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Aims

Based on the observation that Seifert surfaces of knots relate to ribbon graphs of the replica
limit of matrix models, we aim to find a concrete connection between them.

Introduction

The seminal paper by Witten [1] in which he showed that knot polynomial invariants can be
obtained from Chern Simons theory as Wilson loop averages, has paved the way for further
research on the relation of Knot theory with physics. About a decade ago, TBEM found
Matrix models that correspond to torus knots in the sense that they are defined such that
⟨character⟩ = HOMFLY ; where the average in the left hand side is evaluated with the
measure of the matrix model and the right hand side refers to the HOMFLY polynomial of a
torus knot [2, 3]. More recently, there have been attempts to generalize the above definition
to include non-torus knots [4]. In this project we aim to explore yet another, rather more
diagrammatic connection between knots and the replica limit of matrix models. This is based
on the fact that for certain matrix models, knots arise as the boundary of their ribbon graphs,
and hence, when thought of as two dimensional surfaces, can be identified with Seifert surfaces
of knots.

Background

The Seifert Surface of a knot K is a connected orientable surface Σ that is bounded by
the knot, i.e. ∂Σ = K. The Seifert algorithm gives a method to construct such a surface for
any knot, as follows. Choose an orientation of the knot and at each crossing connect an in-
going strand with the immediately adjacent out-going one to obtain a number of disconnected
circles (called the Seifert cycles), which are topological disks. Finally, we attach a twisted band
connecting the disks in place of every original crossing. An example is shown in the figure (1)
below. To each Seifert surface we can assign a graph, called the Seifert graph, by representing
each disk as a vertex and each twisted band as an edge [5].

Matrix Models can be thought of as quantum (0-dimensional) field theories, in which the
role of the fields is played by N ×N hermitian random matrices. Interactions are described, as
usual, using Feynman diagrams, but now each edge should be replaced by a pair of oppositely
oriented edges, corresponding to the two indices of a hermitian matrix. As a result, the Feynman
diagrams of matrix models are fat graphs, also referred to as Ribbon graphs (see the first graph
from the left in fig. (2)).
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Figure 1: An example of the Seifert algorithm and Seifert graph for the figure -8 (41) knot.
Disks that lie on top of other ones are shaded for clarity.

The Replica limit, is the limit N → 0 which corresponds to considering only single strand
Ribbon graphs. This is because each closed loop in the Ribbon graph contributes a factor N
in the amplitude, and hence only the ones with single loop survive the limit. As an example,
consider the model ⟨(TrM3)2⟩, with Gaussian measure for the average, which has two cubic
interaction (fat) vertices, connected with 3 propagators (double parallel lines). In the replica
limit, the only diagram contributing to the amplitude is the one shown in the fig. (2), first from
the left. The middle graph, with twisted propagators is obtained from the first by flipping its

Figure 2: Ssingle strand Ribbon graph of matrix model - Seifert surface correspondence.

left edge. One may notice that this is the Seifert surface of the trefoil knot (31).

Results and open problems

Motivated by the above observation we may ask the question: Given a knot, can we construct
a Matrix model such that in the replica limit N → 0, its Feynman diagram is a Seifert surface
of the knot? If we restrict attention to alternating knots only, the answer is yes and a list of
matrix models corresponding to the first few knots in the Rolfsen Knot table1 is shown below
[6]

31 < (TrM3)2 >
41 < (TrM2)2TrM4 >
51 < (TrM5)2 >
52 < (TrM3)2(TrM2)2 >
61 < TrM6TrM4TrM2 >
62 < TrM6(TrM3)2 > .

The number of crossings of each knot is encoded in the matrix model as the total power the
matrix M is raised to, divided by 2. For instance, the figure-8 knot (41) has 4 = (2× 2 + 4)/2
crossings.

1Note that up to 7 crossings all knots in the Rolfsen knot table are alternating. The first 3 non-alternating
knots are 819, 820, 821, which have 8 crossings. Their number increases exponentially with increase in the
number of crossings.

Andreani Petrou 2 OIST Graduate School



It is important to mention that, for a fixed number of crossings, there are distinct (i.e. non
ambient isotopic) knots that can correspond to the same matrix model2 (e.g. 84 and 86 both
correspond to < TrM6TrM4(TrM2)3 >), so to obtain an 1-1 correspondence their Seifert
graphs are also required. Given the information provided by the matrix model and the Seifert
graph of a knot, knowing that it is alternating, we only have 2 choices for assigning over and
under-strands at each crossing of the twisted ribbon graph. These correspond to a knot and its
mirror image, which can be thought of as chiral partners. However, in order to yield the desired
alternating twisting by the procedure described in figure (2), i.e. by flipping certain vertices
of the ribbon graph, sometimes an additional whole twist (Dehn twist) must be introduced
on some propagators. An example3 where this occurs is for the knot 923 with corresponding
matrix model < (TrM3)6 >. Moreover, for this example there exists an additional single
stranded ribbon graph, the twisted version of which corresponds to a knot different from 923.
More details about this issue are yet to be clarified.
If the knot is non-alternating, the Matrix model and a Seifert graph no longer provide enough
information to obtain an analogous correspondence. The deeper reason for this is that matrix
models and their ribbon graphs are intrinsically 2-dimensional and they can not distinguish
between over and under crossings, which is the 3-dimensional information that a knot encodes.
One possibility for recovering the missing information is to exploit, in a yet unknown way,
the holographic correspondence between the WZW theory (a 2-dimensional theory that can be
expressed as a matrix model) and Chern Simons theory (a 3-dimensional theory, which as we
already mentioned, relates to knot polynomials). Alternatively, we may be able to find a yet
more precise correspondence with tensor instead of matrix models, since as higher dimensional
analogues, might encompass the additional information that is required. This might be achieved
using Vasiliev chord diagrams, instead of Seifert surfaces.
If such a correspondence is successfully established we might be able to address knot theoretic
questions, using the machinery provided by matrix and tensor models. For instance, we may be
able to find lower/upper bounds for the number of distinct knots with a given crossing number,
by counting (using the Feynman rules) all the single loop Feynman diagrams.
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2This occurs because the Seifert surfaces of two distinct knots, despite non-ambient isotopic, can be homeo-
morphic.

3This example is important for physics as it only involves trivalent vertices.

Andreani Petrou 3 OIST Graduate School


