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Rotation Report

Aims

Our aim is to develop a framework for quantum field theories (QFT) on random geometries. In
this rotation we focus on understanding how fermions behave on such geometries. As a warm
up and a basic building block we look at a much simpler case of d-regular graph on which
we write down a free fermionic action and interpret it as a random walk in certain limit and
estimate the 2 point-correlation function.

Background

In path-integral formalism, Euclidean gravity is a statistical ensemble of geometries weighted by
some diffeomorphism invariant action. Calculating the partition function in continuum setting
is plagued with renormalization issues, huge gauge group etc... In general it is much easier to
calculate the partition function in discretized setting as a large distance limit of randomized
geometries. To look at observable consequences of such a point of view we must look at how
particles propagate on random graphs. Simplest of such geometries are random trees. We
already have some preliminary results on ¢* theories on random graphs and bosonic SYK-
model on random unicycles. We wish to extend this to fermions. Detailed introduction of this
program can be found in [2] and references within.

Methods

Dirac operator on a oriented graph G(V, E) with set of vertices V' and edges E is given as a
formal square root of Laplacian matrices of G' and denoted by I) is map Q — Q where  is a
given vector space. Incidence matrix of a graph is a V' x E such that

1 edge j ends at vertex ¢
[I];; =< —1 edge j starts at vertex i (1)
0 otherwise.
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Let us define two Laplacians A, and A_ as vertex and edge Laplacian acting on fields f, on
vertex and f, on edge as

Ay =11, (2)
A_=11.

We define a Dirac operator as

ni= (%)) ®)

vi= (% A (@)

Yy
Xe

and thus we can see

is the formal square root of generalized Laplacian matrix. We define a field & = [ } where Y.

is the edge fermionic field and 1, is the vertex fermionic field and they are Grassman numbers.
Similarly we can write the conjugate field ¢ = [ Uy Xe } . This allows us to write the action,
partition function and correlation function using usual Gaussian integration techniques

Z[®,®,J,J| = / DOdDe (3[2P12+mP1E]+T2+B) 5)
Qb)) = —— — o 6
< j> (w1+m1)ij m%(ml i ( )

This gives us a random walk representation in terms of Dirac walks. A Dirac-walk of length
1 moves from a vertex to an incident edge, or an edge to an incident vertex. We can define
the sign of the walk as follows: If the edge involved in the walk originates from the vertex
involved then sgn(vy) = —1 and if the edge enters the vertex involved then sgn(vy) = 1 [1].
D¥(i,j) = > ik Sen(y) gives us the number of walks from vertex or edge i to vertex or edge
j in k steps. This turns the matrix inversion into a combinatorics problem. We consider our
graph to be a rooted d-regular graph with all edges oriented downwards this constraints all the
walks in trees to have unambiguous signs i.e if i is above j you get sgn(y) = —1 and vice versa

Results

Validity of regime

The last equality is a formal power series but is an analytic expression for ||D;|| < ||m1||. This
large mass regime corresponds to deep IR limit of the given QFT.

Total number of walks

For given initial vertex ¢ and 2k steps we have d choices for each vertex and 2 choices for every
edge

> (1) < (2d)f (7)

J

thus gives us the total number of walks possible in 2k steps.
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Closed walks

A more involved problem to solve is to find number of closed walks. First we need even steps to
come back to our initial point. For a vertex-vertex walk such a count is given in report [3]. The
same result can be extend to Dirac walk by simply considering 4k steps. One must note that a
closed walk always has a positive sign on our chosen graph. Here we present the vertex-vertex
version of the calculation. We start by counting the number of paths such that we cross the
starting point 7 just once after the first step in 2(I + 1) steps. The first step has d choices and
last step has just 1 choice. At the intermediate steps 2! is given by Dyck paths and for each up
or down step one has d — 1 that number be given by ;.

N, = dCy(d — 1)" (8)

This allows us to write down a recursion relation

k—1

Moy = dz Ci(d — 1)'mag—1-y 9)

=0

The solution of the recursion relation is easily represented in terms of M(y) = Y, maxy* and

M) = (1 5 (- V=T 1)) (10)

and

ak
Mo = WM@) (11)

Walks between two sites

Total number of walks between given site ¢ and j can be understood as a problem of distributing
closed walks on each site on geodesic. Given geodesic length g and number of steps k we conclude
that £ — g = 2[ should be an even number otherwise we would not have closed walks. The
problem is to distribute 2 steps closed walk on g + 1 ( +1 represents the initial site). This is
an unsolved combinatorics problem and we will be working on estimating that in future.
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