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COMBINATORICS
-

SKEW SHAPES



• Fix e > 1 .
• Young diagrams ( Russian notation )
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• A skew shape is a set difference of Young diagrams :
-

f ÷i÷c-
T = HM

• A skew shape T is connected if any two beads in T may-

be connected by a path in T .

• A ribbon is a connected skew shape with at most
←ad on each runner :
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• A (skew) tiling th of a skew shape T is a collection

of disjoint skew shapes whose union is T :

" I 7-
• A ( skew) tableau (th , t ) of T is a tilingA of T
with an ordering t :{ 1,2, .. ., I -113 →A on tiles

,

such that tiles may be
"dropped into position

"

in T

in this order.
* A young tableau is a tableau where every tile is a single bead .



COMBINATORICS
-

ROOT SYSTEMS



• Let Qt = I {do
,4,4 , -→de -B be the root lattice

,

and It be the set of positive roots of affine Lie type AE?, .
• E+={ 4, tgait - - - tdkti I KE Ee , L > O}

,

}•-•qz
'

j og

• 8 = doth
,
t - - - they is the null root ,

e;•¥ I

• E+= Eye w Eim TYPE A'
'e'a

.

t
Real roots Imaginary roots { m 81 MEN }

Height not divisible) ( height divisible by e )
by e

• ¥ = Eire w { S } is the set of indivisible roots .



• Choose a convex preorder 3 on Et
-

- total order on

- if B
,
8 c-Iot

,
BY 8 and Bt 8 c-Et , then B > Bt 878 .

- all imaginary roots are equivalent under 4 .

EI (e-- 2) There are 2 possible convex preorders .

2
,
I 8th

,
he 2ft2

,
too . I 8 I . . . I 2ft do > St Lo 't do



• For Oe Qt
,
a Kostant partition II of O is a tuple :

E = ( pmB)pep such that E- Emp B .

BEY
• The convex preorder 4 induces a bilexicographic
partial order E on Kostaut partitions of 0.

EI 6=2) 2
,
> Std

,
> 28+2 , > .

. . I 8 I ii. I 2ft do > St do 't do

E- not ga , { 4=142/28+4/821 Sta. I %)

I ( a , I ( Sta ,5/8/38tho)



COMBINATORICS
-

ROOT SYSTEMS
&

SKEW SHAPES



° For a skew shape T , the content cont tu) EQt is :

{ d residue cu, C-Qt
beads
U E T

EI ( e =3)

÷ → cont (⇒ = 6%+44+642

{
°

'

zo ,
Zo '

'

-7 cont (f) =3 Std , taz .

* Ribbons have content in Et
.



Def Let t be a skew shape, and cont (T) = BE
We say T is cuspidate provided that for every
two - part tableau (t . ,tz) of T , we have :

o cont (t , ) can be written as a sum of roots L B
o cont (td can be written as a sum of roots > B

.
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theorem ( ADMPSS )
(a) Every cuspidal skew shape is a ribbon .

(b) For Bette
,
there exists a unique cuspidal

ribbon BB of content B.
(c) There exist e distinct ribbons 5,5,

'

. .
,9"of content 8 .
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A less regular convex preorder.⇐ 'sit? '

total order on Olivia kiss > lxiy') # { I I:p
.

Define h :#→Q ' by setting
Hao) -- (2,1 ) h(g) =L- 1,0) h (a) =L- 1,1 ),
xtehd by linearity to Iot . For f. 8 c-Iot, set"" e

exo ⇐ huffy, > h¥n .
REAL :

(SAMPLING
. - t§:

do > 28 tho d 2ft Lot L, > Std, t 2, > 4th, > A

IMAI: go : °
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Def .A tableau ( th,t ) for a skew shape T is Kostaut if :
cont ( X) e Et for all A EA
I cont (th) & cont (th) t - - - Y cont (t C -N) .

• A tiling th is Kostaht if a Kostaut -A- tableau exists .
• A Kostant tiling h is naturally associated with a
Kostaht partition kit of cont (t) .

"

o

'

o i i ! ! . Ens Kh = ( 3Sta , I 8
" / St do I do)

• A tiling is cusp idol if all tiles are cusp idol .



theorem (A DM PSS ) let t be a skew shape .
(a) t has a unique cuspidal koStant tiling

-II
.

(b) If r is any Kos taut tiling for T, then :
KE E K?

(c) II may be constructed by progressive removal
of minimal ribbons

.



EI (e=3) CUSPIDAL SHAPES :

't

ion .
.

→

to > 28 tho d 2ft doth , > 8 > Std
,
TL
,
> 4th, > A

→

" iii.
T
T

KK = (a. 12ft do 12ft Lota , I 821 Stat 22/4+22/222 )



Def Let me IN
,
BEI

.

-

Let t be a skew shape with cont (T) = mB .
We say T is semicuspidate provided that for every
two - part tableau (t . , ta ) of T , we have :

o cont (t , ) can be written as a sum of roots f B
o cont (td can be written as a sum of roots K B .

theorem (ADMPSS ) For MEN , BEE
re

,
there exists

a unique semicuspidal skew shape SMB of content mfs .

EI (e --2) g. 3128+41 ,
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theorem (ADMPSS) Let me IN
,
and let Sam be the set

of connected skew shapes of size m. Then we have :
connected

TL x S
' "

s semicuspidal skew shapes
e m i - dilation { of content ms

}
m=56=3)

(z , y '

z. eatio! i. iii. " " '
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REPRESENTATION THEORY

QUIVER HECKE ALGEBRAS



• Keep e,Et as before . Fix a field K .

• Associated to every E c-Qt is a (Tt -graded)
associative Quiver Hecke (KLR ) K-algebra Ro .

SPANNED BY DIAGRAMS GENERATORS

OF THE FORM :

RELATIONS

i.
,
iz
,
. .

,
I
¢ SIMPLE Roots



Pertinent facts about Ro -mod

• For Q
,
. .

,
-0k C- Qt

,
there is an inclusion :

Ro
,

④ - -
-④ Rok- Ro

,
t - - -top

• We have exact induction and restriction functors :

Indo?'
,

: Ro
,

④ Roz-mod→ Ro
,
to
,

- mod
.

Res : Ro.to.
- mod→ Ro

,

④ Rai mod .

• Write MON := Ind ( M N)
.



The following definition motivated our definition
of cuspidallty for skew shapes :

Det . let BEI
,
MEN

.
We say Me Rmp - mod is :

semicusp idol provided :

Regum
,

? M to ⇒ M is a sum of roots g p{ u is a sum of roots 7 B

• We say M is cuspidal if Mel and the
comparisons may be made strict .



theorem ( Kleshchev) Let me Nl, and feet
're

• There exists a unique simple semi cuspidal module
L(pm) E Rmp - mod .

• The simple semicuspidal Rmg - modules may be labeled :

{ L (1) I 1 an le- t) multipartition of m }



. Quiver Hecke algebras introduced by Khorana -Lauda
and Rouquier (200 8)

'

categorisey quantum group :S :

otff.ProjcroD-ug.se)

off!Re#Roy→ uj.ie,*



Bases in Utica ) & NEIGH Families in RB -mod .

canonical basis projective indecomposable
PBW basis standard modules
u v

root vectors semicuspidal standards

dual canonical basis simples

dual PBW basis proper standard modules
u v

dual root vectors semicuspidal simples



• A root partition ( K, I ) of Oe Qt is the data :
- a Kostaut partition k= (pmB)pe of Q
- an (e-I) -multipartition I of Ms .

• The proper standard module ↳(K, I ) is the
induction product of the associated semicuspidals :

A (K , 1) = L (B.me ') o - ' ' o L (7) o - - - o L( former )

theorem ( kleshchev) A (k,I ) has simple head 4411 .

{ L CK, I ) / ( K,1) a root partition of A}
is a complete set of simple Ro-modules.



REPRESENTATION THEORY

SPECHT MODULES



° To any skew shape T of content 0, there is an

associated (row) Specht module S
'
E Re -mod .

- character(dimension can be head off from
residue sequences of Young T- tableaux .

• Specht modules arise as cell modules in the
cellular structure of the cyclotomic quotient RI .
( Hu - Mathus)

EI If char K -- e is prime then

⑤ Rot E IkGa .
htlot --d



Prop ( ADMPSS) Let Bett, MEN .

-

Let t be a skew shape of content mps .
Then ST is a (semi) cusp idol Rmp-module
if and only if T is a demi)cuspidol skew shape .

Prep ( ADMPss) let
.

BEEIe
,
MEN

.

Then H&m) 5?
* This gives a presentation/character of real semicuspedals .

Eehj The simple semicuspidal Rmg - modules arise
as the head of certain (explicit)
semi cuspidal Specht modules S?



TillNhs & SIMPLE FACTORS OF SPECHT MODULES

Prep (ADMPSS) Let T be a skew shape , and let II
be the unique cuspidal Kos taut tiling of T.
(a) ST has a simple factor of the form

4k¥, I) .
(b) If L(K

,µ) is any simple factor of ST, then :

KI t k ,



2 sets of labels for simple Ro -modules :

T

p D L (K , 1) y
simple head of S simple head of D( KA)
where T is a where ( K,I) is a

-

certain multipartition root partition off,
of content 0

? ? ? ?
T c ( K , I )



EI (e=2) -0=38
.

T =

"

oooo , Tt --
'

org ,
kF= ( Sta.IS/do)

( 22,12)

(22,17 s >

⇐fit . . :c:::i:i::*;
- - -

- -

Dub) s > L( ( 38 ) , ( 3)) .



ONGOINGWOR.LI/FUtUREQUES-T0NS
• Rock blocks ( and Scopes equivalent blocks) ,
and semicuspidal imaginary Specht modules .

• Cone tilings ( and Ce, K) -cones )
• Cuspidal ribbon tableaux in other types.



Thank You !


