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1) CONVOLUTION ALGEBRAS ASSOCIATED TO A QUIVER

a = (I,Q2) quiver a two differentalgebras

- Vakajima convolution algebras - gloop gps

- K-theoretical Hall algebras - half q-loop gps

From now on:Q of type ADE, R =KTa,"], F =((a)

Nakajima convolution algebras

quiver variety, Stemberg analogue: M(W), z(w)

Qux KGx*(z(wI) a convalution afgebra
/
IN 94,98,01]S

WF(Ly)- k4wx4"(z(w))eF algebra map
A R

Q



I ↳

0 =0 0 =
=redouble ofthe framed quiver

V,W =E-graded dim=v,w =NI

XIV,W)=repentation variety ofOf:
E ↳ Wi We

k

1
Ap al Az a

ex x = Casas at =X(V,w)I 2 X X

0 0 V Vz
&* 1

ca*

GrxGwx*nX(V,W) Gr ==GL(Vi) Gw=GL(Wil

X(V,W) hopomorphic symplectic variety, moment map:

Pr: X(V,w)
- [xx,] + cata

M(r, w) =Mülds/Gu Mo(v,) =MECO)/Gr
Smooth, quasi projective



i
=M(0,w) -> MeCr, w) projective map

M(i) =M Cr, wI 2(w) =M(r) xM(ro)
Mouh

monoidel structive an DECohauxpit(w))=(w)
Et theoretic opport

M(w) xM(w) xM(w)

12 ↑23
13

L --

M(a) xen(2) M(0) xe(20) en(a) xM(n)
E 3*I F

-

3 +2 =(Ris)(((n)[E) (in*(5))
ex

afgebra stracine on k4wxC"(E(w))

t natural action on 140x4" (M(w1), KGwx" (2(w))

algebra
F(2g) xkGwxY(zwIlFI P

homomorphism



Remindors on citical K-theory [Orfor, Efimov - Positselski,Hirano...)

X =smooth quesiprojvanety/K,
LG SGattine algebraic group X
G - Invanant

model ↑ :x -4 G-invariant regular function

crit(4) = b-(0)
=cp") closed

(X,4) m DCohG(X,41: =D"cohq(4Yy
Perf(q-0))z

equivariant category of singularties of(X,¢)

ka(X, 4(2:
=ko(DCoha(X,4z) -critical K-theory

· po) smooth ->D" (04 (40))) =Perfa (p(01)
us kq(X,p) supported on crit(d)

· b =0 up to replace ¢(d) by Ha derived zwrolocs of 0

kq(X,0) =ka(X)



k-theoretical Hall algebras

① quiver

i(P potentiel =finite linear combination ofacte words ofa

grading on Q ..t.phomogeneous ofdegre 8

us Xs K"-action anx, 0:=tr(p):X -> K

(Q,en K-theoretical Hall algebra
[Pâdurarin;22]

VENI celot =[XrYar] Ct =WC+(0)

WENI

monadal since an Dohqxx(X,¢)
-

(2)
a smooth it =2xy) xy

p proper Y / -
I xit It 22,7/x y

2,7 E*I

347 =(p(x (9)
*

(x)

** (7,4) =kqx(X,0) =k- theoretical Hall algebra



Let =tuple quiver
assocated to a

q =0-0 =aGoofe

Theorem (V-V) LetG of Dynkin type Carattina). Comoler (@,p)

where P =959,4]. then UR1Lg) = Rex(t,4)

AlM

· (Q, p) or (X,b) us critical convolution algebra

generates Nakejiman's one

· (7,5) link with quentum loop qps

KCA ="double"of KHA

different "doubles"of the same IHA are possible

shifted ploop gps
enter inte game

· consequences on representations geometric realitation

of come simple modules for (shifted) a loop gps



2)K-THEORETICAL CRITICAL CONVOLUTION ALGEBRAS

X smooth, GrX, ¢:X-Dregular G-Ir, crit14)cki)
Xo=attine raiety

i
=X -> Xo G-equiranant proper

40: No - ¢ regular, G-inv door=coco la

Set:

2 =X.* 1 =xy() *: =4*(4): X-4
->2 = (42)

-(0)

How exists a monocoal sincture an DCo4Xf") =
m kq(X,4")2 =kIpt) - algebra

=>K-th" critical convolution algebra

Akq(X,4), kalX,412

I
=>algebra homomorphism

kGz) skq(x,0)z



31 KCA's and QUANTUM LOOP GROUPS

: tuple quiver of a Goo
* E

* "flamed tyle quiver ofa C

in(r,w) =x(V,w)-/Gr
Mo(,w) =XCV,WIXG
Gwx4*1 (w), Molw)

grading on Epit (4127, a, a
*
:-

S :2

* :homogenous des potential on I

I

=tr:mw) -4

9:Compute KCA's

P =Pl b=trp:it -C

KHA =k(t,4) /grading=> (-action on X)



Using Hecke correspondence in M(w) x(w):

Thm (V-V) There are algebra homomorphisms:

"E,4), KarE,p) -> Fawe (m(w)) E(ws

Expectation:Ialgebra with triangular decomposition

kx(,0)eCartanloop ek(,)* =U
subaly

t

afgebra komorphism U ->wxeY (m(w)) E(w)



An example

p =ETc,*] =K =>KHA =4x.4) =4p(lg)

choice 1: P =a [d,+] +2atac(7

crit (0) =(x++(w)) [xx,x*) +cata =0 = [rg,d] =xqa* =a]

Imag Kerca;stability =xx, =0

Ecrit(P) =m(w)

Moreover KCA=kqwxx+ (M(w)"() =144wx4"(2(ws)

-getand quantum loop gp

choice2:P =2[x,*] =Râ

0,-w

was get shifted quantum loop qps Mgly c =dimW



Finkelberg- Tsymbalick (119):

shifted q-loop group 4
*

*(g) x1, - -RI

gens: cin, 4n, hier minet nx -x r0

rets: as in usuel g-loop up except that

4(u) =inh==Yi,Edn*exp((q-q)Ehi.)

and Yi,I invertible

itdepends only on x++ 1 -

#(V-V) wENIwEdimw
① We have an algebra homomorphism

-(2)-Kanx ) eF
R

E(w)

⑧ Itis compatible with integral forms



4) KCA's and REPRESENTATIONS,I

~a

grading on Q1,1 es graded quiver PA
-

!
- Ix,

Qf,[f, "(h,k):((),k) -(t(k),k+deg(h)

mA =((otwin, z) (z e *3 =GwYY

general construction with

m(w) A p=trCF =3Tx,*])
Aprevious than

-> (g) wkM(w), IE*F
S

k(m(w'),F
~A
M -in =graded quiver variety



[H'21]:w=Zwis:I subcategory 09UP(g) -mod
i=I

Scimple ofC""}
I

(44)/I =(I:(ullieI, Filul rational function ofdegre-wil
regular at0

Fix wi =2 Wi,NI st. Wisk =Wi Fi

Let ((wi) = simple in 0with loop highest weight

You) = ((1-3)
-

(ieI

Thm (V-V) The MY(Lg) - modules

k(m(w-,( and k(m(w),Ew)

arc both pomorphic to ((wi)

Rmk:Henri Lin:a related construction using quasimeps

Henri tive: related construction butinvolving quasi maps



5) KCA's and REPRESENTATIONS, I

m(w), Hamiltomen Gr-action
E ↳

Mr:M(w)
-> gY ca Da

X

0 0
aPalat

Fix E
8t qw mepotent 9w=Lie(Gw)

W: ¢* -Gw cocharacter s.t. Adjas() =z2J

is A :
={(51z), z) (zt¢ ) = Gwx¢

*

4u:M(w)-4, x 1tr(fiaxar)
U

ca Da

m(w), A,40
0

~> kq(m(w)2, Gr(zwegebra (A (m(w),Praws (m(w),4)

I algebra homomorphisms:

W(Lg)
[N] -k(z(W)/F -> 1(m(wlP7z (w/*



Thin (V-V) Let c =18; and for same kt

N(7) =dag(zR-ty2 zRjb+3 ..., zk+-)Wi
V =g((w) regular ritpotent. Then

Kn(m(w),4r)* =k1(m/w),Pran) *KR

as Mp(19) modules

KRie=simple moche with Drinfeld polymanials (Pj)jet
P(u) =1 Fi

E Pi(u) =(-qkt!) (1-qk +u) ... (1 - qkte-tu) i
Remarks

& as before

(m"(w),4i) =k(wi(w),bilans *kREn

as 4,(48) modules

& Nakajima - ORounkow (unpublished):a similar result



③ can define cohomological critical convolution algebra

jusing vanishing cycles)

U,(23) iN3' K(29))EH (ziW),4)
->Himw),b)E(w)

=>M(19) AHi (min), 607j(ws

I
=generalized preprojective algebra of G =4y,t], [5,23)

-IK[2]

Lemme crit ($j) 229w =Gr(Ij)

(V) Hi(m" (w), (i) 29w) * H/Fr), Er)=kmEn
Ef.=(P(Gry(Fr))

Ej =vanishing cycte complexof 48



(Another) motivation:cluster structures

8 simple/[HL 116] Ys(g)-folmod
en

S
-

coll f.d. simple are inE up to spectal shift (

- Ko(e) ring
with cluster structure sit.

kR cester variable

RESchuster vanables- Scluster monomics ] C I simple modules
[KKOP]

Combinatories of
Cluster Hory > *Le simple of Looph.W. WitI.,
(ICC], IDWE])

7 I,-mod, graded, a.t.

q- ch(L) =2X(Gr (I)) ewico
WENIp

(Ij -Fran
Euler characteristic

Q: lift this identity to HILg)- modules pomorphism

↳HGr (I), Er) 2 = DP (Gr(_)

Revious this -> Ok for RR modules



6) SKETCH ofa PROOF

Want: K(M(W), 5°) = ((w) as II*(g) -mod

To simplify:((wi) =prefendemental module i.e.

wi=Si, Pwo(n) = (...,1, 4-)
- both are loop h,w. module ofsame t.hw. I enough to prove

FreNI:q-ch(k(MCr;),0i)) =

q -ch(((wi)

- [Hernandez -Jimbo,12]:

q - ch(LIwi) =29-ch) KR?,sx-e)

- [VV] =>enough to prove:VENI

Kin(,w,) =rsp. Esk(mi (riwi(e)), dit
co" (l) =Si, 2+K-22 +8i,4+ 1 - 22 ++bik



-different spaces, different potentials

key tool:Hirano deformed dimensional reductions

Hirano deformed dimensional reduction

X smooth E, E= Vect(X)

i: E-> X et P(X, E)

0 =(2,-):Tot(E) -> K

4: X -4

~+G, 4ist regular =KCE,+ip) =k(c), Plate


