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We explored various methods for hermitian matrix models without unitary symmetry, with the
goal of applying them to the unsolved problem of computing the partition function of the CDT
matrix model. We worked with tools in representation theory such as character expansion and
Schur-Weyl duality, and a solution seems to be attainable from one of the methods.

Background

A known model for gravity and spacetime is the Causal Dynamical Triangulations (CDT) [1].
In this model we work with graphs whose structure allows us to give them a notion of time
direction in a spacetime. Fig.1 shows an example of a part of a graph of this type. We define
it through its dual by setting that all edges be classified as either a space edge or a time edge,
all vertices have two space edges and one time edge, and all faces have either two or zero time
edges among any number of space edges.

CDT has already been well studied and many of its properties are well understood [1]. With
the goal of being able to generalize it, a matrix model that describes it has also been studied
[2]. This model can be described with the action
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where A and B are the two N x NV hermitian matrix variables representing respectively the space
and time edges, and C5 is an N X N matrix that satisfies, in the large N limit, TrC§ = N, o.
The partition function of this model is, after performing the simple Gaussian integral over B,
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Applying the character expansion [2], it is possible to reduce the number of integration variables,
which is N2, and turn it into an integral with only N variables. The resulting expression is
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where the summation goes over all representations of GL(N), with n being its size, {h} is the
set of shifted weights, cny a known function of {h}, xqny the character in that representation,
and the tilde means that it is proportional with a factor possibly depending on N but not on
{h}. However, the average that appears,
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Figure 1: Part of a typical CDT graph. Space edges are in red, and time edges in blue.

has no known explicit expression in terms only of the {h}, so in [2] it was made a conjecture
based on other matrix model results, and the expression
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was obtained. Here the set {h} was divided into 4 sets of equal size, where each set contains
elements of {h} with the same result mod 4. In this project we were able to show this conjecture
to be false, find a simpler expression for the average with the possibility of finding an explicit
one, and also found other interesting properties related to the theory.

Character Theory

A representation py of a group G is roughly defined [3] as a homomorphism from the group to
the general linear group of some order N, p) : G — GL(N). Since it is a homomorphism, for
any ¢g; and go in G it satisfies py(g192) = pa(g1)pa(g2). Each possible irreducible representation
is associated to a partition A of some non-negative integer n and of length smaller or equal to
N. The character x, in this representation is defined as x(g) = Trpa(g). Let us go through a
few important formulas related to characters. For the group GL(N), knowing the eigenvalues
of a matrix C' and writing them as ¢;, its character can be computed using the formula [4]

Xy (C) = %Sﬂ ; (6)

where we are taking the determinant of a matrix with coefficients c?j , and here also appears
the Vandermonde determinant A(c) = det; j(c)'). The characters can also be found from the

trace of powers of C. If such traces are known, then the generating function
- . inf
eximt T =N " (C)2F (7)
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gives polynomials of the traces, and with those polynomials we can find the character with the
formula

X{n}(C) = detyj(sp,—;-1)(C)) - (8)
One of the important properties of characters is its orthogonality relations. For a finite group
G, given two irreducible representations a and b, the characters in those representations satisfy
3] '
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with the bar standing for complex conjugate, and |G| is the number of elements in the group.
For compact groups, considering a Haar measure, we have the orthogonality relation

/ Yal9)X0(9) = b (10)
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Another very important theorem is Schur-Weyl duality. Consider GL(N) acting on C§" by
M® (e, @e;, @ Re;,) = (Mey,) ® (Mey,) @ -+ @ (Mey,) , (11)
for a given M in GL(N). Also take S, the Symmetric group of order n, acting on C{" by
olen e, ® - ® €y, ) = €o-1(i1) ® Eo—1(ip) @+ @ €g1(iy,,) (12)
for a given o € S,,. The duality tells us that
Te(M®"0) =Y xa(M)¢a(o) , (13)
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where the sum runs over all partitions of size n and lenght at most N.

Results

A first interesting result is an explicit expression for the matrix Cy. The property TrC§ = Né,, 2,
is enough for us to find that the matrix has the characteristic polynomial
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Solving for the zeros of the polynomial, we find that the /V eigenvalues are given by
Ay = (—1)W(—e¥ 1213 =1 N/2 and s=1,2, (15)

where W(z) is the principal branch of the Lambert W function, a function that satisfies
W(z2) = ze®.

The conjecture in [2] also does not agree with some results we have for specific representa-
tions and conditions. For example, considering the trivial representation for N = 4, given by
parameters {h} = {3,2,1,0}, the conjecture tells us that
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So, for N = 4, the proportionality constant is 1/768. If we do the same for the defining
representation, given by {h} = {4,2,1,0}, and use that (TrA?) = N, there are two possibilities:
if the conjecture assumes that this result is nonzero only if the division of the set {h} mentioned
before is possible, then we already see that it is false. If such separation does not require that
all subsets have the same length, then we can see that

(2-4) [T =48 76s, (17)
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and so the proportionality would be 1/6144, which disagrees with the previous example. We
can also use the determinant representation, and use that (detA%) = N1?/((§)!?(2N)"), and
the conjecture says that
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and the proportionality would be 1/32769.

With the approach based on writing the integral in terms of its eigenvalues, using the formula
related to integrals with Pfaffians present in [5] were also able to write the expression of the
average in terms of a Pfaffian of an integral in two variables, so reducing the integral in N. The
expression we find is
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and it might be easier to solve this remaining integral, since it only contains an exponential
and rational functions.
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