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Representations of GLn

Def: GLn is the group of invertible n ˆ n matrices over C.

Def: A (linear) representation of GLn is a homomorphism
φ : GLn Ñ GLpV q for some d-dimensional vector space V .

Equivalently: V is a GLn-module by g ¨ v “ φpgqv .

Ex: GL2 ýV “ Sym2pC2q “ C-spantx2, 2xy , y2u
by change of coordinates

x ÞÑ ax ` cy y ÞÑ bx ` dy

Hence

x2 ÞÑ pax ` cyq2, 2xy ÞÑ 2pax ` cyqpbx ` dyq, y2 ÞÑ pbx ` dyq2

and the homomorphism is defined by

φ

ˆ„

a b
c d

˙

“

»

–

a2 2ab b2

ac bc ` ad bd
c2 2cd d2

fi

fl .
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Representations of GLn II

Def: φ is irreducible if V has only trivial GLn-submodules.

Theorem (I. Schur 1901)

The irred. polynomial representations φλ of GLn are labelled by
λ P Parn “ tpartitions with ď n rowsu.

Ex: Let n “ 3. If λ “ p4, 2, 1q then its Young diagram is .

Def: The character of φ is Tracepφp

«

x1

. . .

xn

ff

qq P Zrx1, . . . , xns

Ex: Tr φ

ˆ„

x1 0
0 x2

˙

“ Tr

„

x21 0 0
0 x1x2 0

0 0 x22



“ x21 ` x1x2 ` x22

Def: The Schur polynomial sλpx1, . . . , xnq is the character of φλ.
(Our example is sp2,0q).
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Tensor products

Def: The tensor product V bk W of vector spaces over k is
defined by

V ˆW V bk W

U

bilinear f

bilinear g D!linear h

Spanned by v b w subject to pv`v 1q b w“v b w`v 1 b w ,

vbpw`w 1q“vbw`vbw 1, rpvbwq “ prvqbw “ vbprwq.

If V and W are GLn-modules, so is V bC W , by
g ¨ pv b wq “ gv b gw . Since GLn is reductive,

Vλ bC Vµ “
à

ν

V
‘cνλ,µ
ν

(characters) sλpx1,. . ., xnqsµpx1,. . ., xnq“
ř

ν c
ν
λ,µsνpx1, . . . , xnq.
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Tensor products II

Example: Vp2,0q b Vp2,0q – Sym2pC2q b Sym2pC2q.

A basis consists of the nine tensors

x2 b x2, x2 b p2xyq, x2 b y2, . . . , y2 b x2, y2 b p2xyq, y2 b y2.

GL2 acts diagonally, e.g., x2 b y2 ÞÑ pax ` cyq2 b pbx ` dyq2.

The homomorphism: ρb2p
“

a b
c d

‰

q “

„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



b

„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



“

»

—

—

—

—

—

—

–

a2
„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



2ab

„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



b2
„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



ac

„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



pbc ` adq

„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



bd

„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



c2
„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



2cd

„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



d2

„

a2 2ab b2
ac bc`ad bd
c2 2cd d2



fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.
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Example: V2,0 b V2,0 – Sym2pC2q b Sym2pC2q.

A basis consists of the nine tensors

x2 b x2, x2 b p2xyq, x2 b y2, . . . , y2 b x2, y2 b p2xyq, y2 b y2.

GL2 acts diagonally, e.g., x2 b y2 ÞÑ pax ` cyq2 b pbx ` dyq2.

The character: Trace ρb2p
“

x1 0
0 x2

‰

q “ Trace

„

x21 0 0
0 x1x2 0
0 0 x22



b

„

x21 0 0
0 x1x2 0
0 0 x22



“ Trace

»

—

—

—

—

—

—

—

–

x21

„

x21 0 0
0 x1x2 0
0 0 x22



0 0

0 x1x2

„

x21 0 0
0 x1x2 0
0 0 x22



0

0 0 x22

„

x21 0 0
0 x1x2 0
0 0 x22



.

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ px21 ` x1x2 ` x22 q
2 “ sp2,0qpx1, x2q

2.
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The Littlewood-Richardson coefficients cνλ,µ I

The tensor product multiplicities cνλ,µ are known as the
Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson rule)

cνλ,µ counts the number of semistandard Young tableaux T of
shape ν{λ with µi -many i ’s that are “ballot”.

Ex. Let λ “ , ν “ , µ “ .

What is the multiplicity of Vν in Vλ b Vµ?
The Theorem counts LR tableaux

T1 “ XXX 1
X 2
1

and T2 “ XXX 1
X 1
2

but not B “ XXX 2
X 1
1

ùñ c
p4,2,1q
p3,1q,p2,1q “ 2.
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The Littlewood-Richardson coefficients cνλ,µ II

Question

Characterize when cνλ,µ ą 0.

Fact: If cνλ,µ ą 0 and cγα,β ą 0 ùñ cν`γλ`α,µ`β ą 0 (semigroup)

Def: The LR-semigroup is

LRn “ tpλ, µ, νq P Par
3
n : cνλ,µ ą 0u.

Def: The saturated LR-semigroup is

LRsatn “ tpλ, µ, νq P pPar
Q
n q

3 : Dt P Qą0 s.t. ctνtλ,tµ ą 0u.

Theorem (Knutson-Tao ’99)

The LR coefficients are saturated: LRn “ LRsatn X Z3n and both
generate the same rational polyhedral cone Px ě 0.
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LRsat“eigencone

Def: A complex valued matrix M is Hermitian if M “ tM.

The Spectral Theorem: M is diagonalizable; has real eigenvalues.

Eigenvalue problem (19th century):

Which pλ, µ, νq P pParRn q
3 occur as eigenvalues of three Hermitian

n ˆ n matrices A,B,C under the condition A` B “ C?

Def: The set Eigenn of such pλ, µ, νq P pParRn q
3 is the eigencone.

Klyachko solved the Eigenvalue problem. One of his theorems is:

Theorem (Klyachko, ’98)

LRsatn and Eigenn generate the same rational polyhedral cone
Px ě 0.
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An example

pλ, µ, νq “
´

, ,
¯

P LR2 Ď LRsat2.

Klyachko’s theorem: DA,B,C P Hermitian2ˆ2 with eigenvalues
λ “ p41q, µ “ p31q, ν “ p63q and A` B “ C .

After conjugating by a unitary, we may solve for a, b, c :

ˆ

a b

b c

˙

`

ˆ

6´ a ´b

´b 3´ c

˙

“

ˆ

6 0
0 3

˙

.

Using Trace

ˆ

a b

b c

˙

“ λ1 ` λ2, det

ˆ

a b

b c

˙

“ λ1λ2, etc. reduces

to two linear equations in a and c ùñ

¨

˝

11
3

b

8
9e

iθ

b

8
9e
´iθ 4

3

˛

‚`

¨

˝

7
3 ´

b

8
9e

iθ

´

b

8
9e
´iθ 5

3

˛

‚“

ˆ

6 0
0 3

˙

.
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Klyachko’s inequalities for LRsatn “ Eigenn

Def: For n P Zě0, the Klyachko inequalities are

ÿ

kPK

νk ď
ÿ

iPI

λi `
ÿ

jPJ

µj

for HĎ I , J,KĎrns such that t“#I “#J“#K and c
τpKq
τpI q,τpJq ą 0,

where τpSq “ pst ´ t, st´1 ´ pt ´ 1q, . . . , s1 ´ 1q P Parn for
S={s1 ă s2 ă . . . ă stu P 2rns.

Theorem (Klyachko ’98)

pλ, µ, νq P LRSatnp““”Eigennq ðñ pλ, µ, νq satisfies Klyachko’s
inequalities and |ν| “ |λ| ` |µ|.

Theorem (Klyachko ’98 + Knutson-Tao ’99)

Horn’s inequalities for Eigenn hold.

Alexander Yong University of Illinois at Urbana-Champaign Newell-Littlewood Numbers



Preview of NL results

Summary of theorems (Gao-Orelowitz-Ressayre-Y. ’21):

We give “Newell-Littlewood generalizations” of Klyachko’s results
for the classical groups SO2n`1, Sp2n and SO2n.

Definition: SOm are the m ˆm matrices M of determinant 1 that
preserve a non-degenerate symmetric bilinear form x‚, ‚y, that is

x~v , ~wy “ xM~v ,M ~wy.

Sp2n is defined similarly, except for a skew-symmetric bilinear form.

Theorem (Weyl ’39)

For each classical group G there is a construction of
representations Vλ for each λ P Parn. These are irreducible except
for SO2n when λn ‰ 0 (in that case it is a sum of two irreducibles).

Alexander Yong University of Illinois at Urbana-Champaign Newell-Littlewood Numbers



Newell-Littlewood Numbers I

Let G be classical group. Tensor products of irreps decompose:

Vλ b Vµ –
à

λPParn

V
‘tνλ,µpGq
ν .

Definition

For λ, µ, ν P Parn, the Newell-Littlewood number is

Nλ,µ,ν “
ÿ

α,β,γPParn

cλα,βc
µ
β,γc

ν
γ,α.

Theorem (Koike-Terada ’87)

tνλ,µpG q “ Nλ,µ,ν when `pλq ` `pµq ď n.

In particular, this number doesn’t depend on which classical
group G (“ SO2n, SO2n`1, Sp2n).

There is a basis of symmetric functions tsrλsu that are the
“universal characters”.
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Newell-Littlewood numbers II

Nλ,µ,ν “
ÿ

α,β,γPParn

cλα,βc
µ
β,γc

ν
γ,α

Facts from the definition:

|ν| “ |λ| ` |µ| ùñ Nλ,µ,ν “ cνλ,µ (generalizes LR).

If Nλ,µ,ν ą 0,Nπ,θ,κ ą 0 ùñ Nλ`π,µ`θ,ν`κ ą 0 (semigroup).

Nλ,µ,ν ą 0 only if |λ| ` |µ| ` |ν| ” 0 pmod 2q (parity).

Def: The NL-semigroup is NLn “ tpλ, µ, νq P Par
3
n : Nλ,µ,ν ą 0u.

Def: The saturated NL-semigroup is

NLsatn “ tpλ, µ, νq P Par
3
n : Dt P Qą0 s.t. Ntλ,tµ,tν ą 0u.

Conjecture: (Gao-Orelowitz-Y., 2020)

NLn “ NLsatn X tpx1, x2, . . . , x3nq P Z3n
ě0 :

ř

xi ” 0pmod 2qu.
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NLsatn is an eigencone

Theorem (Gao-Orelowitz-Ressayre-Y., ’21)

Let λ, µ, ν P Parn. Then pλ, µ, νq P NLsatn ðñ there exist three
matrices

M1,M2,M3 P

"ˆ

A B
tB̄ ´tA

˙

: tĀ “ A and tB “ B

*

such that M1`M2`M3 “ 0 which have eigenvalues λ̂, µ̂, ν̂, where

λ̂ “ pλ1, . . . , λn,´λn, . . . ,´λ1q.

The set of matrices in the theorem is spp2n,Cq X Hermitian2n and
is derived from a theorem of [Belkale-Kumar ’06] (more later).
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Extended Horn/Klyachko Inequalities

Def: (Gao-Orelowitz-Y., ’20) For n P N, the extended
Horn/Klyachko inequalities are

ÿ

iPI 1

λi `
ÿ

jPJ 1

µj `
ÿ

kPK 1

νk ď
ÿ

iPI

λi `
ÿ

jPJ

µj `
ÿ

kPK

νk

for I , I 1, J, J 1,K ,K 1 P 2rns s.t.

(i) I X I 1 “ J X J 1 “ K X K 1 “ H;

(ii) #I “ #J 1 `#K 1,#J “ #I 1 `#K 1,#K “ #I 1 `#J 1;

(iii)
ř

α1,α2,β1,β2,γ1,γ2 c
τpI 1q

α1,α2c
τpJq
α2,β1c

τpK 1q

β1,β2 c
τpI q
β2,γ1

c
τpJ 1q

γ1,γ2
c
τpKq
γ2,α1 ą 0

NLsat-conjecture: (Gao-Orelowitz-Y., ’20)

pλ, µ, νq P NLsatn ðñ pλ, µ, νq satisfy above inequalities.
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Main results I

Theorem A (Gao-Orelowitz-Ressayre-Y., ’21)

The NLsat-conjecture (and a better version) is true.

The proof uses:

Theorem B (Gao-Orelowitz-Ressayre-Y., ’21)

For any m ě n ě 1, NLsatn “ Sp2m´satX pParQn q
3,

where
Sp2m´sat “ tpλ, µ, νq P Parm : Dk P Qą0, tkνkλ,kµpSp2mq ą 0u.

Theorem B is trivial for m ě 2n by definition of NL numbers, but
is nontrivial for n ď m ă 2n. The argument uses [Ressayre ’10]
plus a dose of “Schubert calculus”.
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Main results II

[Belkale-Kumar ’06] gives minimal inequalities for the saturated
tensor cone in general type and prove an eigencone description.
Thus Theorem B implies our earlier NL eigencone description and

Corollary C: (Gao-Orelowitz-Ressayre-Y., ’21)

We give the first minimal set of inequalities (explicit description
omitted here) for NLsatn.

Corollary C to Theorem A uses a result of R. King that expresses
the “6-fold NL numbers” as an LR coefficient. Hence we obtain the
first “tensor product-free” (i.e., Horn-like) description of NLsatn.

Theorem D: (Gao-Orelowitz-Ressayre-Y., ’21); [Rough version]

NL numbers factor as LRˆ (smaller NL) on the boundary of
NLsatn.

Theorem D is an NL analogue of the LR factorization theorems of
[King-Tollu-Toumazet ’09] and [Derksen-Weyman ’11].
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Main Results III

Theorem A also shows:

Corollary E: (Gao-Orelowitz-Ressayre-Y., ’21)

The NL-saturation conjecture of [Gao-Orelowitz-Y., ’20] ùñ NLn
is also described by the extended Horn/Klyachko inequalities + the
parity constraint.

In 2020, Gao-Orelowitz-Y., proves results giving evidence for the
implication (true for n “ 2; the EH/K inequalities are necessary for
Nλ,µ,ν ą 0; sufficient when λ, µ, or ν is a row or column).

[Gao-Orelowitz-Ressayre-Y., ’21] proves (computationally) that it
holds for n ď 5.

Thank you!
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Horn vs extended inequalities, n “ 2

Horn inequalities Extended Horn/Klyachko inequalities

ν1 ď λ1 ` µ1 ν1 ď λ1 ` µ1, λ1 ď µ1 ` ν1, µ1 ď ν1 ` λ1
ν2 ď λ1 ` µ2, ν2 ď λ1 ` µ2, λ2 ď µ1 ` ν2, µ2 ď ν1 ` λ2,
ν2 ď λ2 ` µ1 ν2 ď λ2 ` µ1, λ2 ď µ2 ` ν1, µ2 ď ν2 ` λ1
|ν| “ |λ| ` |µ|, |ν| ď |λ| ` |µ|, |λ| ď |µ| ` |ν|, |µ| ď |ν| ` |λ|

λ1 ` µ2 ď λ2 ` µ1 ` |ν|, µ1 ` ν2 ď µ2 ` ν1 ` |λ|
ν1 ` λ2 ď ν2 ` λ1 ` |µ|, λ1 ` ν2 ď λ2 ` ν1 ` |µ|
µ1 ` λ2 ď µ2 ` λ1 ` |ν|, ν1 ` µ2 ď ν2 ` µ1 ` |λ|
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