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.

• A 1k-supermodule ✓= VitoVi is a #a- graded 1k-module
.

• A 1k - superalgebra A = As ⊕Ai is an algebra which is
a 1k-supermodule , and such that Ag Ag ≤ A e. +g for all 58+7-2 .

◦ If f c-A
, ,
we write f- = e

,
and refer to

E as the painty off .

◦ We will always assume that A is

free of finite rank / 1k
.
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SOME EXAMPLES • A = Ao = 1k

• The Clifford algebra A = 1k [c]/ (d- 1) .

Ao = 1k { I }
,
Ai = 1k { a }

• The ( type A-e) zigzag algebra Ze is the path algebra of

the quiver :
, •→•# . •e
←-←

◦ • °

y✓Modulo :

◦ All paths of length >2 are zero!All non - cycle paths of length 2 are zero .
◦ All 2-cycles based at the same vertex are equal .

◦ The parity of a path q is given by if = length (g) mod 2 .
◦ We use ze to indicate the (even ) subalgebra of length 0 paths .
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• Symmetric group Gn ☒→ wreath product Gns A ¥***

• Schur algebra Sln,d) →
"

Sohurifications
"

of A : SA(n,d) ,TI (n,d) .
( Turner

,
Evseev- Kleshcheu

,
Kleshchev -M

. )

• Affine Hecke algebra Hn ☒•→ Affine wreath algebras Hutt) ¥•
(Savage, Rosso - S., Kleshchev-M .

,
Costello- Grojnowski)

• Heisenberg category Heis ☒n → Frobenius Heisenberg Heis (A) ☒q•n¥
(Savage , Rosso - S. , Cautis-Licata , Brandau -5.- Webster)

• Symmetrical -webs ↑¥↑→ ? ?



D-etweb.ge is the strict monoidal 1k- linear category



D-etweb.ge is the strict monoidal 1k- linear category with

• Generating objects : ✗ c- Nl ( "O
"

= unit object. )

Oblwebge) = { ( × , ,✗z , -→ ✗n ) / new, ✗i c- Eso }



D-etweb.ge is the strict monoidal 1k- linear category with

• Generating objects : ✗ c- Nl ( "O
"

= unit object. )

Oblwebge) = { ( × , ,✗z , ✗
n
) / new, ✗i c- Eso }

• Generating morphisms :
✗ + y

:( ×
, g)→ (✗+y)

× y "

merge
"



D-etweb.ge is the strict monoidal 1k- linear category with

• Generating objects : ✗ c- NY ( = unit object. )
0b(Web
,e) = { ( × , ,✗z , ✗

n
) / new, ✗i c- Eso }

• Generating morphisms :
✗ + y

read↑ µ :( ×, g)→ (✗+y)

× y "

merge
"



D-efweb.ge is the strict monoidal 1k- linear category with

• Generating objects : ✗ c- Nl ( "O
"

-

_ unit object. )

Oblwebge) -_ { ( × , ,✗z , ✗
n
) / new, ✗iᵗE≥o }

• Generating morphisms :
✗ + y × I

read↑ :( ×
, g)→ 1×+2) ¥ :(✗+g)↳ 4. g)

× 2 "

merge
" ✗+7 "

split
"



D-efweb.ge is the strict monoidal 1k- linear category with

• Generating objects : ✗ c- AY ( = unit object. )

Oblwebge) = { ( × , ,✗z , ✗
n
) / new, ✗iᵗI≥o }

• Generating morphisms :

~

✗ + y × I

read / :( ×
, g)→ 1×+2) ¥ :(✗+g)↳ 4. y )

× 2 "

merge
" ✗+7 "

split
"

i *
"

¥☆
¥ 2

,

-

,
:( 3. i. 2)→ 1341

$11 I ⑧
3 I 2

3 I 2
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Composition of morphisms is given by vertical concatenation :

4 I 2 2 I µ" §
I ◦

'

4¥ =
- ;•☒*:2 2 I 5

5

Monoidal structure given by horizontal concatenation :

inti *¥ = iii. iii.¥
2 2 I 5
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Relations in Webge :

• ASSOCIATIVITY
✗+ ITZ xtytz

A-A =

✗ y z × y Z Xtytz xtytz

✗+ y xty
• SPLIT/MERGE I

✗① y = 4×+2"

KNOTHOLE "
× ) )I

✗ +y ✗ + y

2- W Z w

• MERGE/SPLIT ✓
× In A

1=2×-4 ✗twin
,

⇐◦
Y

✗ Y × L
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+
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y ✗

CROSSING MORPHISM : := 1- 1)
+

+

t=o
I \

✗ y
× y

EI 4 I

4 I 2 2 I

◦ ¥u=.Ñi.µ!
2 2 I 5

5



Y ✗

CROSSING MORPHISM : : = 1- 1)
+

+

t=o
I \

✗ y
× y

4 I 4 I

4 I 2 2 I

◦

'k¥=a•µ!¥•☒.

4¥
2 2 I 5 B

5 5



y ✗

CROSSING MORPHISM : : = 1- 1)
+

+

× y

⇐ °
, /
✗ y

4 I 4 I

4 I 2 2 I 4 I

I ◦

'k¥=a•µ!E%"•☒ " ""

⑥ µ
2 2 I 5

"

W
"

g-

5 5
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SOME IMPLIED RELATIONS

• Coxeter relations ☒ = )✗ ✗ =/ /

• Merge/split intertwining =☒ * =#

• Merges/splits absorb crossings = = µ
• Rung- swap relation

h=§( × -Fr - s)tÑt

1
5 11 to

✗ y
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The category mod-gl.nl/Hs.glnllk)-- { Ers 1 ns c- [ 1in ] }
• let Vn= 1kt

"
be the natural right module for glnllk) :

vi. = 1k{ v. , --in } uiErs= Srt us .

• Let S×Vn be the ✗ the symmetric power module :

Shin 1k { un - - - -v21 r. , . . ,r× c- [ 'in] }

Def we write mod- glnltkls for the monoidal category
of right glnllk) -modules generated by symmetric powers
of the natural module :

0b(mod -qlnlkls ) = { s" Vn ④ - - -④ S"Vn It , ×,, - - -it ᵗE≥o}
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• Note S
•

(Vn ) = ⑤ 57th ) is a bialgebra with
×≥0

assoc
. product T : stun )④S•(Vn)→ s

•

(Vn )

coassoo.coproduct 0 :S
•

(Vn)→ stun) ④ S
•

(Vn)
.

• These maps restrict to morphisms in mod -glnllk)g :
✗+2

: S×Vn④ SIV,→ 5×+2Vu
merge×

, y

W
,

- - - w
✗
④ U

,

- - -Uy→
W
,
- -- wxu , - - -

-

Uy

splitÉy : 5×+24→ Shin ④ Shin

Wi - - - -w✗+y 1-7 [ Wr, - - -Wrx ④ Ws
,

- - -

Wsy
{ r

,
< - - - < r×}u { S, < - - -< Sy} = [ 1.✗+y]

crossy: s ✗Vu ④ SYVU → 5ᵈVn④S×Vn
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theorem There exists a monoidal functor :

Fn : Web,e→ mod - qlnllk)g
✗ - s

✗

Vn } ON OBJECTS

xty

In- merge I
✗ y

ON MORPHISMS→ split ya }✗+y

¥- cross
y

✗ y

• The functors Fn are asymptotically faithful & essentially surjective .
• Fullness of Fu is directly related to the existence of

Howe dualities for oylnllk) .
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THE CATEGORY Web}
• Let A be a 1k-superalgebra, and fix an

even subalgebra a ≤Ao
.

Def WebAM is the strict monoidal 1k- linear super category with
ge
• Generating objects : ✗ c- Nl ( = unit object. )

Ob (Webster) = { ( × , ,✗z , . ..int/nc-N,xiEEso)
• Generating ✗ + y × y

' ×

morphisms : µ ¥ 1*-0 *•••
i ×

× y
✗+Y

g- c-A g. c- a

12 4µ
2 4

Ex z•••. ⇒ s••¥¥¥d
IN 8001$

' •q☆
:( 312)→ ( 34)

3 I 2
3 I 2
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µ
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• All relations in Webge hold in Webgté" for
"undecorated

"

morphisms.

• Additional
"

decorated
"

relations :

••¥☆=H §••*=ñf•• ¥•••:=*f••$ •*¥o=E••#⑧•••
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× × ✗ ×

2

y × Y ✗ ✗+y xty ✗ L ✗ 2

•p•=O . ✗•=µ & 1 Y •U•
' N

'

× y ×

,
y

7=0-87*0 ⑨
=

I
2 f-EAT × y × y

✗ty ✗+y



RELATIONS in Webgtta :

• All relations in Webge hold in Webgté" for
"undecorated

"

morphisms.

• Additional
"

decorated
"

relations :

••&¥=H §••*=ñf•• ¥•••£•=*f••$ •*¥o=E••Ñ⊕•••
×

ttu=x t µ
u

✗ × ✗

✗elk
× × ✗ ×

2

y × Y ✗ ✗+y xty ✗ L ✗ 2

•ᵗ•-0=O . ✗•=# & 1 Y •U•
' N

'

× y × y

7=0-87*0 ⑨
=

I
2 f-EAT × y × y

✗ty ✗+y

"SUPER INTERCHANGE
"

RULE : ¥00 ¥@ = 1-¥5 §@ ¥0
'

× y × y
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The Lie superalgebra qln(A) s

• gln (A) = gln (K)④ A → elementary matrices : Ents = r [? _

"

f-
?
_ .]0 !
0

◦ glutA) = 1k { Ets / fc-A.r.se [ In] }
◦ Lie superbracket : [Eis , EI ] -= 8. +Eff - HÉI Sur Et?

• Let hit = At
"
be the right natural module for glnlal .

Vna = 1k { v! I felt, rc-E.nl } .
"

(0, . . ., f, . . ., 0)
↑
rth Component.
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Symmetric power modules for oglu (A) .

• Let 5
✗

V1 be the xth (super) symmetric power module :

SHE = (V1 @④u - 1-IF?u④w
2-④Z ( z odd )
)

SHI = 1k { v4 '
- . . u¥ / f , , . . . ,f× c- A

,
ri , . .,r×

c- [ 'in]}
"

restricted
" ~

monomials
no repeated odd elements .

Def we write mod - 9ln(A) s for the monoidal supercategory
of right qln(A) -modules generated by symmetric powers
of the natural module .
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MORPHISMS in mod - gln (A)g

• Product/coproduct in EVAN = to Evan again restrict to
✗EH≥o

(sign-adjusted ) merge & split morphisms in mod -glutA)g.

• left multiplication morphisms :

↳ : s×V?→STAY?
- -u¥i→ in.si. ..j×

for all {fᵗA , ✗ =L ;f-Ea , × > 1
.
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ON OBJECTS { × 1-7 S
✗

✓NA
✗+y

✗ty
In merge×

, y
✗ y

ON
× 2 ✗+y

""""""
→ """" •

✗+y

¥ cross
y

✗ y
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theorem ( Davidson - Kujawa - M .
- Zhu) there exists a monoidal functor :

Fn
"? Web'oÉ→ mod - oglu(A)s • Ffa is essentially surjective

on OBJECTS { ✗ 1-7 S×VnA
• FAM is asymptotically faithfulh
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✗+2 if a =Aj or char (Ik) = 0 .In merge×
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ON
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theorem ( Davidson - Kujawa - M .
- Zhu) There exists a monoidal functor :

Fn
"? Web'oÉ→ mod - qln(A)s • Ffa is essentially surjective

on OBJECTS { ✗ 1-7 S×VnA
• FAM is asymptotically faithfulh

xty
✗+2 if a =Aj or char (Ik) = 0 .In merge×
, y

✗ Y • This "defining representation
"

✗ L Xtyon

Y '→ split,y
for Web;% yields bases

"""""[ ✗+ us for morphism spaces in

crossg Web }'s in these cases
.

✗ y

Iqs 4-
✗



theorem ( Davidson - Kujawa - M .
- Zhu) There exists a monoidal functor :

Fn
"? Web'oÉ→ mod - qln(A)s • Ffa is essentially surjective

on OBJECTS { × 1-7 S×VnA
• FAM is asymptotically faithfulh

xty
✗+2 if a =Aj or char (Ik) = 0 .In merge×
, y

✗ Y • This "defining representation
"

ON
× 2 xty

""""""
→ """" •

↳ web:" """ b""

✗+y for morphism spaces in
y ×

✗ crossy Web }'s in these cases
.

✗ y • FnAia is full when
Howe duality holds forfo@i-LElglmlA1.glnlAH.e .g . 11<=0

✗ A semisimple .
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• For various choices of A,a,
the category Web} 'T generalizes

some known web constructions :

◦ A--1k → Webge ( or
"

Schur category
"

)
(Cautis - kamnitzer-Morrison ,

Brandau - Entova -Aizenbud- Etingof - ostrik )
◦ A = Cl

,
→ Web

q ( Brown
- Kujawa- Davidson )

ge ,
associated

• More generally , we construct the category Web
-1.9

to any small 1k -linear SUPERCATEGORY A.
,
and even

Kay
") K"' il} )

subcategory 9 .

&¥o⇐¥%•¥↑¥i
.

i.(3) jl4) k( 1) tell
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The matrix algebra Mutt! . 1k = Comm
.
domain with char /11<1--0 .

• Then Mutt)
,
MnlA)

④ᵈ
are 1k-superalgebras . ( Eis = F.)

◦ Gd acts on Mn (A)
④ᵈ

by (super) permutation.

◦ We have the star product * :

* : Mn /A)④
d
④ Mn (A)

④ e
→ Mn (A)

④dte

(Erf's ,④ - - Entails,) * ( Et,%,④ - - -④ Ese )tese

= { (Erf's ,④ - - Entails, ④ Et,%,④ - - -④ Ese [tese
0€ Gd ✗GetGdte

0 And the shifted star product Ñ :

$ : Mn (A)
④4 ④ Mn (A)

④d-
→ Mn (A)

④ ditch

I 2
Thz

(Ent's ,④ - - Entails;)# ( Et,%,④ - - -④ E-
%" )=(En%④ - - EF.is# * ( E % ④ - - -④ E-

%"

l i tdzsdz tint,4th , tdzthi,Sdzth ,)
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The Schunification T!Chill .

Det set SAG,d) to be the superalgebra of Gd - (super) invariants :

SA (nil ) : = (Mn /A)④d)Gota

• SHn.cl) has a natural spanning set { 5 b-
/ b- c-Ad

, e. {
c- [1.n]

" }
I
, { ✗

restricted
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The Schunification tach,d) .

Det set SA(n,d) to be the superalgebra of Gd - (super) invariants :

SA (n,d) : = (Mn /A)④d)Gda

• SHnil) has a natural spanning set { 5¥ , / b- c-A
,d e. {

c- [1.n]
" }

✗
restricted

.

e.g. g.
££2 f

,,,
zzj-E.fi ④ Eli④E.§ + Eiz④ E ,§ ④ Éz + E

,?④ Et④ En .
-

-



The Schunification 1-Aaln,d) .

Det set SA(n,d) to be the superalgebra of Gd - (super) invariants :

SA (nil ) : = (Mn /A)④d)Gota

• SIN.
d) has a natural spanning set { 5 b-

e. {
/ b- ᵗA

,d
I
,
{ c- [i. n]

" }
✗
restricted

.

e.g. §
f. f. g
in
,
zzz

= Eiz ④ Elf④E.§ + Eiz④ E ,§ ④ Éz + E.§④ Et④ ET .
-

( if f- c-Ag )
-
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• We define rescaled elements : y
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±
, {
= [ b-is , :] ! 3¥

,
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the Schunification tach,d) .
• We define rescaled elements : 2

b-
= [ b-

, e. ≤] ! 3¥
,
{I

, {

where : [ b.ie , {] ! = IT # { it b.• = b, r; = r.si = s} !
beAla

7s € [ 1, n]

f. f. g
Et %

,,, 223=2 (E,i ④ E ,!④E.§ + Eat④ E ,§ ④ Etz + E ,?④ Et④ ET )
( if f- & a)

-
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TI (nd ) := 1k { 2 b- } ⇐ syn,d) .I
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• TAA (nil ) is a full - rank subalgebra of SA(nd ) .



the Schunification 1-Aaln,d) .
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the schurificatlontf.cn,d) .

Det the Schurificatiou of (A. a) is the sub -superalgebra :

Malad ) :=k{ 2 b- }≤- salad ) .I
, {

.

• TAA (nil ) is a full - rank subalgebra of SA(nd ) .

• If IF is a field with 1k→ IF
,

then :

TICnil )# SA # ( nil )
← .

SAME DIMENSION
,
NON - ISOMORPHIC !

• If A
#
IS SYMMETRIC/CELLULAR / QUASI -HEREDITARY, then

TAA (nil )# will be as well
*

,
but SA#(nd ) may not be.

* SOME RESTRICTIONS APPLY
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the Schunification 1-Aaln,d) .
• The algebras TI (nil ) are at the heart of a number of
theorems and conjectures about local objects

describing blocks of groups and algebras up to Morita. eq .

• If F- is a field of characteristic p, and B is a Rock block

of the symmetric group of weight d , then :
B jor TZP

- ' (d,d)
*
( Evseev- Kleshchev)

3 p- I

• other conjectures : Schur algebra, Sergeev superalgebra, . . .
• A presentation of TAA (nil ) would be useful.

IF
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"
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Webster and Schurifications "

± Ed
"

• For every n
-part composition E. = ( ×, , . . .in ) of d , there is

an idempotent e±=(Ei
✗ '
* - - - *f-

'

n

× "
c- TI (nd ) .

• TaA(n,d) = ⊕ eye Faln ,d) e± .

I. 2-Ed

D_ef let 1T¥ be the monoidal supercategory with
objects {± / ± c- I≥ᵈo , d c-I≥o } , and morphism spaces :

Hom ,taa( E. 2) := eyTaA( vi.d) e± ( ± , 2- ⇐ d)

• Composition of morphisms is given by multiplication .
• Monoidal structure on morphisms is given by ¥ .
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Webofjea and Schurifications

theorem ( Davidson -Kujawa- M .

-Zhu) .

There is an equivalence of
monoidal supercategories :

1T¥→ Web A. a
ge

which restricts to an equivalence :

Taku ,d) → Web;:( nil )
(full subcategories ± Fn d.) 4 2

qt.fi ."" ' Ñ¥•q§%,§f•12 11 12
,
123333
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Webster and Schurifications

theorem ( Davidson -Kujawa- M .

-Zhu) .

• Web Agne provides a
There is an equivalence of diagrammatic Pres .monoidal supercategories : via local relations

1T¥→ Web A.age for Sohurificatiows
,

which restricts to an equivalence :

Taku ,d) → Web}:( nil )
(full subcategories ± Fn d.)

y
f
,
f
,
I
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Webster and Schurifications

theorem ( Davidson -Kujawa- M .

-Zhu) .

• WebAja provides a
There is an equivalence of diagrammatic Pres .monoidal supercategories : via local relations

1T¥→ Web A.age for Sohurificatiows
,

which restricts to an equivalence :
• Can be defined directly
over F ; no need toTaA(n ,d) → Web}:( nil ) work via integral form.

(full subcategories ± Fn d.) 4 2

y
f
,
f
,
I
, g , g , g ÷;÷¥¥!:¥•!•!•:I 2 11 12
,
123333

/→

I 1 4
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Howe duality and gln (A) . • Assume lk=Ñ
,
char ( Ik) = 0 .

• We have commuting actions of gem (A) and gln (A) :

glm (A) @ VMA ④ VNA⊖ glnlA)
As

• Howe duality holds for (gem (A), glnct)) prowled the actions :

gem (A) C Sᵈ(VMA Vf ) ⊖ gln (A)

are mutually centralizing for d ≥0 .

Theorem
. ( DKMZ ) Assume A is fin . dim't .

• Feduality holds for ( gemot) ,gln(A)) , provided A is
semisimple or quasi - hereditary!

• For semisimple A, we have strong multiplicity- free decomposition
:

sd(VmAVnA ) ± |-O Lm /A) ④ Ln / A)
* SOME RESTRICTIONS APPLY
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Howe duality and webs.

theorem (DKMZ ) there is a full , surjective functor :

VI. (alula)) webtje.in 27
Idempatented Ulglnltl) Full subcategory of Web

Air

with objects (× , , ✗
n
)

1
, 7¥ 7¥ In

e.AE?i.i+Ha "→ If . . . ⑧• . . . µ
✗
, Xi Jin In
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Howe duality and webs.

SURJECTIVE UNDER HOWE DUALITY

I
¥919bn.CA))→ End # (VmAVnA ) )

◦

9ln(A)
Hnfia ↓ Its

Web
't.a É↑Ehd ( ☆ S "VnA④ . -④ s×mVnA)
ge.my glatt) ±Fmd

DEFINING REPRESENTATION of Web} '
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Future/Ongoing

"
• Affine web categories for Frobenius A.

Affwebgtté"→ Fun / mod -genial , mod-ge.la )) §¥↑¥¥•¥o¥ggq
I 1 4

• Quantum web deformations

Web A.
a

•e.•
→ mod-uia.eu"'s ↑¥;¥•;f•!!!•.

$8 o_0 3 I

1 I 4
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