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What is a clock?  [MW. Quantum 5,381 (2021)]
1) Self-timing condition:
MSE{LECR = M%R—KJR © M%R—)CR
2) Continuity:

lim [Mcg_cr — Zerll =0
—0F

3) No tick-skipping:

p(t,l|k) :=

o p(b k)
tr (Mg, ® |kXk zz] 1 b —0
| Mencsonloe © MR It | lim p T

4) Clockwork translation invariance:

trR [MER%CR(pc ® |kXk|g ) |k + Ik + l|R] is k independent for all %,,¢




What is a clock?  [Mw. Quantum 5, 381 (2021)]

Dynamical semi-group representation:

The pair p%, (MER%CR)tZO satisfy 1) to 4), if and only if
there exists a Hermitian operator H and linear operators

(Lj)j.szl and (J; );V L, which are all time independent, such
that forall t > 0:

Og = |[1)0]g + [2X1|g + [3X2[g + .- -+
[N XNt — 1| + [OXN7|R -




What 1s a clock?

Examples:
1) Thermodynamic “heat-engine” clock
| [P. Erker et. al. PRX (2017) ]
{ : .ff),l
Ly = \/vnon, Ly = \/ynePnBrg!
. Pl A
Ls = \/%0'07 Ly = 'Yce_’BcEcUl’
J=VL|oXd —1|,, Jo=J3=J4=0,

2) Ladder clock |[S. Stupar et.al, arXiv:1806.08812 (2018)]

Lj = |Cj_|_1><Cj|, Jj :0, j20,1,2,...,d—1
Lg =0, Ja = ler)eal

3) Quasi-Ideal clock [M.W. et al, PRX Quantum (2019) ]

Lj =0, Jj = 2‘/3 |¢C><tj| )
j=0,1,2,....d \ (- [A. Peres, AJP (1980)]

[M.W. et al, Annales Henri Poincaré
(2018)]




How well can a clock measure time? [p. Erker et. al. PRX (2017)]

e Delay function of 15t tick Pt(ig((t) :

P} (t)dt := probability of not ticking in interval [0,t)
followed by ticking in time interval [t,t + dt]

P (1)

tick

2
* Accuracy of kihtick: Ry := 'u_’; For reset clocks: Ry := kR;
o
k




Complete classification of classical clocks

e Definition: Classical clock: a quantum clock
without coherence.
» Classical clocks obey stochastic dynamics

 Theorem (Optimal classical clock) [M.W. et al, PRX Quantum (2019)]

All d dimensional classical clocks satisfy

R < kd

-- Ladder clock is classical and ‘;\

Ry = kd &

-- Thermodynamic “heat-engine” clock is quantum but

Ry, o kd T




Quantum clock Advantage [M.W. et al, PRX Quantum (2019)]
[M.W. et al, Annales Henri Poincaré (2018)]

-Theorem:

There exists parameters for the quasi-ideal
clock such that

Ry = kd? as d— o0

-Theorem: [Y. Yang et. al. ArXiv: 2004.07857 (2020)]

All quantum clocks have accuracy

Rl S 267Td2




Paper with Arman PT Dost:

What would be needed for an experimental realization?
[Arman Dost and M.W., arXiv:2303.10029 (2023)]

Why this matters:
* |sit physical? Are we cheating?
* What is the thermodynamic cost?

G 75 1) Thermodynamic “heat-engine” clock
[P. Erker et. al. PRX (2017) ]




What does Wall-E propose?




What does Wall-E propose?

(L

A quantum photonic clock

A quantum clock emitting a
photon into the void




Is the quantum advantage achievable in low dimensions?

Accuracy

400

361 r

324
289

256 r

225
196 r

169

144 |

121 +

100
81
64 |
49 t

36 r
25 f

[Arman Dost and M.W., arXiv:2303.10029 (2023)]

Accuracy in low dimensions

Numerical Result
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What we need

. . . 1 .
Lor () =—i[H, ()] + Y L;()L; — S{L]L;, ()}
j=1
Ny 1
j=1
ﬁzH@lR iJ—LJ(X)]lR
e Recall Quasi-ideal clock:
d—1
1 .
L=0. J=VIGWektl, 1) == e AR,
n=0

i=0,1,2,...d X

d—1
Initial clockwork state  H = Z won | En ) En|
(Reset clock) n=0




How to build a Quantum Clock with Quantum advantage?

Hiota) = Hc + Hg + Hcir

Clockwork

T

Environment \

e




How to build a Quantum Clock with Quantum advantage?

Htotal — HC + HE + HCE
< ¥ T~
Matter i o~ =
Light (bath) _B.F
» Weak Coupling
— Born-Markov approximation 78 < 7R :

/ < pelt) =

Environment \ Y e D) <D(w)Pc (t)D'(w') = DN (W) D(w)pc (t>)

O the, N\ ) = |Eas)

» RWA. 7s < 7Tr :

d
priLs (t) =

Clockwork




How to build a Quantum Clock with Quantum advantage?

— Born-Markov approximation 78 < 7R /
~ RWA. ><

— Phase engineering?
g g d




How to build a Quantum Clock with Quantum advantage?

[Arman Dost and M.W., arXiv:2303.10029 (2023)]
The matter Hamiltonian:

Charge=+1

» Top ring state:

_ —igj
Z,r¢) = —=e
Yrop Yrop(2,79) =

/ » Bottom ring states:

— Spatial localization:

wn(z7 T, ¢)¢k(zl, 7'/, ¢/) ~

4 flux loops

— Rotational symmetry:

¢1(Za T, ¢ - ’I’L27T/d) - wn('z7 T, ¢)

vt ¢n Vop
% e o /dzﬁdr/dqwn 2.7, 0) 2fop (2,7, 6)
_1¢
= &\ \/ . = /dzﬁdr/d(mm z,r, ¢ —n2w/d) z g
2w 7 V2
< _ —127‘(")’L]/d

]'lbl ;";Z}top
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How to build a Quantum Clock with Quantum advantage?

[Arman Dost and M.W., arXiv:2303.10029 (2023)]
The matter Hamiltonian:

Charge=+1 > What we get:
4 flux loops

Ptop Higtal = Hco+Hg — D, E,

%pc (t) = —i[Hc, pc(t)]

+2V; [peXvel (tlpc()[t;) — {V; [t:Xt;], po(t) }

Vi |

"i“(r) "i"r.r) ui«( 5) \,|—\(u_)

oo\ \/
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[Arman Dost and M.W., arXiv:2303.10029 (2023)]
The matter Hamiltonian:

Charge=+1 > What we get:
4 flux loops

Ptop Higtal = Hco+Hg — D, E,
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How to build a Quantum Clock with Quantum advantage?

[Arman Dost and M.W., arXiv:2303.10029 (2023)]
The matter Hamiltonian:

Charge=+1 > What we get:
4 flux loops

Htotal — HC + HE - Dz Ez

%pc (t) = —i[Hc, pc(t)]

+2V; [peXvel (tlpc()[t;) — {V; [t:Xt;], po(t) }

> C.f. what we want:

A —
/ \/
Vix) \'i'\;(")

d—1
, Ty + )2V e Xbel (tlpa®)It) — {V; 1)1, po(t) }

o \=/
A -
! =




How to build a Quantum Clock with Quantum advantage?

R(d) @ Accuracy restricted to one decay channel
——— Classical bound
250 d=2
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How to build a Quantum Clock with Quantum advantage?

400 r

8 2 decay channels
1 decay channel
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How to build a Quantum Clock with Quantum advantage?

How to construct 2 decay
channels:

S

71 flux loops

J2 flux loops

%pc(o) = —i[Hc, pc(t)]

+ > 2V fweel (tloc )t — {V; 1)t ], pc(t)}

J={j1.J2}




Entropy production per tick?

1) Thermodynamic “heat-engine” clock
[P. Erker et. al. PRX (2017) ]




Entropy production per tick?

>
AS‘cick ~ 6U<Qh - Qc) Y
Qn = (d—1)Ep -
Q. :=(d—-1)E, ) | 5 |
A | N




Entropy production per tick?

IC

AS‘mck ~ B'U<Qh - Qc

Qn:=(d-1)FE
c:=(d-1FE

Qe = ( ‘r“/
R — AStick




Entropy productionpertiek ?

L(-)=[H,]+D()

d d

7(plt)) = == S(p(B)lI7s) = S-S(p() + I (p(1))

J(p) = Btr[HDp]
= tr[L(p) In(73)]




Entropy productionpertiek ?

L(-)=[H,]+D()

d d

7(plt)) = == S(p(B)lI7s) = S-S(p() + I (p(1))

J(p) := Btr[HDp]
= tr[L(p) In(73)]
Entropy production per tick?

tr[LE (P& (8)) In(7s)]




Entropy productionpertiek ?

L(-)=[H,]+D()

d d
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= tr[L(p) In(73)]
Entropy production per tick?

/0 aF tr[CP (ot (7)) In(rp)]



Entropy productionpertiek ?

L(-)=[H,]+D()

d d

7(plt)) = == S(p(B)lI7s) = S-S(p() + I (p(1))

J(p) := Btr[HDp]
= tr[L(p) In(73)]
Entropy production per tick?

Pric(t) /0 a7 te L2 (2 (7)) In(rs)



Entropy productionpertiek ?

L(-)=[H,]+D()

d d

7(plt)) = == S(p(B)lI7s) = S-S(p() + I (p(1))

J(p) := Btr[HDp]
= tr[L(p) In(73)]
Entropy production per tick?

o0 t
ASiic 1= / dt Pie(t) / dt tr[LE (p& (1)) In(7s)]
0 0



Entropy productionpertiek ?




Entropy production per tick ?

41 flux loops L AStick ~ B(WO + Wd/Q)
/ \ | /

2 o ASiick = Bo(Qn — Q.)

<

J2 flux loops




Entropy production per tick ?

G

71 flux loops

/

<

J2 flux loops

AStick ~ B(WO + wd/z)

N

AStick ~ ﬁU(Qh — Qc)

Minimal entropy per tick
quadratically improved!




References:

*  The thermodynamics of clocks, G. J. Milburn [Contemporary Physics Vol 61,

(2020)]
*  Quantum clocks are more precise than classical ones, Mischa P. Woods,
> IS the most accurate quantum ?Zaépz)g)?llva, Gilles Pitz, Sandra Stupar, and Renato Renner [PRX Quantum
clock realizable? e Autonomous Ticking Clocks from Axiomatic Principles, Mischa P. Woods
- o [Quantum 5, 381 (2021)]
«  Weak coupling limit sufficient for *  Autonomous Quantum Machines & Finite-Sized Clocks, Mischa P. Woods,
quantum advantage Ralph Silva, Jonathan Openheim, [Annales Henri Poincaré (2019)]
. * Y.Yang, L. Baumgartner, R. Silva, and R. Renner, Accuracy enhancing
¢ Up to d=38 Only require 2 decay protocols for quantum clocks, (2019), [arXiv:1905.09707]
channels * Y.Yang and R. Renner, Ultimate limit on time signal generation, (2020),
. . . [arXiv:2004.07857]
- Discreate Fourier transform realizable *  Autonomous quantum clocks: does thermodynamics limit our ability to
with flux Ioops measure time? Paul Erker, Mark T. Mitchison, Ralph Silva, Mischa P. Woods,
Nicolas Brunner, and Marcus Huber [Phys. Rev. X 7, 031022 (2017)]
* Quantum entropy advantage too * S. Rankovic, Y. Liang, and R. Renner. Quantum clocks and their
. Experimental implementation via synchronization - the Alternate Ticks Game. arXiv:1506.01373, (2015).

*  Autonomous Temporal Probability Concentration: Clockworks and the Second
Law of Thermodynamics, Emanuel Schwarzhans, Maximilian P. E. Lock, Paul
Erker, Nicolai Friis, Marcus Huber, [Phys. Rev. X 11, 011046 (2021)]

*  Measuring the thermodynamic cost of timekeeping, A. N. Pearson, Y.
Guryanova, P. Erker, E. A. Laird, G. A. D. Briggs, M. Huber, N. Ares, [Phys.

Rev. X 11, 021029 (2021)]

superconducting qubits?
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