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Definition of Supercharacter Theory

(See P. Diaconis and |.M. Isaacs, Supercharacters and Superclasses for Algebra Groups in
Transactions of the AMS, 2008)

Let G be a finite group.

Let Irr(G) denote the irreducible characters of G.

Let Ch(G) denote a set of characters of G.

Let x(G) denote a partition of the conjugacy classes of G.

A supercharacter theory for a group G is a pair (Ch(G), k(G))
such that

. 1¢ € Ch(G) and {1} € k(G).

2. |Ch(G)| = |k(G).

3. Each character in Ch(G) is constant on each block of x(G).
4

. Two distinct characters in Ch(G) have distinct constituents.

[



Two Trivial Examples

Example 1: Take Ch(G) = Irr(G) and let x(G) have blocks equal
to the conjugacy classes. (The supercharacter theory table is then
the usual character table.)

Example 2: Take Ch(G) = {1g¢, Z x(1)x} and

XEIrr(G),x#1¢g
k(G) ={{1}, G — {1}}. Then we get the following supercharacter

theory table:

{1} {c-{1}}
lc 1 1

pe | |G -1 -1

where p denotes the regular character of G.



Constructing Supercharacter Theories

Let 6 be a partitioning of Irr(G) and let X € . Let

ox = Y x(1)x-

xEX

Attempt to construct a partition, k(G), of the set up conjugacy
classes of G such that ox is constant on each block of x(G) for all
X €.



Another Example

where K = GU G U CoU Gy and ¢ = e

DA



A Possible Supercharacter Theory

Fori>1, let
Yi = > x(Wx

XEIrr(G),x(1)=i

Y1 = Z X

X‘E/”(G)aX(l):LX?élG

Let

Let Ch(G) = {1¢, i}

Question: For which families of groups does there exist a
partitioning of the conjugacy classes k(G), such that
(Ch(G), k(G)) is a supercharacter theory?

If such a supercharacter theory exist for a given group G call it a
super degree character theory for G.



Note: This supercharacter theory applies for all abelian groups.

It also works for the group SL»(3), as above.

If G does not have a super degree character theory then G
must have at least eight conjugacy classes.

Proof: Check all 36 groups which have at most seven conjugacy
classes. O

GL2(3) has eight conjugacy classes but does not have a super
degree character theory.



Example of a group that does not have a super degree
character theory

AlG G G G G G G G G
vw|1 1 1 1 1 1 1 1 1
yi|6 2 3 -1 0 0 1 -1 -1
Y210 -2 1 1 1 0 0 A B
yvs/10 -2 1 1 1 0 0 B A
Ya|l4 2 2 2 -1 0 -1 0 0
vs|14 2 -1 -1 2 0 -1 0 0
6|17 -1 3 -1 0 -1 0 1 1
Y721 1 -3 1 0 -1 1 0 0
v¢ |3 -1 -1 -1 -1 1 0 0 0

WhereC:esz‘,Azéa—}—Cs—FCﬁ andB=C+C2+C4



Example of a group that does not have a super degree
character theory

A7 C1 C2 C3 C4 C5 C6
Yo 1 1 1 1 1 1
x1 |6 2 3 -1 0 0
Yo+y3 |20 =4 2 2 2 0
Ya+ys |28 4 1 1 1 0
ve |15 -1 3 -1 0 -1
vz |21 1 -3 1 0 -1
vs |35 -1 -1 -1 -1 1




Families of groups that do not have a super degree
character theory when they are “large enough”.

1. A,,n>7
2. 5,,n>7
3. SLy(q),g >5,n>2
4. GLn(q),g>3,n>2
5. GUn(q),g>3,n>2
6. SUn(g),q>5,n>2

7. Spn(2)



Families of groups that do have a super degree character
theory:

1. Abelian Groups
2. Orthogonal Groups
3. Cm % C, where either m or n is prime

4. Frobenius Groups



Generic Character Table of SO;(q), g even

/ A B; Ck
o 1 1 1 1
Xq q 0 1 -1
k
Yoo |G-1 10 (¢, + )
Xg+im | q+1 1 ¢+ ¢ 0
for 1 < m,j < 3(q—2),

1<nk<3

2mi

Cn:eT



S0s(q), g even

Lemma

For1<j<i(¢g—2)and1<k<{

and




505(q), q even

/ A B; Ck
X0 1 1 1 1
xe | @ 0 1 -1
Yootn |q-1 -1 0 (¢, ¢
Xg+1,m | q +1 1 énll + Cq_ir{' 0
So we have the supercharacter theory table is:
/ A B C
Yo 1 1 1 1
Xq q 0 1 -1
X(I*l Q(q;]-) _g 0 1
Xqt1 (q+1)2(q72) %2 -1 0

B:UB_,',C:UCk



Generic Character Table of SO;(q), g odd

/ A B; Ck
X0 1 1 1 1
v |11 (- (—1)%
Xq.1 g O 1 -1
Xq,2 q 1 (—1y (—1)k+t
Xg-1n | g—1 -1 _ 0 _ (Cq+1 + Ccl;ﬂ)
Xq+1,m Q+1 1 ij1+C 0



S0s(q), g odd

Lemma

Let 1<j<%land1<k< oL

If j and k are odd then

w

q—

-1
2
j —J k
ngl ar <qiT =0 and E q_|_1 + q:-ql) =0

[

m=1

If j and k are even then

w

q—

. ‘

e
j — ck
-1+ Ggl1 = —2 and Z (a1 + Cgi1) =2

3
Il
=




S0s(q), g odd

/ A B; Cy
X0 1 1 1 1
X1 1 1 (—-1)y (—1)*
Xq,1 q 0 1 -1
Xq,2 q 1 (—1y ( 1)k+1k
Xg-1n | g =1 —1 0 —(¢q gi1 T quql)
Xetim | G+1 1 M+ 7T 0
B; B; G C
: A i oéid j even & okdd k even
X0 1 1 1 1 1 1
X1 1 1 -1 1 —1 1
Xq 2q 1 0 2 0 -2
2
Xq-1 (q—21) (qgl) 0 0 2
Xgp1 | tle=3) a3 0 ) 0 0




50s(q), g odd

So we have the supercharacter theory table is:

l A BjUCk Bj Ck
jkodd jeven keven
X0 1 1 1 1 1
X1 1 1 -1 1 1
Xq 2q 0 0 2 -2
2

Xq-1 (q*21) (9—1) 0 0 2
Xqi1 (q+1)2(q—3) qT—3 0 2 0



Characters of Semidirect Products of Abelian Groups

Suppose G = A x B where A and B are both abelian.
Let {oj | j=0,...,n —1} and {Bk | k =0,...,n — 1} denote
the irreducible characters of A and B respectively.

B acts on the irreducible characters of A by Paj(a) = a;j(Pa). Let
ozj‘? denote the orbit containing «; of this irreducible characters of
A under this action. Let B; be the subgroup of B that is the kernel
of the action of B on a7.



Characters of Semidirect Products of Abelian Groups

Given any pair (ozj‘?, X) where x is an irreducible character of B; we
get an irreducible character T(a?,x) of G given by (for all

aeAbeB):
0 if b B;
Taz ) (ab) = & x(b) Y afa) ifbeB; .
acal
J
This gives us all the irreducible characters of G.

(a2 x) will be denoted by aJ‘? - x within character tables



Characters of Semidirect Products of Abelian Groups
Example: Gis x G

Let A= Gy, B =G
A=(a),B=(b)

B acts on A by Pa = a°.

We can take aj(a) = ¢/ where ¢ = eTr forj=0,1,...,13
and Bk(b) = n* where n = e for k = 0,1,2



Characters of Semidirect Products
Example: Gis x G

by, —
B acts on «; by a;j = ayg;.

So bay = ag, Pag = ag, ...

But ¢%* = ¢! and ¢¥ = ¢.

So this action creates the following orbit of irreducible characters
of A: {al, Qg, all}

Similarly bOéQ = (¥2.9, ba2.9 = (.92, ...
But Cz.g _ 44 C2.92 _ <8 C2.93 _ <2
So we have the orbit {a2, aa, ag}

Similarly we have the orbits:
{az, 13, a5}

{oe, 012, 10}

{a7}  (Paz =a79=a7)

{ao}



Characters of Semidirect Products
Example: Gis x G

1 [a*h] [a*p%] [ab] [ab’] [a'] [a] [*] [a] [a°]
ad-Pfo|l 1 1 1 1 1 1 1 1 1
ag-b|l n ¥ g9 ¥ 1 1 1 1 1
al-Ba |1l 7P n n? n 11 1 1 1
a-Bo|l 1 1 -1 -1 -1 -1 1 -1 1
a8-B1 |1 n” -n - -1 -1 1 -1 1
a-B|1l ¥ g - -y -1 -1 1 -1 1
¢ f|3 0 0 0 0 -3 [ [ [ [
g B3 0 0 0 0 3 [ [ [ [
0§-B|3 0 0 0 0 -3 [ [ [ [
¢ B3 0 0 0 0 3 [ [ [ [

[Q=C¢+C+M[A=C+*+E[C=CG+C+ B
[¢O] = ¢° + (10 + (P2



Characters of Semidirect Products
Example: Gis x G

| 1 [2°h] [2*b?] [ab] [ab?] [a"] [a] [2?] [a%] [a°]
|1 1 1 1 1 1 1 1 1 1
xi|5 -1 -1 -1 -1 -1 -1 5 -1 5

x3 |12 0 0 0 0 o o0 -2 0 -2

So the supercharacter table is:

‘ 1 [a®b]U[a®b?]U[ab] U [ab?] U [a"] U [a] U [a%] [a?] U [a%]
xo| 1 1 1
X1| S -1 5

vs | 12 0 2



Semidirect Products and Super Degree Character Theory

Let G = C,, ¥ C, where either m or n is a prime.
For i > 1, let

Yi = > x(x.

XEIrr(G),x(1)=i

Let

P = Z X-

XEIIT(G),X(].):].,X#].G

Let Ch(G) = {1¢,¥i}
There exist a partitioning of the conjugacy classes x(G), such
that (Ch(G), k(G)) is a supercharacter theory.




Semidirect Products and Super Degree Character Theory
Case: Cp x G,

Let G = G, x C, where p is a prime. Then G has a super
degree character theory with the following supercharacter ta-

ble.
1 K> K3
X0 1 1 1
x1|mp—1 -1 mp—1
Xp| m—n 0 —-m

where nj is the number of orbits of irreducible characters of
Cp of length 1.




Semidirect Products and Super Degree Character Theory
Case: Cp x G,

Corollary

Let G = Dy, = (r,s | r" = s> =1,srs = r~!) then G has a
super degree character theory with the following superchar-
acter table.
nodd | 1 {s,s} {r'}
X0 1 1 1
X1 1 -1 1
X2 n—1 0 -1
or .
neven | 1 {s s, rodd} {reven}
X0 1 1 1
X1 3 -1 3
X2 n—2 0 —2
(i=1,....,n-1)




Semidirect Products and Super Degree Character Theory
Case: G, x G,

Let G = C, x C, where p is a prime. Then G has a super
degree character theory with the following supercharacter ta-
ble.

| 1 K Ks
X0 1 1 1
x1 | n—1 -1 n—-1

—1
Xn n(Fr’,l ) 0 _,Tnl

where ny is the order of the action of C, on C,.




Frobenius Groups and Super Degree Character Theory

Let G be a Frobenius group (so G = Fg x F; where g is a
power of a prime) then G has a super degree character theory
with the following supercharacter table.

| 1 A B
X0 1 1 1
X1 |9g—2 -1 g—2
Xg-119—-1 0 -1




Frobenius Groups and Super Degree Character Theory

Generic character table of Fy x FZ

1 Aj
Yo 1 1 1
x| 1o fi(g) 1
Xo1|q-1 0 -1
Where j = 1,...,q — 2, the 3; are the nontrivial irreducible

characters of F; and a; is an element in the conjugacy class A;
that is also in the group Fy .






