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Aims

In this project, we wanted to understand how the Stokes phenomenon can be used to calculate
transseries sectors related by resurgence [Il, 2]. In fact, one of the main questions got answered
by the leading experts in a paper which appeared during the project.

Background

The perturbative approach to compute quantities like correlation functions is often the most
analytically tractable one for anything in physics. This observation ranges from esoteric topics
like string theory to the more mundane like classical models. However, we know the perturbative
part is not all there is to it, and some effects can only be explained from a non-perturbative
viewpoint. Even more so, many perturbative series turn out to be asymptotic in the sense that
adding more terms to the series does not increase its accuracy. A prime example is perturbative
QFT where the amount of Feynman diagrams at a given order k grows factorially as k!.

After a broad background study in the subject, the prime focus of this rotation project was
the investigation of resonance [2, [3]. These are two-parameter, resurgent transseries in which
the instanton actions appear in symmetric pairs (A, —A), leading to a doubly infinite set of
multi-instanton sectors denoted by (n,m)

B(t, g5 01,00) = Y ofogre A (1 g ) (1)

where the factorial divergence resides in further expansions of the series ®™™ (¢, g,). In this
expression, o; are the generic parameters, ¢ is the 't Hooft coupling and g, the string coupling.
The case in which we only have exponentially suppressed corrections, ie. m = 0, is already well-
known in the literature. This case is namely equivalent to the large N-instanton calculations
in matrix models via eigenvalue tunnelling [4] 5] [6 [7]. The full phenomenon for generic pairs
(n,m) was already known from methods like the orthogonal polynomials, Borel resummation
and the Stokes phenomenon. For instance, the (A, 0) sector is known from the forward Stokes
automorphism, whilst the (0, —A) contributions are related to the backward one. However, the
case in which m # 0 for matrix models was left unanswered for a very long time. It was this
problem we tried to tackle. Unfortunately, while we were about to make strides, the leading
experts in the field put a paper online describing a solution [3].
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Methods

We will begin by writing the saddle point approximation of the partition function for a general
matrix model in its eigenvalue decomposition [4} [5]

1
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where the integration contours ~; go trough some corresponding saddle points. The instan-
ton tunnelling calculations are then performed w.r.t. the vacuum configuration such that all
other corrections are exponentially suppressed. The easiest case being a one-cut configuration
(N,0,...,0) where all N eigenvalues condense to one cut. All the information is then contained
within the spectral curve y(z) [8, [0, [10, [11].

The main idea is as follows: the forward Stokes automorphism is equivalent to tunnelling on
the physical sheet, the backward one is equivalent to tunnelling on the non-physical sheets [3].
These last ones are dubbed anti-eigenvalues as we will explain briefly. This observation stems
from the fact that the spectral curve is actually defined on a doubly branched cover owing to
the square root branch cut in its expression. This means that there are two sheets, the physical
and non-physical one, on which we can consider integration contours. The usual eigenvalue
tunnelling was done by only considering the physical sheet. Naturally, we can also look what
happens when we tunnel along the non-physical sheet.

To achieve this, we introduce a uniformising coordinate {(x) to map our two-sheeted cover to
the Riemann sphere [10]. Subsequently, we can define an involution map o : ¢ +— 1/¢ which
has the effect of taking the ( associated to x to the one on the other sheet. Hence, this means
that the saddle point * corresponds to two coordinates on the Riemann sphere: ¢* and 1/(*.
The main property of the involution is that z(o(¢)) = z({), y(c(¢)) = —y(¢). Now, by inte-
grating over the non-physical sheet o({(x)) one can prove that the instanton action associated
to this action is equal to —A where A is the one from integrating over the physical one. This
is precisely the hallmark of resonance we set out to discover.

Why exactly eigenvalue tunnelling along the non-physical sheet is dubbed an anti-eigenvalue
is due to the following formula for the one instanton case
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where (I|!) denotes the amount of (anti-)eigenvalues respectively, (0|0) is hence the perturbative
vacuum with all eigenvalues condensed in one cut. The expression on the lhs is what generically
appears as the integrand when we consider a single tunnelled eigenvalue [4] [5]. The appearance
of o({(z)) denotes that we are integrating on the non-physical sheet. From the rhs we see
that this is equal to an exponentially enhanced term, the sign change in front of the potential,
times the expectation value of the inverse determinant evaluated in the same matrix model
with N + 1 eigenvalues condensed to the cut. This is also seen in the last factor where we have
t + g, as the total 't Hooft coupling. Hence, instead of losing an eigenvalue leading to N — 1
eigenvalues in the cut, we actually gain an eigenvalue. This is the reason why they are dubbed
anti-eigenvalues/holes. A picture reminiscent of the Dirac sea.

Finally, let’s see how this translates to the Stokes phenomenon. We already mentioned that
there are two automorphisms at play, the forward one at § = arg(gs) = 0 and the backward
one # = —m. There is an illuminating picture in which we can incorporate these phenomena.
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We introduce the resurgent lattice as a fictitious lattice made up of the Z(™™) sectors of the
transseries associated to the partition function ; we have an n-direction and a m-direction.
Then one can encounter the following three situations

(i)

Moving along the n-edge, ie. m = 0, involves the usual instanton tunnelling. One step
is equivalent to tunnelling one instanton. There is a one-to-one correspondence between
ZU0 and Z49 . A step forward | — [ + 1 is precisely equal to the forward Stokes
automorphism;

Very similarly, moving along the m-edge involves anti-eigenvalue tunnelling. Hence, we
have a correspondence between Z O and ZOD . The backward automorphism is therefore
just the step [ — [ + 1;

We can move into the bulk to access any (n, m) sector by successively performing forward

and backward automorphisms. Hence, these sectors need to be related through (I|)
configurations. This is indeed true, one finds the following correspondence

ZU(t, g,) pa e 201Dt g.)
9s) , —0-DE nS(or I —
WM ~e gs pz; S(070)—)(0,l)S(OJ)—)(l_pyl_p) 7(0,0) (t,gs) (4)

The sum on the rhs is known as the resonant kernel, ie. all sectors with the same
exponential correction up front with (I — p, — p) not taking negative values. They lie on
the same diagonal in the lattice. Note that setting either [ or [ to zero reproduces moving
along the edges.

A summary of the whole story is provided by Fig. [1]
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Figure 1: The leftmost picture shows anti-eigenvalue tunnelling while the rightmost one shows

normal tunnelling. The middle picture is our considered starting configuration. The
above picture shows the resurgent lattice where the tunnelling actions are equivalent
to making a move in the lattice. The dashed, brown line show sectors with the same
exponential factor up front.
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Results

As mentioned before, while working on the problem an answer was suddenly put on the ArXiv.
Needless to say, we shifted gears and instead we focussed on understanding the contents of
this new approach. The result is that we are quite familiar with the literature surrounding
this topic and are ready to expand the above results to other situations. In particular, some
questions we have stems from a physical viewpoint. What exactly are the sectors (n,m > n),
the left upper triangle, supposed to mean in terms of eigenvalue configurations, what is their
physical interpretation. For instance, moving along the edge (0,m) implies the creation of
eigenvalues, and inside the bulk it seems like we are tunnelling more eigenvalues from the
non-perturbative saddle back to the cut than we started out with. Does this imply that there
are a negative amount of eigenvalues left at the non-perturbative saddle? Currently, we are
also holding conversations about generalising this to the multi-cut scenario, the easiest being
a two-cut model. It’s already clear that this is not trivial and one needs to use some older
methods from the literature. An interesting application in this regard would be the double well
potential.

References

[1] M. Marifio, “Lectures on non-perturbative effects in large N gauge theories, matrix models and
strings,” Fortsch. Phys. 62 (2014) 455-540, arXiv:1206.6272 [hep-th].

[2] 1. Aniceto, G. Basar, and R. Schiappa, “A Primer on Resurgent Transseries and Their
Asymptotics,” |Phys. Rept. 809 (2019) 1-135, arXiv:1802.10441 [hep-th].

[3] M. Marino, R. Schiappa, and M. Schwick, “New Instantons for Matrix Models,”
arXiv:2210.13479 [hep-th].

[4] M. Hanada, M. Hayakawa, N. Ishibashi, H. Kawai, T. Kuroki, Y. Matsuo, and T. Tada, “Loops
versus matrices: The Nonperturbative aspects of noncritical string,” |Prog. Theor. Phys. 112
(2004) 131-181} arXiv:hep-th/0405076.

[5] M. Marino, R. Schiappa, and M. Weiss, “Nonperturbative Effects and the Large-Order Behavior
of Matrix Models and Topological Strings,” Commun. Num. Theor. Phys. 2 (2008) 349419,
arXiv:0711.1954 [hep-th].

[6] M. Marino, R. Schiappa, and M. Weiss, “Multi-Instantons and Multi-Cuts,” J. Math. Phys. 50
(2009) 052301, [arXiv:0809.2619 [hep-th]l

[7] R. Schiappa and R. Vaz, “The Resurgence of Instantons: Multi-Cut Stokes Phases and the
Painleve II Equation,” |Commun. Math. Phys. 330 (2014) 655—721, arXiv:1302.5138
[hep-th].

[8] P. Di Francesco, P. H. Ginsparg, and J. Zinn-Justin, “2-D Gravity and random matrices,” Phys.
Rept. 254 (1995) 1-133| arXiv:hep-th/9306153.

[9] G. Felder and R. Riser, “Holomorphic matrix integrals,” Nucl. Phys. B 691 (2004) 251-258,
arXiv:hep-th/0401191.

[10] B. Eynard, T. Kimura, and S. Ribault, “Random matrices,” arXiv:1510.04430 [math-ph].

[11] D. Anninos and B. Mithlmann, “Notes on matrix models (matrix musings),” .J. Stat. Mech.
2008 (2020) 083109, arXiv:2004.01171 [hep-th].

Julian De Vuyst 4 OIST Graduate School


http://dx.doi.org/10.1002/prop.201400005
http://arxiv.org/abs/1206.6272
http://dx.doi.org/10.1016/j.physrep.2019.02.003
http://arxiv.org/abs/1802.10441
http://arxiv.org/abs/2210.13479
http://dx.doi.org/10.1143/PTP.112.131
http://dx.doi.org/10.1143/PTP.112.131
http://arxiv.org/abs/hep-th/0405076
http://dx.doi.org/10.4310/CNTP.2008.v2.n2.a3
http://arxiv.org/abs/0711.1954
http://dx.doi.org/10.1063/1.3097755
http://dx.doi.org/10.1063/1.3097755
http://arxiv.org/abs/0809.2619
http://dx.doi.org/10.1007/s00220-014-2028-7
http://arxiv.org/abs/1302.5138
http://arxiv.org/abs/1302.5138
http://dx.doi.org/10.1016/0370-1573(94)00084-G
http://dx.doi.org/10.1016/0370-1573(94)00084-G
http://arxiv.org/abs/hep-th/9306153
http://dx.doi.org/10.1016/j.nuclphysb.2004.05.010
http://arxiv.org/abs/hep-th/0401191
http://arxiv.org/abs/1510.04430
http://dx.doi.org/10.1088/1742-5468/aba499
http://dx.doi.org/10.1088/1742-5468/aba499
http://arxiv.org/abs/2004.01171

