,Jq−1) be a q-differential collection. We denote

GOV1 = (J1OV1 , . . . ,Jq−1OV1 ) (total transform).

This is again a q-differential collection on V1.

We also set

(GOV )I (H1)qa = ((J1OV1 : I (H1)qa), . . . , (Jq−1OV1 : I (H1)qa)),

which is also a q-differential collection on V1.
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Let V
π←− V1 ⊃ H1 be a blow-up along a regular center Z ⊂ V .

Proposition (Fundamental point-wise inequality)

Let G be a q-differential collection, and assume that ηx(G) = qa + b for all
x ∈ Z , where 0 ≤ b < q. Then

ηπ(x1)(G) ≥ ηx1 (G1), ∀x1 ∈ V1

for G1 := (GOV1 )I (H1)qa .

In the case G = G(M ) for an Oq
V -module M ⊂ OV , the a-transform

Ma ⊂ OV1 is then defined, and we have CLAIM:

G(Ma) ⊆ G1

hence ηx1 (Ma) ≥ ηx1 (G1) for all x1 ∈ V1. Therefore, we cannot deduce the

point-wise inequality ηπ(x1)(M ) ≥ ηx1 (Ma).
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Constructions using logarithmic differential operators

For a ring R and a collection of ideals Λ = {I1, . . . , Ir} we define

Diff i
R,Λ,+ := Diff i

R,I1,+ ∩ · · · ∩ Diff i
R,Ir ,+

For an F -finite regular scheme V , a collection of ideals Λ = {I1, . . . , Ir} on V ,
and an Oq

V -module M ⊂ OV , there coherent ideals

Diff 1
V ,Λ,+(M ) ⊆ Diff 2

V ,Λ,+ ⊆ · · · ⊆ Diff q−1
V ,Λ,+(M )

s. t. for all x ∈ V we have

(Diff i
V ,Λ,+(M ))x = Diff i

OV ,x ,Λx ,+(Mx), ∀x ∈ V .

Proposition

If L is any invertible ideal included in I1 ∩ · · · ∩ Ir , then

G(M ,Λ,L) := ((Diff 1
V ,Λ,+(M ) : L1), . . . , (Diff q−1

V ,Λ,+(M ) : Lq−1))

is a q-differential collection. In addition, G(M ) ⊆ G(M ,Λ,L)
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Assume that Λ = {I1, . . . , Ir} is a collection of ideals of regular
hypersurfaces with normal crossings.

Let V
π←− V1 ⊃ H1 be the blow-up along a regular center Z having

normal crossings with these hypersurfaces.

Let I ′1, . . . , I ′r denote the strict transforms of I1, . . . , Ir .

Then Λ1 := {I ′1, . . . , I ′r , I(H1)} has also normal crossings.

Lemma (Giraud’s lemma)

For any Oq
V -module M ,

I(H1)i (Diff i
V ,Λ,+(M )OV1 ) ⊆ Diff i

V1,Λ1,+(MOq
V1

), i = 1, . . . , q − 1.
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Consider 3-uplas (M ,Λ,L)

M ⊂ OV an Oq
V -module

Λ = {I1, . . . , Ir} ideals of regular hypersurfaces with normal crossings
L ⊆ I1 ∩ · · · ∩ Ir an invertible ideal

We associate to this 3-upla the q-differential collection.

 G(M ,Λ,L) := ((Diff 1
V ,Λ,+(M ) : L1), . . . , (Diff q−1

V ,Λ,+(M ) : Lq−1)) ⊃ G(M )

and set
aq + b := max{ηx(G(M ,Λ,L)) : x ∈ V }, 0 ≤ b < q.

We choose a regular center Z ⊂ V having normal crossings with the
hypersurfaces and perform the blow-up V

π←− V1 ⊃ H1 along Z .

The a-transform of (M ,Λ,L) is the 3-tuple (M1,Λ1,L1) on V1 defined as:

M1 the a-transform of M
Λ1 := {I′1, . . . , I′r , I (H1)}, I′i the strict transform of Ii
L1 = (LOV1 )I(H1)

 G(M1,Λ1,L1) := ((Diff 1
V1,Λ1,+(M1) : L1

1), . . . , (Diff q−1
V1,Λ1,+

(M1) : Lq−1
1 ))
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Theorem (Fundamental point-wise inequality)

There is an inclusion of q-differential collections

(G(M ,Λ,L)OV1 )I (H1)qa ⊆ G(M1,Λ1,L1)

⇒ ηx1 (G(M1,Λ1,L1)) ≤ ηπ(x1)G(M ,Λ,L), ∀x1 ∈ V1

In applications:

V0 V1
π1oo . . .

π2oo Vr
πroo

(M0,Λ0,L0) (M1,Λ1,L1) . . . (Mr ,Λr ,Lr )

where M0 := M , Λ0 =, and L0 = OV .

We get η(M0,Λ0,L0) = η(M ) and

max η(M ) = max η(M0,Λ0,L0) ≥ max η(M1,Λ1,L1) ≥ · · · ≥ max η(Mr ,Λr ,Lr )
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Thanks!
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