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§tAin .

• IF algebraically closed field of characteristic p >o

• D
" irreducible Fsn -module corresponding to a p - regular partition I ofn

Theorem 1
.

( Jantzen -Seitz
'

92
,

K'94) D
'

tsn
,

is irreducible ⇐o X is a JS portion ,
i. e . p divides all hooks as shown :
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Theorem 2
.

( K!96
,
Ford - K

.

'

97
,
Bessenrodt - Olsson

'

98
,
. .

. ) D
'
④ sign
I DM"

,

where

M is the Mullineaux involution
.

For example for p
-

- 5

x x x x x x x x x x

x x x X X X X X

xx ! !
→ ( g ; ;) → ( E, I 3) → xx

x x x

x



Theorem 3. ( Gow- K
.

'

99
,
Bessehrodt - K?00

,
Graham - James

'
00
,

Marotti '18) . Suppose
dimD

"

,

dim DM > I
,
and D

'
④DME Dv .

Then 10=2 , n=2m with m odd
,

and

(x,f , u) or Cfe , a ,v) are in

{(Cmu, m - n ) , Cam -2J - I ,2jtD, (m -j , m -j - I , jti, j )) I OE je MI } .

Question
.

Could all these results be made natural parts of one big
theorem program ?

Answer
. Yes

, they are natural parts of Asch teacher - Scott program on

classification of maximal subgroups of finite classical groups .



$2
.
Aschfacher - Scott program .

• Meta -goal : unclestand maximal subgroups in finite groups T or, equivalently,
understand primitive permutation groups ( a transitive permutation

group T is primitive ⇒ a point stabilizer subgroup is maximal in T)
.

• A theorem of Aschkacher and Scott 11985) in some sense
"

reduces
" the

problem to the case where T is almost quasi -simple :

S t Tlzcp, s Aut (s) ( s a simple group ) .

For example
,
if S = An

,
we get TE { An , Sn , An , Sir , . . . }

• From now on let T be almost quasi- simple .

• Due to work of many people ( Liebech - Praeger -Saxe 49871 , Liebe ck - Seitz 119901
,

Testerman 49881
,

Borovik
, . .

. ) the problem is mainly reduced to the case

where P = ACT) is a classical group of Lie type .



Aschkacher 's Theorem Usa)
.

Let T -- Cllr) be a finite classical group with

the natural module
-

V over F ( for example, SUV) ET E GUV), G
-

- Spc V),
G -- SUCH

,
G -- SO (V)

,
.
. . ) .

Let G c T he a maximal subgroup . Then

GE f
,
U

. .
-

U 88 US

where 81
,

. . .

,
88 are various

"standard constructions "

,
for example,

8
,

= { stabilizers of non - trivial proper subspaces U CV at . U is non -

degenerate or totally isotropic }
!

84 = {
"

tensor product subgroups
"

: G -

- Club ④ACK) for V -- V
,
④ Va }

i

fo -

- {classical subgroups 3 (e.g . Sp ( V) c SUV))
.

and

I = I almost quasi - simple groups that act absolutely irreducibly on T} .



• A-schleicher 's Theorem is a result in one direction if G < T= Ucv)

is a maximal subgroup then it is one of the following .
.

.

But of

course we want the converse
,
too ! Let HE T be one of the subgroups

in 8
,
U

. .
.

u 88 US .

Is it maximal ?
"

As a rule
"

, yes (
whatever

this means ) .

"

As - a - rule -yes
-principle

"
.

Obtaining the converse of Aschbacker 's Theorem and thus classifying
the maximal subgroups in finite classical groups is sometimes

called the Aschbacher -Scott program .

• The cases HE 8
,
U

. .
.

u 8
,

were mostly dealt with by
Kleidman - Liebeck ' 1990 (see also Bray - Holt - Roney -Dougal

'
2013 )

.

• So we may assume that HES
,
i.e . H is an AQS group acting

on T absolutely irreducibly . If H is not maximal
, by Aschbachlr 's

theorem applied again ,



He GE f
,
U

. .
.

U 88 US .

For example , GE f, means that V is tenner decomposable , which

is exactly how Theorem 3 fits into the program .

• Note that Theorem 3 hay infinitely many examples of tensor

decomposable irreducible V 's over Sn
, yet there are

" few of them
"

,

and they are classifiable - this is an illustration of the above

"

As - a - rule -

yes
-principle ".

• The most difficult and the most open case is when Ge S
,
i. e .

we have an absolutely irreducible FG -module s
.

t
. V ft, is

irreducible
.

Note that Theorem 1 about irreducible restrictions D
>

tsn
,

fits right in,
as does Theorem 2 because in characteristic > 2 D

'

fan is irreducible

if and only if MG ) # X
.

For p=2 , the irreducible restrictions Dita
were described by Benson

'

1988
.

So for all p, we have the explicit

class P'Cn) of Cp- regular) partitions for which D
'

tan is irreducible
.



Irreducible Restriction Problem
.

Let G be an almost quasi- simple group .

Describe

pairs ( V
,
H )
,
where V is an FG -module of dimension > I and HCG

is a subgroup such that Vtr, is irreducible .

• This is more general than what Asehbacher- Scott program requires

( H is arbitrary ) , but also more natural Ibeautiful
.

Today I want to discuss the problem where G -- Sn
.

Other

relevant cases
,

which I will skip are :

• G -

- An ( done : Saxe
'

1987 (p
-
- o )
,
K

.

- Sheth
'
2002 (p > 3) , K .

-Moretti - Tiep
'
2020 )

• G = In
,
In ( done : for p

-

- o Ckleidman -Wales 4991)
,
substantial partial

results for p > 0 ( K .

- Tiep
'

2004))
.

• G - Glen (Eq) , Cp, g) =L ( done : K
.

- Tiep
'
2010)

.



From now on
,
G = Sn

.

•

p -- O : Saxe
'

1987 (stunning ! )

• p > 3 : Brandan - K
.

'

2001

• p
-
- 2,3 .

K
.

- Marotti - Tiep
'
2020

I want to show you
the main result for p > o (the characteristic 0 case

is recovered by taking p > n) , and explain some steps of the proof
( everything I know about Sn goes into the proof . . . )

Here is a
"prettified version " of the Main Theorem :



Main Theorem ( Pretty Version) .

Let n > 25 and exclude the cases where

D
"

or D '④sgn is the natural module D
"""

as well as the case where

p=2 and D
"
is the basic spin module D , ⇐'D

.

Then the restriction

of an irreducible Fsn - module D
" of dimension > e to a milegroup HE Sn

is irreducible if and only if one of the following holds :

Ci) G = An and XE P'Cn )
.

Cii ) X is Jantzen - Seitz
,
and G

-

- Sn - a

Ciii) X E P'Cn ) is Jantzen - Seitz
,
and G = An - n

.

Civ) p -1-2 , X or Mla ) is In-2,12)
,

n -- 2M
,
and G = AGLmk ) embedded into Sn

via its natural action on the points of Fam .

H pt2 ,
X or MIX ) is In- z , i ) , n -- 271=0 (mod p ) , and G = AGLmk)

embedded into Sn
. .
via its natural action on the points of Fam.

As you can see
,
there are

"

few
"

exceptions .
. . ( "

As - a - rule -

yes
-principle ".)



The case we have excluded have many more exceptions .

For example,
if we allow X or Mex ) = Cn - i

,
n )
,

we get a lot of doubly
transitive subgroups of Sn (and a few doubly - transitive subgroups
of Sm ) acting irreducibly on D

'

.

In fact
,
let me remind you

a classical result in characteristic O :

a subgroup G< Sn is irreducible on the natural complex module D
'

:
" "

if and only if G is doubly transitive on { 1
,

- .
.

,
n }

.

The result is false in characteristic p in both directions
,
but one

can describe the exceptions explicitly - this was mostly done

a while ago , for example by Mortimer ' 1980
, although there was

still a lot of work left
,
and we have discovered some new

exceptions .

There is now a full list of exceptions - a couple of long
tables

.







Some key steps of the proof :

• Reduction Theorem
.

Let n> 8 and D
'
be an irreducible representation

of Asn with dim D
'
> 1

.

If Gesu is a subgroup neck that Dita
is irreducible

,

the one of the following holds :

( i ) G E Sn
- n

Cii ) G is 2 - transitive

Ciii ) p
-

- 2 and D " is basic spin

Civ) p
-

- 2
,
n = 2 (mod 4)

,
X -- Cn - e

,
e )
,

G s Sry 252 and G # Snax Sryz .

Dealing with doubly transitive groups is difficult
,

and requires
much work

,
in particular , new dimension bounds to be described

in the end of the talk
.



Proof of Reduction Theorem for p ¥2 is based on the following
remarkably simple

key Lemma CK
.

- Sheth
'
2000) Let p >2 , n > 4

and dim D
"
> 1

.

Then

dim Ends
,

( D
'

Isn
. .

) s dim End
sn.is,

(D" tsnzxsz) .

"
"

dim Hom snCM
"" "

,
End
#
CD 'D dim Hom#sn(M

'"""

,

End CDT)
F-

For GE Sn
,

dim (M"
-'
' '1) G = # G -orbits on { i

,
. . .,n } dem (M """)G = #G - orbits on

"

OIG) pairs { i,j3 = : OIG )

If the group is intransitive then Let a be transitive but not

Gs sax sax . . . and then ( fer p>2) it 2- transitive
. Then almost always

is known that DJs
,,×%× . . .

is irreducible OIG ) > I = Oslo)
.

⇒ (71,72, . . . ) = (h -1,1) , so GE Sn - i



Suppose for simplicity that p=O .

Then Mcn-212 ) E Min
- H)

④ Dcn -2,23
.

]

and so (Dcn-32 )) Gt O .

Moreover
, by the key Lemma

,

I#sn⑦ D
'" ""

E End
#
CD
"

)
,

I

dim End
#
CD')G 3 2

11

dim End
#GCD

"

)

Hence D 't
,
is not irreducible !

Just for fun
,
let me explain how the same key Lemma can be

used to rule out irreducibility of D.
'

④DM :( end ,,⇒ .
Da, = Hom

,,⇒
, end
, ,

end
#
( Day) )Dies?'④D"-44 1¥! ⑦Den-32, so at least

2-dimensional !



• Dimension Bounds
.

James (1983) : for Xzt
.
. . the -

- m
,
we have

(n -m, Xz, -Pk) dim Dth, ' - -Ak )
dim D n

my
nm ( as n → o) .

For m -

- 1,2 , 3,4 , James also gives explicit lower bounds :

m lower bound for dim Dcn
-man . . -Ak )

I n - 2

2 Inch -5)

3 f- n'(n -g)

4 124 mln -14)
I

while the asymptotic results are very difficult to use , these lower

bounds are extremely useful , and we want them for arbitrary m .



O
, pts

Theorem CK - Moretti -Tiep
'

2020)
.

Let m > 4
.

Define Op -- { y
, p=z

Then for all n > pop -im - z ) we have

(n -M
,
Xz
,
. . .

,
7k )

dim D > In, n - Corptisp )

For example , for 12=2 : dim DK -m' "" """ z L Ch -2) (n- y) - -
- Cn - am)

,

m !

This is asymptotically sharp (and turns out to be quite effective ) .

We also prove for p=2 that for all n we have dim DX -

M"" """
> 2?


