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Abstract

We study the decomposability of Specht modules labelled by bihooks, bipartitions with a hook
in each component, for the Iwahori—-Hecke algebra of type B. In all characteristics, we determine
a large family of decomposable Specht modules, and conjecture that these provide a complete list
of decomposable Specht modules indexed by bihooks. We prove the conjecture for small n.

1 Introduction

Specht modules are of fundamental importance in the study of reflection groups and their deforma-
tions. We are particularly interested in the Iwahori-Hecke algebras of types A and B. In type B, these
Hecke algebras have been studied from the point of view of their decomposition numbers [Fay06, AJ10],
their Kazhdan—Lusztig theory [GIP08, Jacll], and via applications from higher representation the-
ory [BS11]. Nowadays, the subject often takes on a more diagrammatic and categorical flavour, for
example with the inception of Elias and Williamson’s diagrammatic Hecke category [EW16], Webster’s
diagrammatic Cherednik algebra [Web17] and recent work of Elias-Losev [EL].

It is known by [DJ91, Rou08, FS16] that the Specht modules are indecomposable if the quantum
characteristic e is not 2, and under the further assumption in type B that the parameters k1 and ko
are distinct. Rouquier’s work in fact gives us that the Hecke algebras admit faithful quasi-hereditary
covers, whence indecomposability follows easily by considering the trivial endomorphism spaces of
standard modules.

In type A, Murphy [Mur80] and the first author [Spel4] completely determined the decompos-
ability of Specht modules indexed by hook partitions. The general case is very difficult, owing to the
complicated structure of the endomorphism rings of Specht modules. In the case of the symmetric
group, Dodge and Fayers [DF12] give the first new family of decomposable Specht modules in thirty
years, which are indexed by partitions of the form (a, 3,1°). Parallel to this, the graded composition
multiplicities for Specht modules indexed by hooks have been determined using Fock space machinery
in [CMT04].

Here, we take the natural first step in extending this study of decomposable Specht modules to
Iwahori-Hecke algebras of type B. We study Specht modules indexed by bihooks, that is bipartitions
for which both components are hook partitions. In a certain subfamily of these, the second author has
determined graded decomposition numbers [Sut18, Sut], drawing an analogue in type B with the afore-
mentioned work of [CMTO04]. As in [Speld], we study these Specht modules from the perspective of
the cyclotomic Khovanov—Lauda—Rouquier algebras that were introduced by Khovanov—Lauda [K1.09]
and Rouquier [Rou], an equivalent point of view by virtue of the isomorphism theorem of Brundan and
Kleshchev [BK09a]. In this framework, we investigate endomorphisms of Specht modules, and obtain
non-trivial generalised eigenspace decompositions for several large families of Specht modules, which
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we conjecture are the only decomposable Specht modules indexed by bihooks if e # 2 and char F # 2
(see Conjectures 4.2 and 5.5). In other words, our main results prove one direction of our conjectural
classification in all of the cases where decomposable Specht modules may arise, and we prove our
classification in full in a few cases. For small n or e = 2, we have some extra decomposable Specht
modules — see Theorems 3.8 and 5.4, respectively. We summarise the majority of our decomposable
Specht modules as follows.

Theorem 4.1. Suppose that we take a Hecke algebra of type B with parameters k1 = ko. Let
A = ((ke +a,1%), (e + a,1%)) or ((b+ 1,17¢Fa=1) (b4 1, 1ke+a=1))  for some j,k > 1,0 < a < e and
0<b<ewitha+b#e, or fora=b=0.

(i) For j,k > 1, if j + k is even and charF # 2, or if j + k is odd, then Sy is decomposable.
(i) If j =1 or k =1, then Sy is decomposable if and only if charF t j + k.

Theorem 5.3. Let e = 2, and suppose that ;1 is a hook partition of n such that S, is a decomposable
Specht module over the Hecke algebra of type A (cf. Theorems 5.1 and 5.2). Then, for any partition

v of m, the Specht modules S(,, ) and S(,, ) over the Hecke algebra of type B are decomposable.

We now outline the layout of this paper. In Section 2, we will collect all necessary definitions and
background from the literature, before studying the case of ‘small bihooks’ (when n < 2e) in Section 3.
In this case, we are able to completely determine the decomposability of Specht modules: we prove
the above results in this special case, and furthermore show the converse, that all other bihooks index
indecomposable Specht modules. Our method for this converse is a case-by-case analysis examining
the tableaux that can appear in endomorphisms of these Specht modules. We emphasise that this
method will not readily extend to large n. Next, we conduct the majority of our study of Specht
modules labelled by bihooks in Section 4, finding the aforementioned families of decomposable Specht
modules. Our method here is to first use the divided power functors to reduce proving Theorem 4.1 to
the case of bipartitions of the form ((ke), (je)), and then determine certain endomorphisms for Specht
modules in Theorem 4.13 indexed by these bipartitions. We compute three eigenvalues for these
endomorphisms, yielding at least two distinct eigenvalues in any characteristic (with the exception
of characteristic 2 when j + k is even), resulting in a generalised eigenspace decomposition for the
Specht modules having at least two non-trivial summands. Section 5 covers the e = 2 situation, which
makes use of previous work of the first author in [Spel4] to yield quick results and prove Theorems 5.3
and 5.4. We leave some long technical calculations for Section 6, where the keen reader may find the
grittier details of our work.
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of Symmetric Groups and Related Algebras, National University of Singapore, which allowed them
to collaborate closely on parts of this research. The second author is supported by Singapore MOE
Tier 2 AcRF MOE2015-T2-2-003, and thanks the Universities of Osaka and Virginia for hosting her
visits, as well as the Japan Society for the Promotion of Science for financial support. The authors
would also like to thank both Chris Bowman and Matthew Fayers for their helpful comments, as well
as for the use of Fayers’s GAP package, which was used extensively for computations. We thank the
referee for their close reading of the paper, offering many helpful comments and corrections.

2 Background

In this section we give an overview of KLR algebras, Specht modules labelled by bihooks, and the
associated combinatorics. Throughout, F will denote an arbitrary field.

2.1 Lie theoretic notation

Let e € {2,3,... }U{oo}, which we call the quantum characteristic. If e < 0o, then we set I := Z/eZ,
which we identify with the set {0,1,...,e — 1}, whereas if ¢ = oo, we set [ := Z. We let I be the
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quiver with vertex set I and an arrow ¢ — ¢ — 1 for each ¢ € I. If e = oo, then I is the quiver of type
Ao, otherwise I is of type Agl_)l.

Following Kac’s book [Kac90], we recall standard notation for the Kac-Moody algebra associated
to the generalised Cartan matrix (a;;); jer. We have simple roots {a; | ¢ € I}, fundamental dominant
weights {A; | i € I}, and the invariant symmetric bilinear form (, ) such that (o4, ;) = a;; and
(Ai,a5) = di5, for all 4,5 € 1. Let Q4 := @,;c; Zzoa; be the positive cone of the root lattice. If
a =) 7o € Qy, then we define the height of o to be ht(a) =, ; ¢;.

An e-bicharge is an ordered pair k = (k1, ko) € I2. We define its associated dominant weight A of
level two to be A = Ay := Ay, + Ay,

2.2 The symmetric group

Let &, be the symmetric group on n letters. We let s1,...,s,—1 denote the standard Coxeter gener-
ators, where s; is the simple transposition (i,7 + 1) for 1 < i < n. We define a reduced expression for
a permutation w € &,, to be an expression s;, ...s;,, such that m is minimal, and call m the length
of w, denoted ¢(w).

We define the Bruhat order < on &,, as follows. If z,w € &,,, then we write x < w if there is a
reduced expression for z which is a subexpression of a reduced expression for w.

m

J J
For 1 <i<j<n—1, wedefine sl:= sjs;_1...5; and sT:= s;5;41...5j.

7

2.3 Bipartitions

A partition A of n is a weakly decreasing sequence of non-negative integers A = (A1, Ag,...) such
that |A| := Y>>\ = n. We write @ for the empty partition (0,0,...). A bipartition X\ of n is a pair
A = (AW A@)) of partitions such that |A] = |AM| + [A®)| = n. We refer to A1) and A\?) as the 1st
and 2nd component, respectively, of A. We abuse notation and also write @ for the empty bipartition
(@, 2). We denote the set of all bipartitions of n by £22.

For A\, ;n € 22, we say that \ dominates u, and write \ > p, if for all k > 1,

k k
AD > 5 and A4 A0 3 ]+ 3wl

k
=1 j=1 j=1 j=1

J

The Young diagram of A = (A1, \2)) € 22 is defined to be
A== {(i,j,m) e Nx Nx {1,2} | 1 <j <A™},

We refer to elements of [A] as nodes of \. We draw the Young diagram of a bipartition as a column
vector of Young diagrams [A(M], [A?)]. We say that a node A € [\ is removable if [\] \ {A} is a
Young diagram of a bipartition, while a node A ¢ [\ is addable if [\] U {A} is a Young diagram of a
bipartition.

If \ is a partition, the conjugate partition, denoted ), is defined by

Xo=[{i =11 =i},

If A € 22, then we define the conjugate bipartition, also denoted X, to be X' = ()\(2)/, )\(1)/).

2.4 Tableaux

Let A € 222, Then a A-tableau is a bijection T : [A\] = {1,...,n}. We depict a A\-tableau T by inserting
entries 1,...,n into the Young diagram [)\] with no repeats; we let T(i,7,m) denote the entry lying
in node (7,j,m) € [A\]. We say that T is standard if its entries increase down each column and along
each row, within each component, and denote the set of all standard A-tableaux by Std(\).

The column-initial tableau Ty is the A-tableau where the entries 1,...,n appear in order down
consecutive columns, working from left-to-right, first in component 2, then component 1.
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The symmetric group &,, acts naturally on the left on the set of A-tableaux. For T a A-tableau,
we define the permutation wr € &,, by wrTy = T.

Suppose A € Z2. Let S and T be A-tableaux with corresponding reduced expressions ws and wr,
respectively. Then we say that T dominates S, written as T &> S, if and only if wr > ws.

2.5 Residues and degrees
Fix an e-bicharge k = (k1, k2). The e-residue of a node A = (i,j,m) € N x N x {1,2} is defined to be

resA:=ry,+j—14 (mode).

We call a node of residue r an r-node.
Let T be a A-tableau. If T(i,7,m) = r, we set resr(r) = res(i,j,m). The residue sequence of T is
defined to be

it = (resy(1),...,rest(n)).

We denote the residue sequence of the column-initial tableau Ty by iy :=ir,.
We now define the degree of a standard tableau, which is the codegree as given in [BKW11, §3.5].
For A\ € 22 and an i-node A of A, we define

d*(\) : = # {addable i-nodes of X strictly above A}
— # {removable i-nodes of \ strictly above A} .

Let T € Std(\) with T™1(n) = A. We define the degree of T, denoted deg(T), recursively, by setting
deg(2) := 0, and
deg(T) = d*(\) + deg(T<y),

where T, is the standard tableau obtained from T by removing the node A.

2.6 Regular bipartitions

Let A € 22, We define the i-signature of A by reading the Young digram [)\] from the top of the
first component down to the bottom of the last component, writing a + for each addable i-node and
a — for each removable i-node. We obtain the reduced i-signature of A by successively deleting all
adjacent pairs +— from the i-signature of A, always of the form —--- — 4--- 4.

The removable i-nodes corresponding to the — signs in the reduced i-signature of A are called the
normal i-nodes of A, while the addable ¢-nodes corresponding to the + signs in the reduced i-signature
of X are called the conormal i-nodes of A. The lowest normal i-node of [\], if there is one, is called
the good i-node of A, which corresponds to the last — sign in the i-signature of A. Analogously, the
highest conormal i-node of [A], if there is one, is called the cogood i-node of A, which corresponds to
the first + sign in the i-signature of .

We say that a bipartition A € £2 is regular, or conjugate-Kleshchev, if [\] can be obtained by
successively adding cogood nodes to @. That is, we have a sequence @ = A(0),A(1),...,A(n) = A
such that [A(7)] U{A} = [A(i +1)], where A is a cogood node of \(i). Equivalently, A is regular if and
only if @ can be obtained by successively removing good nodes from [A]. Observe in level one that
the set of all regular partitions coincides with the set of all e-regular partitions.

2.7 Cyclotomic Khovanov—Lauda—Rouquier algebras
Suppose o € QT has height n, and set
Ia:{i: (il,ig,...,in) el” | o+t oy, :a}.
Recalling that A = A,, we define Z2 to be the unital associative F-algebra with generating set

{e() [ 1€ I*U{yr, .. ynf U{tn, .. ¥na}
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and relations

e(i)e(j) = dije(i);
Z e(i) = 1;
ele
yre(i) = e(i)yh
Yre(i) = e(sri)r;

YrlYs = YsYr;
VrYs = Ysr if s ?’é ryr+1;
Yrths = Y5y if |7'_3‘ > 1;

Yrpre(i) = (Yryr1 — 5ir7ir+1)e(i);
Yr+1re(i) = (Yryr + 5i7'7i7‘+1)6(i);

0 lf Z.T - iT+17
pre=dcW o i A

(yr+1 — yr)e(i) if iy = ip1 + 1,
(Yr — yrs1)e(i) if iy = ipy1 — 1
(7/’r+17/)7“¢r+1 + 1)6(1) if tpyo =i = tpy1 + 1,

¢r¢r+1¢r€(i) = ("(/17«+1'§b7~1/1r+1 - 1)6(1) if Z}+2 =1, = iT+1 — 1,
(Vr4190rbr41)e(i) otherwise;

yi (i) = 0;

for all admissible r,s,i,j. When e = 2, we actually have slightly different ‘quadratic’ and ‘braid’
relations, which may be found, for example, in [KMR12, §3.1]. We omit them here, as we will not
explicitly calculate with these relations when e = 2.

Lemma 2.1. [BK09b, Corollary 1] There is a unique Z-grading on %> such that, for all admissible
r and i,

deg(e(i)) =0, deg(y,) =2, degir(e(i)) = =iy -

The cyclotomic Khovanov-Lauda—Rouquier (KLR) algebra or cyclotomic quiver Hecke algebra %g
is defined to be the direct sum @, %2, where the sum is taken over all @ € QF of height n.

Here we sum over all o € Q" of height n, though in fact only finitely many of the summands will
be non-zero, so (even when e = 0o) Z2 is a unital algebra.

These Z-graded algebras are connected to the Hecke algebras of type B via (a special case of)
Brundan and Kleshchev’s Graded Isomorphism Theorem.

Theorem 2.2. [BK09a, Main Theorem] If e = char(F) or char(F) t e, then #2 is isomorphic to
the integral Hecke algebra 72,(q,Q1,Q2) of type B with parameters q € F a primitive eth root of
unity, Q1 = ¢"*, and Q2 = ¢"2. That is, 7,(q,Q1,Q2) has generators Ty, ..., Tn—1 satisfying type B
Cozeter relations, with the quadratic relations replaced with

(To—¢")(To—¢™) =0 and (T;—q)(T;+1)=0V1i<i<n-—1

2.8 Specht modules labelled by bihooks

Definition 2.3. We call a bipartition A a bihook if it is of the form A = ((a,1%), ((c,1%)) for some
integers a,c > 1 and b,d > 0

Definition 2.4. [KMR12, Definition 7.11] Let A = ((a,1%),((¢,1%)) € 22. The (column) Specht
module Sy is the cyclic g@,ﬁ\—module generated by z, of degree deg(zy) := deg(T)) subject to the
relations:
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o e(iy)zy = 2x;
o ypzy =0forall r € {1,...,n};
o Ypzy=0forallre{l,....n—1}\{d+ 1,c+d,b+c+d+1};

o V1Yo .. Wgr12)y = 0 = Yergr1Verdr2 - - - Vbrerdr12y (these are the Garnir relations arising from
nodes (1,1,2) and (1,1,1), respectively).

For each w € &,,, we fix a reduced expression w = s;, ... s;,, throughout. We define the associated
element of %’fz\ to be ¥y, =y, ... 15, , which, in general, depends on the choice of reduced expression
for w. For A € 22 and a A-tableau T, we define vr 1= 1, 2).

Whilst these vectors vr of Sy also depend on the choice of reduced expression in general, the
following result does not.

Theorem 2.5. [BKW11, Corollary 4.6] and [KMR12, Proposition 7.14 and Corollary 7.20] For
A\ € P2, the set of vectors {vr | T € Std(\)} is a homogeneous F-basis of Sy, with deg(vr) = deg(T).
Moreover, for any A-tableau S, vg is a linear combination of basis elements vy such that S = T.

We record the following useful lemma that we will use frequently.
Lemma 2.6 [BKW11, Lemma 4.4]. Let A € 22, and T € Std()\). Then e(i)vr = b i vr.

Of particular importance to the present paper is the following result on the decomposability of
Specht modules, which is a special case of a result for higher level cyclotomic KLR algebras.

Proposition 2.7 [FS16, Corollary 3.12]. Ife # 2 and k1 # ko, then the Specht modules Sy are
indecomposable for all X € P2.

The following useful result is obtained from [KMR12, Theorems 7.25 and 8.5].
Theorem 2.8. Sy is decomposable if and only if Sy is.

We know from [BK09b, Theorem 5.10] that Specht modules Sy indexed by regular bipartitions
have simple heads, yielding the following.

Proposition 2.9. If A € 22 is a regular bipartition, then the Specht module Sy is indecomposable.

Lemma 2.10 [BKW11, Lemma 4.9]. Let A€ 22 1 <r <n, and T € Std(\). If r and r + 1 lie
in the same row or in the same column of T, then

Vpvp = g agvs for some ag € F.
Sestd(N)
iS:isTT
S<T

Definition 2.11. We define

W= Yatbor . by and YT = Pyt

if x > y and set both equal to 1y if x < y. Furthermore, we use the shorthand

vl ¢¢ =l zm Ll e
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3 Small bihooks

In light of Proposition 2.7, we suppose that k1 = ko throughout Sections 3 and 4. In fact, we need
only assume that x = (0,0) since residue shifts do not change the isomorphism type of %711\ Here,
we begin our examination of Specht modules labelled by bihooks by completely determining which
Specht modules are decomposable when n < 2e. We first make the following easy observation.

Lemma 3.1. Ifk < e, then A = ((k), (k)) is a regular bipartition. In particular, Sy is indecomposable.

Proof. Starting from (&, @), we may add two cogood 0-nodes, then two cogood 1-nodes, and continue
in this fashion until we have added two cogood (k—1)-nodes. The resulting bipartition is A. It follows
from Proposition 2.9 that Sy is indecomposable. O

Remark. In the above proof, we may go so far as adding two cogood (e—2)-nodes to reach the regular
bipartition ((e — 1), (e — 1)), but can go no further. Adding a cogood e-node yields the bipartition
((e), (e—1)), but adding a second cogood e-node results in the bipartition ((e, 1), (e—1)), not ((e), (e)).
One can check that ((k), (k)) is not regular for any k > e.

In fact, it is not difficult to see that we may generalise the previous lemma as follows.

Lemma 3.2. Suppose a > 1 and b > 0 with a +b < e. Then A\ = ((a,1%),(a,1%)) is a regular
bipartition, so Sy is indecomposable.

Conversely, we will next show that if we instead have a + b = e, then the Specht modules
S((a,1t),(a,1¢)) are all decomposable.

Lemma 3.3. Suppose a > 1 and b > 0 with a +b < e, and let X = ((a,1%), (a,1%)). Then there is a
unique standard \-tableau T # Ty with resT = iy.

Proof. This is an easy consequence of the fact that iy = (0,e —1,...,e —,1,2,...,a — 1,0,e —
1,...,e—b,1,2,...,a—1). If we write Ty = (T"), T®), then T = (T®, TM). O

Lemma 3.4. Suppose a > 1 and b > 0 with a +b = e, and let A = ((a,1%), (a,1%)). There is an
endomorphism ¢ of Sy determined by ¢(z)) = vy, where T is the tableau in Lemma 3.3.

Proof. The proof proceeds by checking that the annihilator of z) also annihilates vr.

We already know by Lemmas 2.6 and 3.3 that e(i)vr = d;;, vr. It is easy to see that degT =1 =
deg Ty, and therefore that deg(y,vr) = 3. However, y,vr € e(iy) Sy = (vr,, vr)r, so deg(y,vr) = 1.
This contradiction gives us that y,vr = 0 for all » € {1,...,n}.

Finally, we check the relations involving ¥ generators. We know by Lemma 2.10 that ¢,,vr = 0 if
there exists no standard A-tableau with residue sequence wiy, for any w € &,,.

Observe that for 1 < r < b,

spiy =(0,e—1l,e—2,...;e—r+2,e—rie—r+1,i42,...,0n).

It is clear that there is no standard A-tableau with residue sequence s,iy, and hence 1,vr = 0 for all
1 <7 < b. Similarly, g =0forallr € {b+2,...,e—1}U{e+1,...,e+b}U{e+b+2,...,2e —1}.

If a > 1, we must also check the longer Garnir relations arising from the Garnir nodes (1,1, 1) and
(1,1,2). Applying s182...sp+1 to iy, we find that the residue sequence sysa. .. sp11iy begins with 1,
and thus Y1y .. . Yppr12) = 0. Similarly, if we apply Se+1Se+2 - .- Setp+1 t0 1y, we find that the residue
SeqUeNce Sei1Se4+2 - - - Setrb+1iy contains 1 in its eth and (e+1)th positions, and the 0 residues occur
in the 1st and (e+2)nd positions. Clearly there is no standard A-tableau with this residue sequence,
and thus Ye+1%et2 . .. Yeapr12y = 0. This completes the proof. ]

(=120 ifa>1;

(1) 2ur if A= ((19),(1°)).

We prove Proposition 3.5 by a rather lengthy calculation, which we relegate to Section 6.

Proposition 3.5. If p(z)) = vr as above, then ¢(vy) = {
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Theorem 3.6. Suppose a > 1 and b > 0 with a +b = e, and let A = ((a,1°), (a,1%)). Then Sy is
decomposable if and only if charF # 2.

Proof. 1f char F # 2, then there is an endomorphism ¢’ of Sy determined by ¢’ = (—1)(b+1)%gp, which
is an idempotent. If charF = 2, then it is easy to see from Lemma 3.3 and Proposition 3.5 that Sy
has no non-trivial idempotent endomorphisms, and the result follows. ]

Next, we will generalise Lemma 3.2 and show that all Specht modules indexed by ‘small’ bihooks
not appearing in Theorem 3.6 are indecomposable. More precisely:

Theorem 3.7. Suppose e # 2, and let X = ((a,1%), (c,1%)) € P2 such that either a +b+c+d < 2e
ora+b+c+d=2e with a# c orb+# d. Then Sy is indecomposable.

Proof. We determine all of the possible standard A-tableaux with residue sequence
iv=(0,-1,...,-d,1,2,...,c—1,0,—1,...,—b,1,2,...,a — 1).

If no standard A-tableau other than T), has residue sequence iy, then there exists no non-trivial
endomorphism of Sy and thus Sy is indecomposable. For any other standard A-tableau T distinct
from T) such that it = i), we show that there exists no non-trivial endomorphisms of Sy in each of
these cases.

We fill [A] with 1,...,n to find all standard A-tableaux with residue sequence iy.

(i) Suppose b < d < e. Since n < 2e, we must have that b < e — 2. First, we shall assume that
b<e—2. Since b # e—1,e— 2, it follows that —b —1 # 0 or 1 (mod e), so we cannot put
1,...,b+ 1 down the first column of the first component, as b + 2 would have nowhere to go.
Thus we must have 1,...,b+ 2 down the first column of the second component, and in fact the
only way to fill in the remaining entries yields Ty, so there are no non-trivial endomorphisms of

Sa-

If instead we assume that b = e — 2, then our conditions give A\ = ((a,1°72), (¢, 1°7!)), for which
there are only 3 possible bihooks: ((1¢71), (1¢)), ((1¢71), (2,1¢71)), and ((2, 1°72), (1¢)). It is easy

to check that the first has no standard tableaux of residue iy besides T}, the second also has the
e e+1 2e—1
standard tableau T = s.T), and the third has the standard tableau S=s| s| ...s | Ty. Since

1 2 e
Ye—101 = Vs, T, and Ye_10s = vs, ;s (plus possibly some lower order terms), while 1p._;z) = 0,

these cases yield no non-trivial homomorphisms.

(ii) Suppose b < d and d > e. If b = e—2, then we must have A = ((1¢71), (1¢T1)), for which we may
easily see that only T, and s.;1T\ have the correct residue sequence, and that tevs,, 1, =
Vs.se41Ty, and therefore there are no non-trivial homomorphisms. So we may assume that
b < e—2. As in part (i), we must place 1,...,b+ 2 down the first column of the second
component, and in fact must place 1,...,e — 1 in there. If we place the entry e in node (e, 1,2),
we can either place e+ 1 in node (e+1,1,2) or node (1,1,1). One can check that in the former
case, we may only obtain Ty. In the latter, we must then place e +2,...,d + 1 down the first
column of the first component, which is only possible if b > d — e. If so, we may continue,
placing d+2,...,d+ c in the first row of the second component, then d+c+1,...,2d4+c—e+1
down the remaining nodes in the second component, and 2d+c—e+2,...,n as in Ty. Call this
standard tableau R.

If a > ¢ > 2 we could have also placed d + 2,...,d + ¢ in the first row of the first component,
whence we are forced to place d+c¢+1,...,2d + ¢ — e+ 1 down the first column of the second
component, then 2d+c—e+2,...,b+ c+ d+ 1 down the first column of the first component,
then b+c+d+2,...,b+2c+d in the first row of the second component, then b+2c+d+1,...,n
as in Ty. Call this standard tableau S.

Finally, suppose that ¢ > 2, and we instead placed the entry e in the node (1,2,2). Then we
must put the entries e+ 1,...,d+ 1 down the first column of the first component, which is only
possible if b > d — e. We must then place d + 2 in node (e, 1,2) and place d+ 3, ...,d + c along
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the first row of the second component, then d+c+1,...,2d+c—e+1 down the first column of
the second component, then 2d + ¢ — e+ 2,...,n are filled as in Ty. Call this standard tableau
T.

Then tez) = 0, while ©evg = vg,r, Yetls = vs,s, and Yevr = vs,1 (plus possibly some lower order
terms in this final case). It follows that there is no non-trivial endomorphism of Sy in any of
these cases.

(iii) Suppose b > d. If ¢ < a, the result follows from parts (i) and (ii) by applying Theorem 2.8. So we
may assume that ¢ > a. The only bihook for fitting these conditions with d > e—11is ((1¢), (1¢)),
so we may further assume that d < e — 2. If we place 1,...,d + 1 down the first column of
the second component, then d 4+ 2,...,d + ¢ must also be in the second component, if ¢ < e. If
b # e — 1, then the only option at this point is to fillind+c+1,...,nasinTy. If b=e—1 and
a > 2, we may also obtain the standard tableau R = spicyq+1Tx. If ¢ > e (in which case we also
have b < e—1 and ¢ > a), then we must fill d+2; ..., d+e in the second component, but can place
d4+e+1,...,d+ c along the first row of the first component, if ¢ < a + e. In this case, we may
obtain a standard tableau U by filling in d+c¢+1 in node (1,e+1,2), then d+c+2,...,d+c+b+1
down the first column of the first component, then d +c¢+ b+ 2,...,d 4+ 2¢c + b — e along the
first row of the second component, with d +2c+b —e+1,...,n being in the first component,
as in Ty. Since Ygyevy = vs,, u (plus possibly lower order terms), there is no homomorphism
mapping z) to vy.

If instead, we place 1,...,d-+1 down the first column of the first component, then d+2,...,d+a
must be placed in the first row of the first component. If ¢ > a, then we have nowhere left to put
d+a+1, so there is no such standard tableau. If ¢ = a, then we may place d+a+1,...,2d+a+1
down the first column of the second component, then 2d +a+2,...d+a+ b+ 1 down the first
column of the first component, and the remaining entries along the first row of the second
component, obtaining a standard tableau we shall call S. If we further have that b =e — 1, we
also have the standard tableau T = sg1415+1S. There are no other standard tableaux of the
correct residue sequence.

We now show that there exists no homomorphism ¢ such that ¢(z)) = avg + fvs + yur for
some «, 3,7 € F. We observe that 1.i24+108 = Vet2d41Vetdre?r = VerdteVet2d+12x = 0,
since d +1 < e — 1, and we cannot have that d = e —2, b = e— 1, ¢ > a > 2, while
Yetr2d41Vs = Us, oy 1s (Plus lower order terms), and 9eq2d410r = Vs_,py,,r (Plus lower order
terms). Thus veyoq1(vr + Vs + V1) = Vs pyi1s + Us.ingi1 (Plus lower order terms), so that
there exists no homomorphism mapping z) to a linear combination of vg and vr. Furthermore,
Yetdie—1VR = Vs, g o 1Ry Whilst Yergye—120 = Yer24a4120 = 0. Hence there is no non-trivial
endomorphism of Sy. ]

We summarise the results of this section in the following theorem.

Theorem 3.8. Let n < 2e and A\ € 22 be a bihook. If e # 2, then Sy is decomposable if and only if
charF # 2, n = 2e and A\ = ((a, 1), (a,1%)) for some a > 1, b > 0. If e = 2, then Sy is decomposable
if and only if charF £ 2 and X = ((2), (2), ((12), (12)), ((2), (1)) or ((12), (2)).

Remark. If e = 2, the four decomposable Specht modules are pairwise isomorphic. It is easy to check
that no other small bihooks label decomposable Specht modules.

4 General bihooks

This section comprises our main body of work, where we determine several large families of decom-
posable Specht modules in any characteristic when e is finite. Throughout this section, we will assume
that k = (0,0). We begin by applying induction and restriction functors to reduce our proof to the
case of Specht modules S(4e),(je))- We then show that these are decomposable by exploiting certain
endomorphisms, for which we determine at least two distinct eigenvalues, so that the generalised
eigenspace decompositions contain at least two summands. The amalgamation of these results can be
stated in our main theorem of this section as follows.
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Theorem 4.1. Let A = ((ke + a,1%), (je + a,1%)) or ((b+ 1,171 (b + 1, 1k+a=1)) " for some
k=21, 0<a<eand0<b<ewitha+bs#e, or fora=0b=0.

(i) For j,k > 1, if j + k is even and charF # 2, or if j + k is odd, then Sy is decomposable.
(i) If j =1 or k =1, then Sy is decomposable if and only if charF t j + k.

Conjecture 4.2. When e # 2 and charF # 2, Theorems 3.8 and 4.1 provides a complete list of
decomposable Specht modules indexed by bihooks.

Remark. We have checked Conjecture 4.2 in GAP for all e € {3,4,5}, charF € {0,3,5}, and n < 22
In characteristic 2, we have found an extra handful of decomposable Specht modules which our
theorem and our methods do not detect — namely those indexed by ((4e), (2€)), ((2¢), (4e)), ((8e), (2¢)),
((2e), (8¢)), ((5e), (3e)), ((3e), (5e)), their conjugates, and those bihooks obtained from these by our
induction functor arguments. It is tempting to speculate that the extra decomposable Specht modules
in characteristic 2 correspond to A\ as in Theorem 4.1 with j # k and j — k =2 mod 4.

We begin with a reduction result, greatly simplifying the work we must do to prove Theorem 4.1.

Proposition 4.3. Let k,j =21, and 0 < a < e. The Specht module S((ke),(je)) 5 decomposable if and
only if S( (keta),(jeta)) ¢

Proof. Our argument is similar to that in [Spel4, Theorem 3.2], using the graded ‘cyclotomic divided
power functors’ of [BK09b, §4.6], which we denote here by eg ") and f(T . Let A = ((ke), (je)) and
= ((ke+a), (je+a)). Then ePel? .. e¥ S, =S, and f? f; ...fé )Sy = S,,. Tt follows that Sy

(2)(2) ()
e ..

and S, have the same composition length, and that e 1D # 0 for any composition factor

D of S,,. Hence, by exactness, 682)6§2) .. (2) 1M # 0 for any submodule M C S,. It follows that if S,
is decomposable, then so is Sy. Repeating the argument the other way round completes the proof. [

In fact, we may extend the above proposition as follows.

Proposition 4.4. Letk,j > 1,0 <a <e, and 0 < b < e with a+b # e. The Specht module S((re),(je))
is decomposable if and only sz (ket-a,10),(je-+a, 1)) 4

Proof. The argument is similar to the proof of Proposition 4.3. By Proposition 4.3, we know that
S((ke),(je)) 18 decomposable if and only if S((geq1),(je+1)) 18-
Let A = ((ke +1),(je + 1)) and p = ((k:e + a,1%), (je + a,1%). If a +b < e, we find that
(D) D B g ang 00 e el e g L
Ifa—l—b> e, we ﬁnd that
@, @ 2 2 2. W 2 (2 P g _g

€1 €y ... €9 € 1€ o€y a—1"€a—26q—3---€c_pPu A

and

TR PN p R AR s FeURO P R P SO F
where we adopt the convention that f,52 fail N (2) eijpﬁé . 6,32) ifa=e.
We may now complete the proof identically to Prop051t10n 4.3. ]

The following result handles some indecomposable Specht modules when n is reasonably small,
essentially extending Theorem 3.7.

Proposition 4.5. Let 1 <a<e, and 0 < b < e witha+b# e, and let A = ((a,1%), (a,1%)). Then Sy
1s indecomposable.

Proof. 1t is easy to see that A is regular, from which the result also follows: starting with @&, we
may add two cogood 0-nodes, followed by two cogood 1-nodes, and so on up to adding two cogood
(a—1)-nodes, then two cogood (—1)-nodes, and so on up to adding two cogood (—b)-nodes. If n > 2e,
then after adding the first 2e — 2 cogood nodes in the above, we must add four cogood nodes of the
next residue before reverting to adding two at a time. O
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In view of the above results, we may assume that A = ((ke), (je)) as we prove our main result.
We fix this choice of A for the remainder of the section, and compute an endomorphism of Sy which
we will use to prove our result.

We now introduce notation for the basis vectors vr of Sy, analogous to [Sut18, §5.2]. Observe that
a standard A-tableau T is determined by the entries a, := T(1,r,2) lying in its second component, for
all m € {1,...,je}. We can thus write T = wrT), where

aj—1 ag—1 aje—1
wr=sJ s} ...s | €6,.
1 2 je
It follows that vr = ¥rz) where
ay—1 ag—1 aje_l A
Yr=d 4 ¥l .9l eBM
1 2 je
In order to distinguish our standard tableaux compactly, we will often write v(ai,as, ..., aj) for the
standard A-tableau with entries aq, az,...,aj. in the second component.

Definition 4.6. Let T € Std()\). An e-brick is a sequence of e adjacent nodes containing entries
je+1,je4+2,...,(j+1)e for j > 0. We say that T is an e-brick tableau if all entries of T lie in e-bricks.
We denote the set of all standard e-brick A-tableaux by 7e.

Example. If e = 3 and A = ((6),(6)) then 7. consists of the following six tableaux, obtained by
permuting the four e-bricks.

T = [7]8]9J10[11[12] Ty = [4]5]6]10[11]12] Ts = [4]5]6]7[8]9]

LLi2/3]415/6] LLi2[3]718[9] EE] e

Ty= [1[2]3li0[11)1]  T5= [1[2[3]7[8]9] Te= [1[2]3]4]5]6]

l4]5]6]7]8]9] l4]5]6f0]11[12] [718]9fo]11[12]

These tableaux correspond to vr, = v(1,2,3,4,5,6), vr, = v(1,2,3,7,8,9), vr, = v(1,2,3,10,11,12),
vr, = v(4,5,6,7,8,9), vr, = v(4,5,6,10,11,12) and vrg = v(7,8,9,10,11,12) in S((s),(6))-

The following easy lemma is our motivation for introducing this definition.
Lemma 4.7. For any T € Std(\), vr € e(ix) Sy if and only if T € Te.

In particular, this lemma tells us that for any endomorphism ¢ of Sy,

o(zy) = Z atvr for some ar € F.
TeTe

Lemma 4.8. For allT € T,, degT = j.

Proof. Any nodes in the first component of T cannot contribute to the degree, since there can’t be
any nodes above them. In the second component, each e-brick contributes +1 to the degree. If the
first component is empty when adding such a brick, this comes from only having an addable 0-node
higher up in the diagram. Otherwise, there is an addable 0-node, as well as one addable (e—1)-node
and one removable (e—1)-node. O

Lemma 4.9. For allT€ 7T, and 1 <r < n, yrvr = 0.

Proof. Since vr has degree j, deg(y,vr) = j + 2. But y,vr € e(iy)Sy, so deg(y,vr) = j. This
contradiction yields the result. O
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Similarly, the following result computes the actions of many 1, generators on vy € e(iy) Sy.
Lemma 4.10. For allT € T, and 1 <r <n with r 0 (mod e), vy = 0.

Proof. We know that

Yrur = Z asvs for some ag € F,
TEStd(N)
is=ig,T

and the result follows since no standard A-tableau can have residue sequence ig, 7. O

In order to calculate an endomorphism of Sy, it remains to understand the action of the generators
1re On basis vectors vr. In general, .. does not annihilate vr. We will find an endomorphism of
Sy which maps z) to a linear combination of elements vr which we will show is annihilated by ;.. if
r # j. First, we will introduce some necessary notation for working with tableaux in 7.

For any T € 7., we number the e-bricks in the order of their entries, i.e. T comprises of bricks
1,2,...,5 + k. Then we have brick transpositions and their corresponding 1 expressions, which we
will denote by V¥,. In particular, the brick transposition which transposes the rth and (r+1)th bricks
corresponds to

re re4+1 (r+l)e—1
Wr=1 | Lol
(r—1)e+1 (r—1)e+2 re

As with our 9 generators, we introduce the shorthand \lli =V, ¥, q...¥, and ‘Iﬁ =0,V ... 0,.

Yy Y
Note that for any T € 7., wr is fully commutative since the reading word is 321-avoiding. We
can write vr in terms of the e-bricks lying in the second component of T, i.e. we may write v =
v(Biy, Biy, ..., Bi;), for 1 <y <ig <--- <ij < j+k. Then
i1—1 ig—1 ij—1
vr=V] U] ...¥0| 2.
j

1 2

Analogously, we write v(B,, Bi,, . .., Bj,) for the standard basis vector of Sy indexed by the standard
A-tableau that has the e-bricks B;,, B;,, ..., B;, lying in its first component.

Example. As in the previous example, let e = 3 and A = ((6), (6)). Then, for example,

7, = z@ v@ 1@ — st babsasiais.

The six tableaux in 7¢, given in the previous example, are determined by which two bricks (from the
available bricks 1,2,3,4) are in the second component, and correspond to the basis elements

3
Z)s Uszy, Ul 2\ = U3Uszy,
2
3 2 3
U U2y, U W) 2y = U U3Wsz), Ul Wl 2y = W01 W3Wazy.
2 1 2

The following lemma is easy to see from the relations in the KLR algebras and their Specht
modules, and we will use it frequently without reference.

Lemma 4.11. (i) If |r — s| > 1, then ¥, ¥y = U, V,.
(ii) If X\ = ((ke), (je)), for some j,k > 1 and r # j, then V,zy = 0.

The following proposition will be crucial in our computations, particularly when e > 2. For e = 2,
it follows from the proof of [Spel4, Lemma 5.5], where the first author proves the result for hook
partitions in level one, assuming that the residue sequence iy alternates between 0 and 1. Its proof
for e > 3 is long and technical, requiring many preliminary lemmas, and we relegate this to Section 6.
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Proposition 4.12. Suppose that e € {2,3,...}, and let A = ((ke), (je)), for some j, k > 1. If
vee(iy)Syand 1 <r<j+k—1, then

(i) YreWrv = —2¢hrev;

(i) forr <j+k—1, YreWrp1 Vv = Ppev;
(i1i) forr > 1, PpeW,_ 1,0 = pev.
Theorem 4.13. Suppose that k > j > 1.

(i) Let X = ((ke), (je)). Then there is an endomorphism of Sy defined by

) _d-1 i
p(2)=> (G-DE-0)TT T 2.
0<i<k—1 =t

0<I<j—1

(ii) Let A\ = ((je), (ke)). Then there is an endomorphism of Sy defined by

1<J—
I<k—

k—1 k41
(k=DG=D¥ T W] 2
0< 1 k—1
0<i<k—1
Proof. (i) By Lemmas 4.7, 4.9 and 4.10, we just need to show that ¥,.p(zy) = 0, for all r €
{1,...,7—1yU{j+1,...,k+j—1}. So we shall fix r and look at the action of ¢, on each
summand of ¢(zy). We will use Proposition 4.12 many times in this proof, without further

reference.
We first suppose that r € {1,...,57 —1}. If j — [ < r — 1, we observe that
j—1 G+ J+i
YreW T Wl 2y =W W gy VU oW g W, Wyn . W W] 2y, =0,
it i
Similarly, if j — 1 > r + 1, we have
j—1 j+i j—1 j+i
Yre VT Ul 2x=VUT W] tpre2zy=0.
it PR
If j — 1 =r —1, we obtain the reduced expression
i j+i
YreWr VW 1 Wryo ... \I’jflq]\l‘/ 2= YreVrt1Wryo. .. \I’ij\I’L ZN-
J J
If j — [l = r, we obtain the reduced expression
i i
Ve Ve Wy 1Wpgo ... \I'j_l\IJL zx = —2Upe Vg1 Vg ... \Ilj_lllli' Z)-
J J
If j — I =r+ 1, we immediately obtain the reduced expression

Jj+i

¢T€\I’T+1\IJT+2 . \I’]_l\I/J/ Z)\-
J

Thus the only summands of ¢(z)) which are not killed by v, are those corresponding to
j—1le{r—1,r,r+ 1}, and for a fixed 7 all three yield the same basis vector, so we must
check the coefficients to show that they cancel. If > 1, then the corresponding coefficients are
(r—1)(k—1), —2r(k — i), and (r + 1)(k — i), respectively, so they cancel. If r = 1, we do not
have a term corresponding to j — 1 = r — 1, so we only have the latter two terms, which clearly
cancel.
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We now suppose that r € {j +1,...,j+k—1}. If j+i <r — 1, we have
j—1 -1
YreW T Wi Wi 1. Wiz =V W00, ... Withezy = 0.
j—1 j—1
Similarly, if j +4¢ > r 4+ 1, we have
j—1 4 r—1 j—1  j4i =1
Ve T W] WUV 2y =901 U] U] Woyo2,=0.
j—l  r42 j j—l  r+3 j
If j+i=1r—1, we see that the following expression is reduced
j—1
wre\I} T \I/T_qur_g e \I/jZ)\.
=l
If j + ¢ = r, we obtain the reduced expression
-1 -1
wreq/ T \I/T\I/r_l o \I/jz/\ = —21/}TG\I/ T \I/r—l e \I/jZ)\.
j—1 j—l1
If j +¢ =17+ 1, we obtain the reduced expression
j—1 j—1
(9 R /A PSSR ) \I/jz)\ =¥t UV, ... \I/jZ)\.
G-l j—1
As in the previous case, it is an easy check to verify that the coefficients (j —I)(k —r +j + 1),
—2(j—UO)(k—r+j)and (j —I)(k—r+j — 1) cancel. We note that here r = j + k — 1 is the
exceptional case, for which there is no term corresponding to j+i=r+1, but the j+i=r—1
and j+¢ = r terms contribute 2(j — 1) and —2(j —[), respectively, so that the terms still cancel.
(ii) Similar to the first part. O

Example. Let e =3, £ = (0,0) and A = ((9), (9)). Then we have the following endomorphism of Sy

QO(Z)\) = 9WU3z) + 6V W32\ + 3UsW W32y + 6WoWsz) + 4WoW, Wszy
+ 2\112\115\114\1’3,2)\ + 3‘1’1‘1’2‘1’32)\ + 2\111\112\114\1132)\ + \1’1\1’2‘1’5‘114‘1/32)\,

where the summands correspond to the tableaux

9 |718]913[14]15]16/17]18] 6 171819f10[11]12016[17]18] 31718]9f10/11]12013[14]15)

[11213]4/5]6]011119 [112]3]4]5]6]13[14]15] [112(3]4]5]6]16[1718]

6 [4]5]613[14[15)16[17[18] 4 [4]5]|6]iol11j12d16]17]18) 2 [4[5]6]10l11]12f13]14]15]

[112]13]718[9fo[11]{12] [1]12]13]718]9}13[14]15] [112(3]718]9}i6l17]18]

3l1l2]3p3[14/15fe[17(18] 2 [1]2]3}o[11{12f16[17(18] 111[2[3J0[11]{12013[14[15]

l4l5]6]7]8]9]i0/11]12] l4l5]6]7]8]9]13[14]15] l4l5(6]7]8]9]i6[17]1g]

Proposition 4.14. Suppose that A = ((e), (ke)) or A = ((ke), (¢)) with k > 1. Then Sy is decompos-
able if and only if charF { k + 1.
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Proof. We first let A = ((e), (ke)). For any non-trivial endomorphism ¢ of Sy, we have

k
k
w(zy) = Zaj\I'T zy for some a; € F.

=1 7

Since Yrep(zy) =0 for all r € {1,2,...,k — 1}, and by Proposition 4.12 we have

k
Vre VT 23 ifj=r—1lorr+1,
X i
k
VreWT 2x =9 —2uy Wt 2y i G =1,
i
0 otherwise,

it follows that a1 = %ag and 2a; = aj—1 + aj41 for j € {2,3,...,k — 1}. One can check that, up to
scalar multiplication, the only non-trivial endomorphism of Sy is thus the one given in Theorem 4.13,

which simplifies to

k
k
p(2) =Y Ut 2
—
Jj=1
Using Proposition 4.12, we find that
k k
P (2) = O_ v )i )z
le J ]:1 J
k . k k
= (O M) ((k—1)T  +kTy)zy
= j k—1

= (k=1)p(2x) — (2k)¢p(22),

and so —k%_lcp is an idempotent when charF t k 4+ 1, or equivalently, when (k + 1,charF) =
Moreover, it is clear that p? = 0 when charF | k + 1, so that there are no non-trivial idempotent
endomorphisms.

We now let A = ((ke), (e)). We similarly find that there exists only a single non-trivial endomor-
phism of Sy, up to scalar multiplication, which is defined by

k
=> (k+1-7) xm Z).
7j=1

Analogously, —k%rlgo is an idempotent when charF { k 4+ 1 and ¢? = 0 when charF | k + 1. O

Corollary 4.15. Let 1 < a < e and 0 < b < e such that a +b < e. Then S((ctq1b),(keta,1t)) od
S((ke+a,1t),(e+a,1t)) are decomposable if and only if (k + 1,charF) =1 with k > 1.

Proof. The result follows from Proposition 4.14 by applying Proposition 4.4. O

Theorem 4.16. Suppose that k > j > 1. Let A = ((ke), (je)), and let ¢ be the endomorphism of Sy
from Theorem 4.13(i). Then

(i) ¢ has an eigenvalue —j(k + 1) with corresponding eigenvector
V(Bit1, Bry2, Bras, - - - Braj);

(ii) ¢ has an eigenvalue —(j — 1)(k + 2) with corresponding eigenvector

o v(Ba, B3, Bi42, Bit3, ..., Bog—1) — v(B1, Big2, Bigs, ..., Bog) if k=7,
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k42
O Z iv(Bg, B4, B6, ey BQJ',Q, Bk+j—i+1) ’Lf k> j,’
i=1

(iii) if k> j > 2, then ¢ has an eigenvalue —(j — 2)(k + 3) with corresponding eigenvector

k—j+3
> 52’(@' + 1)v(Ba, By, B, - . ., Baj—4, B j—is Beyj—it1)
i=1
k—j+2
+ Z (i + 1)v(B2, By, Bs, - - ., B2j—4, Bit j—i—1, Bt j—it1)

k— ]+1 i
+ Z Zl (i +2)v(B2, B4, Bs, . . ., B2j—4, Bryj—i—2, Beyj—141);
=1 [=1

() if k > j =2, then ¢ has an eigenvalue 0 with corresponding eigenvector

k k—1k—1—1
1

502 (i + 1)@ + 2)v(Br—it1, Br—it2) +ZEO 21 (i +1)(k =14 1)v(Bi41, Bi—it2)-

1= = 1=

Analogously, we also have the following theorem.

Theorem 4.17. Suppose that k > j > 1. Let A = ((je), (ke)), and let ¢ be the endomorphism of Sy
from Theorem 4.13(ii). Then

(i) ¢ has an eigenvalue —j(k + 1) with corresponding eigenvector
U(Bit1, Bit2, Bitss - - - s Bitj);

(ii) ¢ has an eigenvalue —(j — 1)(k + 2) with corresponding eigenvector

o v(Ba, B3, Bi42, Bi43, ..., Bog—1) — v(B1, Bit2, Big3, ..., Bog) if k = j,
k—j42
o Y (B, Ba,Bs,. .., Baja, Byji1) if k> j;
=1

(iii) if k > j > 2, then ¢ has an eigenvalue —(j — 2)(k + 3) with corresponding eigenvector

k—j+3

Z §i(i + 1)v(Ba, By, B, - - -, Baj 4, Byj—is Braj—it1)
=1
k—j+2

+ Z (i + )v(B2, Ba, Bg, . . ., Boj—a, Bij—i—1, Bitj—it1)

k— j+1 7
+ Z Zl (i +2)v(B2, B4, Bs, . . ., B2j—4, Bryj—i—2, Beyj—141);
=1 [=1

(i) if k > j = 2, then ¢ has an eigenvalue 0 with corresponding eigenvector

k k—1k—I1-1
1 .

232 (i +1)(i + 2)v(Bi_it1, Br_ir2) +lz; z; (i +1)(k — 1+ 1)v(Bii1, Br_it2)-

1= = 1=

Below, we will prove Theorem 4.16(iii). This is the most difficult part of Theorem 4.16 to prove,
and the others are proved analogously. Likewise, similar calculations prove Theorem 4.17.
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3 5 25—17 2j—5
Proof of Theorem 4.16(iii). Let n= U0} W) ... | W |
2 3

Jj—=3 Jj—2

ktj—s—1  ktj—s .
Yugg=n-¥ L ¥ (1<s<k—j+3),
J

j—1
k+j—s—2 k+j—s

Yugy=n-¥ L W]  (I<s<k—j+2),
j—1 j

k+j—s—3 k+j—r+2

Yoy =19 LT | (1<s<k—j+1,3<r<s+2),

i-1 j
and define v,, = T/’w(rs)zk in all cases above. We can now write

k—j+3
Z $5(s+ 1)v(Bz, B4, Bg, ..., Baj—4, Biyj—s, By j—si1)
s=1
k—j+2

+ Z (s +1)v(B2, By, Bs, . .., B2j—4, Bryj—s—1, Bryj—s+1)

k‘*j‘i’l s+2
+ Z Z(T - 2)(5 + 2)U(BQa B47 BG? s 7B2j747 Bk-l—j—s—?a Bk+j—T+3)
s=1 r=3
k—j+3 k—j+2 k—j+1 s+2
= Z 2s(s+ vy, + Z s(s+ Dy, + Z Z(r —2)(s + 2)vy,.
s=1 s=1 s=1 r=3

We want to show that

s=1 s=1

k—j+3 k—j+2 k—j+1 s42
(Z s(s+ Dvugy + D s(s+ Ddbupy + D D (r—=2)( s+2>¢w<m> o ()

s=1 r=3
k—j+3 k—j+2 k—j+1 s42
—(j —2)(k +3) ( D oass+ v, + Y s(s+ Do, + > > (r=2)(s+ 2)%)
s=1 s=1 s=1 r=3

First suppose we are in one of the following cases, where [ is the index in the summation form for
¢(zy) from Theorem 4.13:

o s < k—jforall rand [;
os=k—j+landr=1lorr=2or (r>3andl<j—2);
os=k—j+2andl<j—2
os=k—j+3andl <j—3.

In these cases, we will show that

. , —2v,, ifl=1,
j—1 j+i

ww(r,s) ’ \I/Tl \Ij\l/ Z\ = Uy, lf l =1+ 17
’ ’ 0 otherwise.

Suppose that [ = 0. If i = 0 or 1, we have

wwms) -Wjzy = =20, or Tliw(,.,s) -WierWiz\ = vy, respectively.

If ¢ > 1, we have
j—1— 1 7, —1

ww(rs) \Ij\l/ Z)\:U \Ij \l/ \I/\l/ \If\l, Mz/\_o

Jj+2
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Now suppose [ = 1. If ¢ = 0, we have

Vuwy, oy - Yy=t¥j2\ = vy,
If i = 1, we have
i1— 1 ’L'—l j—l 1 z —1
Gug U Uiy =0 UL WL WU Wiy = 2w | W 1=
j—1 j+1 j—1

If 1 = 2, we have

Z]*l 1 7, —1

¢w(,«,s) - I\Ijj+2\1/]+1\11 ZX=T1 v \lf v i M\P \Ijj 1\IJJ+1\II ZX

J—1 j+2
7’] 1—1 '- 1
=n- v \lf /j}IJ//\II 2\
= U,.
If i > 2, we have
ottt +z 2 i1
P, Vi 1‘I’¢ omn=n-9 i U] U0 | U | 2z
- Jj+i j—1 j
ij—1—1 j+i—2 ij—1
aEAA AN A PR T A
J j+1

’LJ11 j+i—2 7,71

SRR AR T T T8 P ey 7

- Jj+2 Jj+3
=0.
Now assuming that [ > 1, we have
j—1 j+i
ww(r,s) 2 B A\
=l
3 5 2j—2l—1  2j—21+1  2j—2I+3 2j—5 j—1—1 =1 54
S IR AR /AR /A I /RS ) \IJ¢ vy \u 2
2 3 j—1 j—1 j—l+1 j—3 j—2 j—1
3 5 2j—21—1 2j—21+1 2j—2143 2j—5 ij—1—1 ij—1 j4i
—WOL WY L W W % | U W U Uz
2 3 j—l+1 j—1+2 j—l+1 j—3 ji—2 j—1 j
3 5 2j—21—1  2j—2l+1  2j—2I+3 2j—2145
=Wl v .. | v Wy WU s W |
2 3 j—1 j—1+3 j—l+4 j—1+2
2j-5 -1l il G
R AR A AR T AN
j—3 Jj—2 j—1 J
2j—214+1  2j—2143  2j—2I+5 j—l+3  2j—20+7
S 707 TR A A AR Y R Sy NN
2 3 j—l+1 j—145 j—1+6 j—1+2 j—143
2j—5  Gj—1—1  di=1 0 gy
I A A AT N
j—3 Jj—2 j—1 J
3 5 257 2j—5 j—1—1
SR A A A A \Dﬁwwtu \Iw \u 23
2 3 j—3 Jj+1-3 -2
3 5 j 2j—5  tj—1—1 ij—1 JHl—3  j+i
=W m v v v \PJHQW\H A
2 3 j—2 -1 J+l

— W) ) \IJ¢ \I/¢ \Ifiquf\u 2.

Jj— j—1 J+l J
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If [ = i, observe

Jjt+i J
If | =i —1, observe
z -1 +i—2 z]—l
v i ViddmmV | o ax=¥ | 2z,
Jjt+i—1 J J

If I =i+ 1, observe

Jti+1 J
If I > i+ 1, observe
j+i z —1 ;
\If¢ U] 2=V ¢ \IIL Wiz =0.
j+ j JHAL
If I <i—1, observe
ij—1 J4i ij—1 jHl—1 ij—1 J+i jHl—1
U U =0 ‘I’i QPIECT Saw) (e Ha=U W] ‘Ifi Ujtip22x = 0.
g+ J JHL G2 J G+l g3

We now suppose that we are not in the listed cases and that we lie in the exceptional cases.
Firstlet r=1,s=k—j+ 3 and | = j — 2. Similarly to above, we obtain

j—1 j+i 3 5 2j—7 2j—4 2j—-3 Jj+i
Yues T Pl zx= = ‘I’l‘I’i ‘I/i N \1’2;'—5‘1/2]'—6‘1/ i vl ‘Ifi 2\
-l g i-3 j i1 j
3 5 2j—-7
=0 ¥ . ‘I’ i Wy 5Wo; 4o, GW‘I’ i ‘I’ i ‘I’i Z)
2 4 J—

. L
.“Ili v} \112]‘—4W\I’¢ vl 2
-3 -2 i1
2j-7  2j-5  2j—4  j+i
R AR AU TR TR A

2 4 j—3 j—2 -1 j

If ¢ > j — 3, then this expression is clearly reduced. If i < j — 3, we have

qfqui\m \IJ¢ I A AN

-3 Jj—2 Jj—1 J
3 — 2 - - j+i—2  j+i—1
=00 W¢ ¢ A A P e R Loa
2 -3 j—2 jHit1 j—1 j
3 2j—7 2j—5 +i—4 JjHi— 2j—4
=ww¢vL vl vl Wﬁzﬂ#ﬁ&ﬁﬁ@i W¢ L
2 Jj+i—1
3 5 2j—2i—5  2j—2i—3 2j—2i—1
SE 2L 2ANNNS U N B PR e (S v i v i Zx
2 4 j—i—2 j—it1 j—it1 j—1
3 5 2j—2i—7  2j—2i—5 2j—2i—3  2j—2i—1 2j—5 2j—4
0 28 A0 AN A A A S AR AR RPN
2 4 j—i—3 j—i—1 j—i j—it+1 Jj—1 J

If instead [ = j — 1, we similarly obtain

J=1 gt 2j—3  j4i
ww(r,s) ’ \Ij T \Ij \L ZN=1" \II \L \Ij \l/ 25
il g i—1
which is clearly reduced if ¢ > j — 2. If i < j — 2, then the expression becomes zero.
Let r=1,s=k—j+2,and [ = j — 1. Then the above expression becomes

2j—3  j+i

Nl W]z,
J

j—1
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which is clearly reduced if ¢ > j — 2. If ¢ < j — 2, then the expression becomes zero, as before.
Now let r =2, s=k—j+2,and [ = j — 1. Then the above expression becomes

2j—2  j+i
n-wl Wl oz,
-1
which is clearly reduced if ¢ > j — 1. If ¢ < j — 2, then the expression becomes zero, while for ¢ = j — 2
we get,

2j—4  2j—2
n-vl Ul z.
i=1 j
Finally, let r > 2, s =k —j+ 1, and [ = j — 1. Then the above expression becomes
ktj—rt2 j+i

n-voL Wz,
J

j—1
which is clearly reduced if i > k —r+3. If j —2<i¢ <k —r+ 2, then
ktj—r+2 gt ktj—r+2 Ji-2 -1 JHi=2  k4j—rt2
VR 2T SRENETIE SR T e 7w, AN A AR 2N
) i1 j j—1

Jj—1 Jj+i+1 Jj— J

which is reduced. If i < j — 2, then the expression becomes zero.
We summarise the exceptional cases. First suppose r =1, s=k —j+ 3, and [l = j — 2. Then

0 ifi <j—4,

J=1  _j+i U1, ifi=45-3,
ww(lé.)'\ll/]\ W\L Z\N = P .

’ 2 j va, ifi=75-—2,

v(k_i+2)s_2 ifi Z j — 1.

Ifs=k—j+2ors=k—j+3andl=j—1, then

0 ife<j—3,

Gl i v, ife=75-2,
R Nt P NN

1 j V2 i ifi=7—-1,

U(k—i-l-?)k_j if 4 = ]

Now suppose that r =2. If s=k —j+2and | =j — 1, then

(0 ifi <j—3,

o Vs, ifi=j—2,

¢w(2,s) ) \PT \II‘JL EX =\ Vi, ifi = J - 17
va, if i = j,

V(k—it2)y_y U T=7J+ 1

Finally, suppose that s=k—j+ 1. if r € {3,...,k—j+ 3} and [ = j — 1, then

(

0 ifi <j—3,
Urp iy ifj—2<i<k—r+1,
—1 gt if i =Fk— 2
TS S AR e,
: 1 j V1, 4 ifti=Fk—r+3,
v, _, ifi=Fk—1r+4,
/U(kfi+2)7-,5 if 7 2 k—r + 5.

In the non-exceptional cases, we determine the coefficient o € Z in

/liz)w(r,s) : SD(ZA> = OZUTS.
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If s < k — j, we obtain

Yy #(0) =gy - S G =Dk =TT ¥ 2

0<i<k—1
0<I<j—1
—1 j—1 j—1
=D 26 =Dk =Dor, + Y (G =Dk =1 =Dor, + > (G =Dk =1+ 1oy,
1=0 1=0 I=1
—j(k + 1)vy,.
Similarly, we also obtain & = —j(k + 1) in the other non-exceptional cases.

By combining this with the exceptional cases, we now determine c,, where

k—j+3 k—j+2 k—j+1 s+2
(Z 15(s + Db, ) + Z (s+ Dhugy, + >, > (r—2) s+2)1/1w(m> o(2))

s=1 s=1 r=3
k—j+3 k—j+2 k—j7+1 s+2
Z 1,01, + Z agv, + Y > oy,

s=1 r=3

We first let r = 1. If s = k — 5 4+ 3, we know from above that

1 . . Jj—1 Jj+i 7j—1 25—-3
1,01, = 58(s + Dthuyy ) Z G=DE—=0D)¥T Ul 2 +2s0T U] 2z
0<i<h—1 =t ! J
0<I<j—3

= 1s(s+1) (—j(k + 1)vy, + 2sv1,)
=—( = 2)(k+3) - 3s(s + v,

hence a1, = —(j — 2)(k + 3) - 3s(s + 1), as required.
If s=k—j+2, then we have

1 . I A j—1 252
oo, = 35(s+ Dug | D G=D=)¥T UL 2y +sUT U] 2
0<i<k—1 =t ! I
0<I<j—2

+ %(S +1)(s + 2)%w 40y, - s\Ilj%1 \112172 2\
= 55(s + 1) (=j(k+1) + s)v1, + 55(s + 1) (s + 21,
=—(j—2)(k+3)-3(s+1)(s+2)v,.

If s=k—j+1, then we have

j—1 2j—1
ar,vr, = 55(5 + Dbug, - 0(20) + (s + 1)(5+ 2wy, 5T T WL 2
1

i
—(G=2)(k+3)-is(s+1)vy,.
For 1 < s <k —j, we have

—1 Jj+k—s

a1,V = % (S + 1)ww(1,s) : SD(Z)\) + (3 + 1)(k - ] + 3)¢w(s+3 k—j+1) S\I] T ‘lj ‘l’ 22\

J

—(j—2)(k+3)-3s(s+ 1L)vy
We now suppose that r = 2. If s = k — 5 + 2, then
) A A
a25,02s = S(S + 1)11Z)w(2,s) : Z (] - l)(k - Z)\IJ T \IJ\L Z)\
J

0<i<k—1 it
0<1<j—2



22

Liron Speyer & Louise Sutton

i—1 2j—2 j—

j 1 2j—2
+ 50+ D)5+ 2%ug 25V UL x4 s(s+ Ddug,, - sTT UL 2y
2 j 1 J

= —s(s+ 1)j(k + Vv, + (s + 1)(s + 2)vz, + 5*(s + Lvg,
=—(—2)(k+3)-s(s+1)vg,.

If s=k—j+1, then

j—1  2j-1
ag,v2, = $(8 + D)Yuy iy - P(22) + s+ 1)(s+ 2w gy YT WL 2y
. ,

J
j—1

j—1 2j—1 j—1 2
+5(s+2) (s + 3wy n YT U1 2a+5(5+ 2w, sYT UL 2z
1 i 1

= —j(k+1)s(s + 1)vg, + s(s + 2) (%(s +1)+ %(s +3)+ S) Vo,
=—(J—2)(k+3)-s(s+1)v,.

If s=k—j, then

J-1 2
vz, = S(8+ D)y, - @zy + (S +2)(s+3) Vw0 ST T WL 2y
. ,

J
2j

j—1
+5(5 4 3)Pupg i SYT WL 2y
1

= —j(k+1)s(s+ 1)vg, + s(s+3) (25 + 2) va,
=—(j—2)(k+3)-s(s+1)va,.

Ifse{l,...,k—j— 1}, then
i—1  jtk—s

J
ag,v2, = 8(8 + D)y, - (2n) + 8k = J+3)Puwi s suny ST T ¥ L 2y
! .

J
. i-1 ks
+ (8 + 2)(k —J+ 3)ww(s+4,k—j+1) - sW T v \l’ )
1 J

= —j(k+ 1)s(s+ 1)va, + s(k — 7+ 3)(2s + 2)va,
(= Dk +3) - s(s+ e,

Finally, suppose that r € {3,...,k —j+3}. f s=k — j + 1, then

i1 g
ar,or, = (1= 2)(s + 2)thuy, - D (G =Dk =0T T 2,
0<i<k—1 it
0<i<j—2
. i=1 _jtk—rt2

+3(5+2)(5 4+ 3) Py, - 2(r —2)F I Ul oz

J

i—1  2j-2

+(r—2)(s+ Ddhug, (s DT T L 2
=~ —2)(k+3) - (r—2)(s+2)vr_,,,-
If s=k—j, then

arvp, = (r —2)(s + 2)Yu, ,, - ¢(21)
) i=1 jtk—rt2
+3(s+2) (543w, (r=2)T1T ¥ | 2z,
1 j
. i=1  jtk—r+2
+ 35+ 3)(s+DVuy g (r=2)T T | 2,
1 j
j—1  2j-1
+ (7’ - 2)(3 + S)ww(r,s-{—l) ’ (S + 1)\11 T v \L ZX

1 J

=(r—2)(s+2)(—jk+1)4+2(s+3)) v,
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= (= 2)(k+3) (r—2)(s +2)v,.

Ifs=k—j—1, then

j—1  j+k—r+2

trytr, = (1 = 2)(s + 2thu, - 9(2) + (54 3)(s + Dby - (r =TT T L 2

1 J
1 2j-1

+(r=2)(s +Duw, .o - (k= j)\I/JT ¥l oz
=—{G—-2)(k+3)-(r—2)(s+ 2)v,,.
Ifse{l,...,k—j—2}, then

ar U, = (1 —2)(8 + 2)Yu,.,) - Pz
j—1 jtk—s—1

+(r=2)(k = J+ 3w, (s+ 1T T vl o

F(s+3)(k—j+ 3)1/)w<5+5,k,j+1) (r— 2)\11?1 \I’j+kl’r+2 Z)\
= (r—2)(—j(k+1)(s +2) + (k— j +3) (25 +4)) vy,
=~ —2)(k+3)-(r—2)(s+2)vr,.

Hence
%s(s—i—l) ifr=1;
ap, =—(j—2)(k+3)-<s(s+1) if r=2;
(r—2)(s+2) ifr >3,
for all s, as required. ]

Corollary 4.18. Let A = ((ke), (je)) or ((1%¢), (19¢)) with k,j > 1.
(i) If j + k is odd, then Sy is decomposable.
(ii) If j + k is even and charF # 2, then Sy is decomposable.

Proof. By Theorems 4.16 and 4.17 parts (i) and (ii), there is an endomorphism ¢ of Sy with two
eigenvalues differing by j — k — 2. If j = k, then j + k is even and these eigenvalues differ by 2, and
are hence these are distinct if char[F # 2.

If k> 7 > 2, then by part (iii), we have a third eigenvalue differing from the second by j — k — 4.
If charF | (j — k — 2), then the first two eigenvalues are equal, but the third is distinct if char[F # 2.
If charF = 2, then charF { (j — k —2) when j + & is odd.

If £ > j = 2, then by part (iv), we have 0 as our third eigenvalue. If k is odd, we have at least
two distinct eigenvalues in any characteristic. Likewise, if & is even and charF = 2, we have at least
two distinct eigenvalues.

Thus, in each case, the generalised eigenspace decomposition of Sy has at least two direct sum-
mands, which are easily seen to be Z2-modules. O

By applying Theorem 2.8 and the method in the proof of Propositions 4.3 and 4.4, and combining
with Theorem 3.8, Proposition 4.14 and Corollary 4.15, we obtain Theorem 4.1.

5 Quantum characteristic two

We now focus our attention on the case where e = 2.

Thankfully most of the difficult work here is already done, and we are able to use results from
[Speld, Mur80, FS16] on Specht modules over the level one cyclotomic quiver Hecke algebra to obtain
a lot of decomposable Specht modules with little effort. We collect the results we will need.
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Theorem 5.1 [Mur80, Theorem 4.5]. Ife = charF =2, a > b, and either X or X is (a,1%), then
S is decomposable if and only if a + b is odd and a — 1 # b (mod 2¥), where 2871 < b < 2.

Theorem 5.2 [Spel4, Theorem 6.8]. Ife =2, charF # 2, a > b, and either A or X is (a,1%),
then Sy is decomposable if and only if a + b is odd and either

(i) a >b>4; or
(ii)) a >b=2 or 3, and charF { [5].

When looking for decomposable Specht modules, the cases kK = (0,1) and £ = (0,0) must be
treated separately. However, our first result is independent of this.

Theorem 5.3. Let k be arbitrary, with corresponding A = A,. Let p be a hook partition of n such
that S,, is a decomposable :%’71}0 -module (cf. Theorems 5.1 and 5.2). Then for any partition v of m,
the Specht modules S(,, ) and S, are decomposable %{}Hn—modules.

Proof. Since S, is decomposable, it has a non-trivial idempotent endomorphism ¢ determined by

o(z,) = Z atvr for some ar € .
TeStd(u)

Via the embedding %, < Zm+n, it is easy to see that ¢ also defines an idempotent endomorphism
of S, ). For the other Specht module,

S(2(u)) = Z ar shift, (Y1) 2()
TeStd(u)

is a non-trivial idempotent endomorphism of S(, ), where shift,, : %y, < Zmn is the shift map
(cf. [FS16, §2.6.1)). O

Remark. Theorem 5.3 readily extends to higher levels, i.e. we can use Theorems 5.1 and 5.2 to
construct many decomposable Specht modules in higher levels, regardless of the chosen k. Similarly,
for any finite e, we may embed the bihooks of Theorem 4.1 into higher levels whenever we have a
repeat in the e-multicharge.

The following result is the e = 2 extension of Theorem 4.1.

Theorem 5.4. Let k = (0,0), and let A = ((2k+a,1%), (25 +a, 1)), ((b+1,127Ha=1) (ph4 1, 12F+a—1y),
((2k 4 a,1%), (a, 1%%1)), or ((a, 12*11), (25 + a,1%)) for some j,k > 1,0 < a < 2 and 0 < b < 2 with
a+b#2, or fora=5b=0.

(i) For j,k > 1, if j + k is even and charF # 2, or if j + k is odd, then Sy is decomposable.
(i) If j =1 or k =1, then Sy is decomposable if and only if charF t j + k.

Proof. We extend Theorem 4.1 and use the fact that S(ap) (2j)) = S¢2k),129)) When e = 2, K1 = K.
(In general, their Specht presentations only differ in the idempotent relation, and if e = 2 then the
residues in the second components coincide.) O

Conjecture 5.5. Let e = 2. If k1 # kg, then Theorem 5.3 provides a complete list of decomposable
Specht modules indexed by bihooks. If kK1 = k2, and charF = 0, then Theorems 3.8, 5.8 and 5.4
provide a complete list of decomposable Specht modules indexed by bihooks.

Remark. For charF € {0,2,3,5}, we have checked in GAP that Conjecture 5.5 holds for all i) n < 14
if K1 # Ko i) n < 13 if kK1 = ko. If K1 = Ko and charF = 2, we note that the decomposables appearing
in the remark after Conjecture 4.2 are also decomposable here. However, we have also found further
examples of decomposable Specht modules not accounted for. Namely the bihooks ((3,12),(3)),
((7.12),(3)), (5,19, (3)), (7). (3,12)), and ((5,1%), (5)) if char F = 2, ((5,1), (3)), ((5,12), (5)), and
((5,1%),(7)) if char F = 3, and ((9,1?), (3)) if char F = 5, along with all bihooks obtained from these
by conjugating, transposing, and our induction arguments, index decomposable Specht modules if
k1 = k2. This list is exhaustive for charF € {0,2,3,5} and n < 13.
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6 Proof of Propositions 3.5 and 4.12

In this section, we complete the long calculations necessary in proving Propositions 3.5 and 4.12. We
begin by setting out some notation which will hopefully help the reader follow the calculations.
For any reduced expression w = s;, ... Sy, € &, observe that

wrwrilwrwwz)\ = wrd}r:tlwrwwe(i)\)zk
= wrwrilwre(srl e Spy, i)\)wwz)\
= wT”l/}’r‘:l:lwre(ih oo 7%’7 ir+17 iT’-‘er e 7in)wwz)\-

Since the KLR ‘braid relations’ only depend on the residues 4, i,+1 and .49 of the idempotent
e(Syy - - Sp,, - ir), we will instead write the above expression as

(wrwrﬂ:lwr(ira ir+1; ir+2))'¢wz)\-

Similarly, since y,111re(i)1y,2) only depends on the residues i, and 4,41, we will write this expression

as (yr—&—lwr(i'r; ir+1))¢w2)\-
In fact, whenever we apply the KLR relations in our computations, we will analogously abbreviate

idempotents to the two or three necessary, consecutive residues, to help the reader identify which
relations are being applied, and which case of the relation is applicable.

For both propositions, we will break the calculation apart with several preliminary lemmas. First,
we will focus on Proposition 3.5.

6.1 Proof of Proposition 3.5
Lemma 6.1. Suppose that e > 3.

(i) Let 1<r<a—2and 1 <s<e—r—1. Then

2e—2r—s—1 2e—2r—s 2e—r—s—1

Yoe—or—s¥ | L .. 1 ax=0
e—r e—r+1 e
(ii) Let 1 <r <a—1. Then
2e—r—1 2e—2r+1 2e—2r+2 2e—r—1 2e—2r 2e—2r+1 2e—r—2
A e AU P
2e—2r+1 e—r+2 e—r+3 e e—r+2 e—r+3 e
(i1i) Let 1 <r <a—1. Then
e+b+1 e+b+42 2e—r—1 2e—2r 2e—2r+1 2e—r—1 2042 2b+3 e+b
vl L. vl L .ol a=9l L. ] a
b+2 b+3 e—r e—r+1 e—r+2 e b+2 b+3 e

Proof. (i) We argue by reverse induction on s. For the base case, we let s = e —r — 1. Then

2e—2r—s—1 2e—2r—s 2e—r—s—1

Y2e—op sV % 2

e—r+1
= (we—r+1¢e—r¢e—r+l(a_r_1u a—r, 0))¢e—r+2¢e—r+3 cee ¢ez)\
= ¢e—rwe—r+1 <. ¢e¢e—r2A
= 0.

Now suppose that s < e —r — 1. Then

2e—2r—s—1 2e—2r—s 2e—r—s—1

¢26—2r—57/} {/ J, .. l, 2\

e—r+1 e
2e—2r—s—2 2e—2r—s—1

= (Y2e—2r—s¥2e—2r—s—1¥V2e—2r—s(a—r—1,a—r,a—r—s=1))p | 1

e—r e—r+1
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2e—2r—s+1 2e—2r—s+2 2e—r—s—1

(R N

e—r+2 e—r+3 €
2e—2r—s—2 2e—2r—s—1 2e—r—s—2
= Y2275 1V2e—2r—s - - V2er—s1Y2e—2r 517 { { cee { X
e—r e—r+1 e

= 0 by the induction hypothesis.

(ii) We argue by induction on r. For the base case, when r = 1, both sides of the inequality are
equal to z) by definition. Thus, we may assume that » > 1. Then

2e—r—1 2e—2r+1 2e—2r+2 2e—r—1

(N N 22

2e—2r+1 e—r+2 e—r+3 e
2e—r—1 9 2e—2r 2e—2r+2 2e—2r+3 2e—r—1
=y | (Y—gppila—r+la—r=1))p | ¢ | Lo 2
2e—2r+2 e—r+2 e—r+3 e—r+4 e
2e—2r 2e—r—1 2e—2r+2 2e—2r+3 2e—r—1
=y 4 v |l ¢ R Y
e—r+2 2e—2r+42 e—r+3 e—r+4 e
2e—2r 2e—2r+1 2e—r—2
=y | ... 1 2\ by the induction hypothesis.

e—r+2 e—r+3 e

(iii) We argue by reverse induction on r. For the base case, when r = a — 1, both sides of the
inequality are equal by definition, so there is nothing to prove. So we assume that r < a — 1.

Then

e+b+1 e+b+2 2e—r—1 2e—2r 2e—2r+1 2e—r—1

(T N N T EETR Y

b+2 b+3 —r e—r+1 e—r+2 e
e+b+1 e+b+2 2e—r—2 2e—r—1

= ?l) \l/ i s ~L ¢ i/ (¢}2€72Tw26721”71w26727'(a_r_la a—r, (L—T—l))'
b+2 b+3 e—r—1 2e—2r+1
2e—2r—2 2e—2r—1 2e—2r+1 2e—2r+42 2e—r—1

N A

e—r e—r+1 e—r+2 e—r+3 e
e+b+1 e+b+2 2e—r—2 2e—r—1 2e—r—1 2e—2r—2 2e—2r—1 2e—r—2
=L L ... L v 1 v 1T Yo | R Y
b+2 b+3 e—r—1 2e—2r+1 2e—2r—1 e—r e—r+1 e

e+b+1 e+b+2 2e—r—2 2e—2r—2 2e—2r—1 2e—r—1 2e—2r+1 2e—2r+42 2e—r—1
2

+ 4 1oL Y U bl

b+2 b+3 e—r—1 e—r e—r+1 2e—2r+1 e—r+2 e—r+3 e
e+b+1 e+b+2 2e—r—2 2e—2r—2 2e—2r—1 2e—2r 2e—2r+1 2e—r—2

=0+ L | ... 1 ¥ | I vl L ... 1 2z by parts (i) and (ii)

b+2 b+3 e—r—1 —r e—r+1 e—r+2 e—r+3 e
2b+2 2b+3 e+b
=y | | ...} 2\ by the induction hypothesis. ]
b+2 b+3 e

Lemma 6.2. Suppose that e > 3.

(i) Let 1 <r <b,0<s<a—3,and 0 < k<b. Then

2b—r+s+2 e+b—r 2b—r+s+3—k 2b—r+s+4 2b—r+s+5 e+b b—r+s+1 e—r e—r+1 e

Y Y S A A A AN

2b—r+s+3—k b—r+4s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3 b—r+4 b+1

2b—r+s+2 et+b—r 2b—r+s+2—k 2b—r+s+4 2b—r+s+5 e+b b—r+s+1 e—r e—r+1 e—

e A I A AP

2b—r+s+2—k b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3 b—r+4 b+1

(ii) Let 1 <r <band0< s<a—3. Then

2b—r+2 2b—1r+3 2b—r+s+1 et+b—r 2b—r+s+3 2b—r+s+4 e+b b—r+s+1 e—r e—r+1 e—

wo L LT T e UL T e T s

b—r+2 b—r+3 b—r+s+1 b—r+s+2 b—r+s+3 b—r+s+4 e b—r+2 b—r+3 b—r+4 b+1

2b—r+2 2b—r+3 2b—r+s+2 e+b—r 2b—r+s+4 2b—r+s+5 e+b b—r+s+2 e—r e—r+1 e—

R A AP

b—r+2 b—r+3 b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3 b—r+4 b+1
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(iii) Let 1 <r <b. Then

e+b—r 2b—r+3 2b—r+4 e+b e—r e—r+1 2b—r+2 2b—r+3 e+b e—r—1 e—r e—2
vl vl Ll iZA—i/)i Lody L Ll
b—r+2 b—r+3 b—r+4 e b—r+3 b—r+4 b+1 b—r+2 b7r+3 e b—r+2 b—r+3 b+1

(iv) The equation in part (i) also holds if r =b+1, s =0 and 0 < k < b—1. That is,

b+1 e—1 b+2—k b+3 b+4 e+b a—1 a e—2
e A )
b+2—k 1 2 3 4 e 2 3 b+1
b+1 e—1 b+1—k b+3 b+4 et+b a—1 a e—2
=v | w ¢¢ m i A vl L] oa
b+1—k e 2 3 b+1
(v) We have
e—1 e e+b—1 2b4+2 2b+43 e+b b+3 b+4 e+b a—1 a e—2
vl l.. L ol | iZA—%N ¢¢ ?/)21/1¢ i Ayl ol oz
1 2 b+1 b+2 b+3 e e 2 3 b+1
Proof. (i) We have
2b—r+s+2 e+b—r 2b—r+s+3—k 2b—r+s+4 2b—r+s+5 e+b b—r+s+1 e—r e—r+1 e—2
(N vy ] (I N N e PR 2
2b—r+s+3—k b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3 b—r+4 b+1
2b—r+s+2 e+b—r

=¢ ] (LG (Vob—rtst+3—kV2b—rtst2—k¥2b—rtsi3—ke(j)):

2b—r+s+3—k 2b—r+s+4—k
2b—r+s—1—k 2b—r+s+2—k 2b—r+s+4 2b—r+s+5 e+b b—r+s+1 e—r e—r+1 e—2

] vl (G ool Lo L L]

b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3 b—r+4 b+1

where positions 2b—r+s+2—k, 2b—r+s+3—k, and 2b—r+s—+4—k of j are positions b—r+2,
b+s+2and e+ b+ 1—k of iy, respectively; i.e. the corresponding residues are e — b+ r — 1,
s+1,and e— b+ k, respectively. Since 1 <s+1<a—2anda<e—b+r—1<e—1,itis clear
that the corresponding braid relation never produces an error term, and the result follows:

2b—r+s+2 e+b—r 2b—r+s+2—k 2b—r+s+4 2b—r+s+5 e+b b—r+s+1 e—r e—r+1 e—2
=¢ | N (N Lol Loyl L] e
2b—r+s+2—k b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3 b—r+4 b+1

(ii) Apply part (i) for £ =0, then k& = 1, and so on up to and including the case k = b.
(iii) Apply part (ii) for s = 0, then s = 1, and so on up to and including the case s = a — 3.

(iv) The proof is identical to part (i), except now we notice that the third residue of the relevant
tripleise —b<e—b+ k < e—1, while the second is 1.

(v) Apply part (iii) for » = 1, then r = 2, and so on up to and including the case r = b, to yield

e e+1 e+b—1 2b+2 2b+3 e+b e—1 b+2 b+3 e+b a—1 a —
¢¢1/1¢ vl L iZA—wi w¢¢ Al e
1 2 3 b+1 b+2 b+3 e e 2 3 b+1
Then, applying part (iv) for £ = 0, then £ = 1, and so on up to and including the case k = b—1
gives
e—1 b+2 b+3 e+b a—1 a e—2 b+1 e—1 b+3 b+4 e+b a—1 a e—2
ﬂ)i ¢¢ i A vl ol a=y] ¥l wzw i A Yl e O
e 2 3 b+1 2 1 e 2 3 b+1

Lemma 6.3. Suppose that e > 3.
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(i) For 3 <z <a—1, we have

e—1 b+1 b+2 b+x—1 btz b+z+1 et+b a—1 a e—2
?Z)id}ii ¢w¢¢ Lyl Ll o2
b+x x xz+1 e 2 3 b+1
e—1 b+1 b+2 b+x b+x+1 b+x+2 e+b a—1 a e—2
=v¢ | w¢¢ N R N
b+x+1 x+1 x+1 z+2 e 2 3 b+1
(ii)) We have
— b+3 b+4 e+b a—1 a b+1 b+2 e—1 e e+1 e+b a—1 a e—2
1/% m 1/1¢ i il/}if ilZA—l/Ji Lol hui 1/}%?-{)%@
Proof. (i) We have
e—1 b+1 b+2 b+x—1 btz b+z+1 et+b a—1 a e—2
(R %M i i L 2 R e 2
b+x x x+1 e 2 3 b+1
e—1 b+1 b+2 b+x—2
—¢b+¢+l m i t (Vb+2Vbra—1Vp42(0, 2 — 1, =D))-
b+x—2 b+x—1 b+xz+1 b+x+2 e+b a—1 a e—2
wi ¢¢ v Lo oL lel Ll o
z4+1 42 e 2 3 b+l
= %Z)Hi; ¢b11 bf b+£2 Vora—1Vb+a(Votra—1Votz—2Vbia—1(0,2 — 1, -b+ 1))
b+x—3 b+x—2 b+z+1 b+xz+2 e+b a—1 a e—2
?/)i Tl}i vl ol lvl Ll oa
z+1 z+2 e 2 3 b+1
b+1 b+2 b+zx—2 btzx—1
= i m i i (AR dfi (Vo+19¥0thet1(0,2 — 1, —1))-
bt+z+1 z+1 x+2
b+x+1 b+x+2 e+b a—1 a
=t | i-id)ii iZA
z4+1  z42 3 b+l
e—1 b+1 b+2 b+x 9 b+z+1 b+xz+2 e+b a—1 a e—2
A AR 12 1)) A A S AP
btz+1 2 3 z+1 z+1 242 e 2 3 b+1
e—1 b+1 b+2 b+x b+xz+1 b+x+2 e+b a—1 a
=y vl ...l d L | wu ¢ZA
b+z+1 2 3 xz+1 x+1 z+2 3 b+1
(ii) By applying part (i) repeatedly, we have
e—1 b+3 b+4 e+b a—1 a e—2 e—1 b+1 b+2 b+3 b+4 e+b a—1 a e—2
¢¢ ¢¢ m i . 1#% f-'bilzxzz/)is 1/}% 1/}& ¢£ ii wg f--bha
e—1 b+1 b+2b4+3 b+4 b+5 e+b a—1 a e—2
RO R SR
b+1 b+2 e—1 e e+1 e+b a—1 a e—2
ST AL T o

Lemma 6.4. Suppose thate > 3. For 0 <x<b—1and1 <y <b—x+1, we have

et+z+y etxty+1 e+b a

Yotz L L . wg

atz+y a+z+y+l e

1 e

. e
1. i 2=
3 b+1

Proof. We fix x, and prove the statement by reverse induction on 4. If y = b—x + 1, the expression is
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Ify<b—2x+1, then

et+z+y etx+y+1 e+b a—1 a e—2
Varzoryt + 4 L0l LT 2
atz+y atzt+y+1 e 2 3 b+1
et+xz+y at+2z+y—1 etz+y+1 etb a—1a e—2
=¢ | (YarorryVatr2ety+1Par2ziy(@, —2,—x = 1)) | R A R A
a+2x+y+2 atx+y at+xz+y+1 e 2 3 b+1
et+xz+y et+z+y+1l etx+y+2 e+b a—1 a e—2
V' Gwssergnty 4 LT L 2
atz+y atz+y+1 a+z+y+2 e 2 3 b+1

= 0 by the induction hypothesis,
wherea = —y—z—1lify<b—zr—landa=a—-1ify=>0—x.

Lemma 6.5. Suppose thate > 3. For0<x<b—1<e—-2o0r0<xz<b—2=¢e—3, we have

(Z) a+2x—1 a+2x—1 et+z+1 etx+2 e+b a—1 a e—2 e+x+1 etx+2 e+b a—1 a e—2
v 1o L el Ll la=y L L Ll L] e
a+tx a+t+x at+z+1 atx+2 e 2 3 b+1 at+z+1 atz+2 e 2 3 b+1
(ZZ) b+1 b+2 e—2 e—1 e et+x—1 etz etxz+1 e+b a—1 a e—2
L . e . A N e A N )
2 3 a—1 at+z at+xz+1 a+2x at+x at+xz+1 e 2 3 b+1
b+1 b+2 e—2 e e+(z+1)—1 e+(z+1) e+ (x+1)+1 etb a—1a e—2
=—tl ...l ¢ i N Lol bl oa
2 3 a—1 a+(z+1) a+(z+1)+1 a+2(z+1) a+(z+1) a+(z+1)+1 e 2 3 b+1

a—1 a—1
Proof. (i) Firstly, it is obvious that the statement holds when x = 0, since the term ¢ 1 9 |

trivial. Now assuming that = > 0, we have

a+2x—1 a+2zx—1 et+z+1 etz+2 e+b a—1 a e—2
R S A AU A I FUUR P
atx a+x at+z+1 atx+2 e 2 3 b+1
a+2x—2 9 a+2x—2 et+z+1 e+z+2 e+b a—1 a e—2
— 1 Wpe(—r—L—z+ )y | v L LU L s
a+x a+x at+z+1 atx+2 e 2 3 b+1
a+2x—3 9 a+2x—3 et+z+1 edtz+2 e+b a—1 a e—2
=0 1 @R a(r-Ll—z+2) | ¢ | Tl L e
a+tx a+tx a+z+1 atx+2 e 2 3 b+1
9 et+z+1 e+z+2 e+b a—1 a e—2
= W~ —1,00¢ L L LWl LT s
at+z+1 atz+2 e 2 3 b+1
et+z+1 etax+2 e+b a—1 a
=y L | ... w o i Z)-
at+x+1 atx+2 e 3 b+1
(ii) Applying Lemma 6.4, we have
b+1 b+42 e—2 e—1 e etr—1 etz edtz+1 e+b a—1 a e—2
L - T A R A N 2
2 3 a—1 at+z at+xz+1 a+2x at+z at+xz+1 e 2 3 b+1
b+1 b+2 e—2 e—1 e e+r—2 et+xz—1 etz etz+1 e+b a—1 a e—2
e 2 S T N e )
2 3 a—1 a+z at+z+1 a+2x—1 a+2z+1 a+z at+z+1 e 2 3 b+1
b+1 b+2 e—2 e—1 e et+xr—2 e+z—1 e+x
e L T e A
2 3 a—1 a+z at+z+1 a+2x—1 a+2z+1 a+2x+2
a+2x—1 et+z+1 etz+2 e+b a—1 a e—2
(¢a+2zwa+2x+1wa+2m(_$ -1, -z, —z— 1)W \ (VI Lod vl o] e
a+tx at+xz+1 atx+2 e 2 3 b+1

b+1 b+2 e—2 e—1 e et+xr—2

=0-yl L. lyl |

a—1 at+x at+x+1 a+2x—1

e+x—1 etz a+2x—1 et+z+1 etxz+2 e+b a—1 a e—2
A A U A S A
a+2z+1 a+2x+2 atx at+z+1 atz+2 e 2 3 b+1

29

is
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b+1 b+42 e e+x a+2zx—1 a+2x—1 et+z+1 eda+2 et+b a—1 a e—2
=yl LTt LT (0 ) T T L s
2 3 a—1 at+z+1 atz+2 a+2x+2 at+x a+t+x at+z+1 atx+2 e 2 3 b+1
b+1 b+2 — — e et+(z+1)—1 e+(z+1) e+ (z+1)+1 et+b a—1 a
S A T AU A A ST T e,
2 3 a—1 a+(z+1) a+(z+1)+1 a+2(z+1) a+(z+1) a+(z+1)+l e 3 b+1
by part (i). O

Lemma 6.6. Suppose that e > 3. For 2 < x < b+ 1, we have

at+x—3 at+x—3 at+x—2 e—2 atx—2 at+x—1 e—2
v 1 vl L la=yv L 1] o
x T z+1 b+1 z+1 x+2 b+1

Proof. Firstly, if a < 3, then the left-hand side and the right-hand side are both equal to the generator
zx. If a > 3, we have

a+x—3 a+zxz—3 at+xr—2 e—2 at+x—4 9 at+x—4 at+zrz—2 at+x—1 e—2
1 vl L ase T Wlaatetla-2w Lov L]
T x x+1 b+1 x+1 z+2 b+1

at+x—5 at+x—5 at+zrz—2 at+x—1

o A CE T ) N A A NN

z+1 z+2 b+1

at+x—2 at+x—1 e—2

=@z + L0 L L oz

z+1 T+2 b+1
at+x—2 at+x—1 e—2

= L L .1z O

x+1 r+2 b+1
Repeated application of Lemma 6.6 yields the following corollary.

Corollary 6.7. Suppose that e > 3. We have

a—1

vl

e

Y1 1. T ¢¢A=

b+1

We are now ready to prove Proposition 3.5, using the above lemmas.
Proof of Proposition 3.5. In order to prove that op(vr) = (—1)"*12vr, it suffices to prove that
2e—1 e 2e—1

vl ; L= (P28 ] 2 or (D20 ) 2

e e

We first suppose that e = 3 and A = ((2,1),(2,1)) or ((1®), (1)). Then we have

u@ m 1@ 1@ 2 =u§ (w:%(o,l))w; z@ 1@ 2 =z,z§ (yg—y4>w§ 1@ 1@ 2

The first term becomes
ol (20,2010 6l 2 = 6] Ga(en 0.0} 4] 2
— 4] v + vl v 2
=} Ya(orava(2,0.2)6) 2
=} Yaaavs — Dl
= u] ds(avarn(1,0,2)a — Us(WER DL 2
= v] Us(ann)an — dslus — ) 2
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=0 —Ys5(yss(1, 1))14 2y + P2 (yatpa(1,2))h32)
= —5(Vsy6 — 1)7@ Z) + 1/131/% Y527
=0+ ¢j zx + 0.

The second term becomes

4

R e A R A O C IS D) P

=~ ol vl (s — D -
= —0-+ ) U (Vaven (21, 2)niinz

=l (nbrs — Danzy

= u] doa(an(2,1,0)2 — v (Warr9(0,2,0)) 21
= 6 vt (avava)ar — vl (v — Dvans

5
=0—0+1/JJ/ Z)-
3

We now suppose that either e = 3 and A = ((3),(3)), or e > 3 and a > 2. Then we have

2e—1 e et+1 2e—1 2e—1 e—1 e+1 e+2 2e—1

vl L L =L @)L vl L] e

_ w2e;li21 /‘7/)61/ (wz—‘rl(_l, a/_l))w\z/ we:;l):2 5112/3' . .28\[1 ZA

_ w2:li31 77/}e\}l w\z (w6+2( 2’ a_l))’(/}e:i:l 5112/3' . .28\[1 ZA
2e—1 e—1 e et+b—2 +b—1  etb+1 etbt2  2e—1

S0 R Gt 1T

L L e — e Low U
et+b+1 1 2 b b+1 b+2  b+3 e

It thus suffices to show that
e—1 e e+b—1 et+btl e+b+2  2e—1 bl etb
ye+b+1¢i1/i2/---bi/1 @Z)bh bt---i 2= (- )+¢i 2

e—1

= _ye—i-bd) %

e+b—1 e+b+1 e+b+2 2e—1

f Lol 1.7 o

b+1 b+2 b+3

31

We will prove the first equality here, for which we have set up the relevant computational lemmas —

the second equality may be proved in a similar manner.

e—1 e e+b—1 e+b+1 e+b+2 2e—1

Vet b Lo Lw L] s

2 b+1 b+2 b+3
e—1 e e+b—1 e+b e+b+2 e+b+3 2e—1
=yl .. i (Yetrbr1¥etpr1(la=1)) L ¢ | Lol o2
1 2 +1 b+2 b+3 b+4 e
e—1 e e+b—1 e+b+1 e+b+1 e+b+3 e+b+4 2e—1
L LT L Gersratersra@a—1)g L W L LTz
1 2 b+1 b+2 b+3 b+4 b+5 e
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e—1 e e+b—1 e+b+1 e+b+2 2e—2 2e—2
=yl L. b vl b (Yeem1tae1(a—1,a=1))p L 2y
12 b+1 b4+2  b+3 e—1 e

e—1 e e+b—1 e+b+1 e+b+2 2e—2 2e—2
=—-¢%ll... L vl L ...1l Pl 2
12 b+1 b+2 b3 e—1 e

If e = 3, then this expression becomes

2

—%D; 1@ 1/% 2((3),3)) = —1/% (Vap3tpa(1, 2, 1)) 23z ((3),(3))
—l (gatts + 1)tz (s) 3

1

- —w@ Vst (Patbs (1,2, 0))2(s).3)) — (Yat102(0,1,0)) 523

= —14 VY3atoP3haz((3),(3)) — (V121 + 1)Ys2(3),3))

=0—0—132(3),0))

as required.
If e > 3, then the above expression becomes

e—1 e+b—1 2b42 2b43 e+b

d}i i I vl i ... 4 2 by Lemma 6.1(iii)
= _qpbg ¢% ¢2¢b¢3 bf eib wagg :£ z) by Lemma 6.2(v)
= m wg (w2w1w2<0,1,0)>w¢ bf 7 m ¢ 2
- w wg (19211 +1>wa T T’ wu ¢ 2
b+l  e—1 b3 b+4d etb a—1la e—2
=0-9b vl vl bbb e

Now, we handle the case b = 0 separately. In this case, the above expression is

b+1 e—1 b+3 b+4 e+b a e—2

AR S

e

1la
1.
3 b+1

% zZy = —J; 1/@ Z)

——u1 WU 2
=~} WU 2

= —(Y2_H=Z.0)) e

= _wez)\u

in which case our proof is complete here.

Now suppose that b > 0. Then by Lemma 6.3 followed by repeated application of Lemma 6.5(ii),

b+1 e—1 b+3 b+4

—vl vl vl 1. wu e
_ _wbil bIQ el ,(/}j/ e%j eJ/ waill\:l; b;lil Z}\

b+1 b+2 e—2 e—1 e e+l e+2 e+b a

=% Lol wl Lwl |- wg

a—1 a+1l a+2 a+1 a+2 e
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_ p prLOE2  em2 etb—1 e+b a—1a e—2
( ) (0 i \l, i Ye-1Ve - - - Yeyp—2¥ \—L1 A JQ/ i . -bil 2

e

N <— |

-

w<—o w(—m w(—a
%
N
>

= (- )"“wgg wm 0

a—1
+b b+1 b+2 e—2

= (1) ] vl by

5}
s

W< |

= (-0t w:ff’ Ty

2

Q
-

84—

J, ZN

e+b
= (=1)**Y | 2\ by Corollary 6.7, completing the proof.

If e >3 and A = ((2,1°72),(2,1°72)) or ((1¢),(1¢)), then we have

2e—1 e e+1 2e—1 e—1 e+l e+2 2e—1

vbowl bl a—z@l We© D)4 v Lot oz
=01 et w1 T s

and the proof may be finished in a similar manner to the other cases.

6.2 Proof of Proposition 4.12

33

Let A = ((ke), (je)) for some 7,k > 1. In order to prove Proposition 4.12, we now look at the action of
the KLR generators 1, ...,%,—1 on an arbitrary basis element vr € Sy, where T does not necessarily

lie in 7.

Lemma 6.8. Let T € Std()\), vr = v(ai,...,aj.), 1 <7 <n, and 1 < s < je such that r
(mod e).

(i) If as =7, agy1 =1+ 1, then P,v(a1,...,a5) =0.

(it) If s is mazimal such that as <7 —1, and r,r +1 ¢ {a1,...,ajc}, then Ypv(a, ..., aje)
Proof. We proceed by induction on r — s on both of the statements.

(i) For r = s, we observe that

apqo—1 ape—1 apqpo—1 ape—1

% 2s

= 0.

drvfara) =0 L s T w0
r4-2 r42 ke
Now assuming that r > s, we have
a;—1 ag_1—1 r—2r—1 Gagy2—1 -1
Grv(ar, . ai) =9 b L @bty —Lsr—s— D)WL Lo b L 2
1 s—1 s s+1 s+2 je
ay—1 -1 r—2r—1 Ggs2—1 -1
=] ... i (O LR i 2\
1 s  s+1 s+2 je

ay—1 ag_1—1

:d} \L \L wT‘flr[[)T@Z)Tflv(la""S_17T_17raas+2a"'7aje)
s—1

which is 0 by induction if r # 2s 4+ 1 (mod e) or if r = s + 1 as 1,1 commutes through to the

right. If r =2s+1 (mod e) and 7 > s + 1, then we continue:

ay—1 ag_1—1 r—3 r—2 as+271 a’j671

Lo b et Wt (s — Lss— D)L L g L 2

1 s—1 s s+1 s+2 je
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a;—1 ag_1—1 r—3 r—2 agyo—1 aje—1

=y ... i Vrathr(Yr—2thr1r2+ DL Lo L oL 2

1 s s+1 542

The first term becomes

ap—1 ag_1—1 r—3 r—2 Gagy2—1

T SR O A

s  s+1 s+2
a1—1 ag_1—1

= 7/} J, s \L wr—lwrwr—Qwr—lwr—Qv(la sy ST 17 r—= 27 r—= 17 As+25 - - - aaje)
1 s—1

= 0 by induction.

If s = je — 1, then the second term becomes
ay—1 a€21 ay—1 36‘21
v e L ia—¢¢~-¢ G L1 ey =0,

1 je—2 je—1 je je—2 je—1 je

If s < je — 1, then the second term becomes

A 2 S
=L e e = Laga, s ag)
=0

by the inductive hypothesis of (ii) as asy1 <7 —1, ag1o =7+ 2, and r # 2(s + 1) (mod e).
For r = s + 1, we have

a5+1—1 -1

1/)5+1v(a1, S aje) =ts1p | . \L ZX-
s+1 je
as_;'_lfl a.jefl
We observe that the first s + 2 residues in the residue sequence of sg118 | ...s | Ty
s+1 je
are 0,1,...,5s — 1,1,0. There exists no S € Std(\) with such a residue sequence, and hence

Ysr1v(at, ..., a5) = 0.
Now assuming that r» > s + 1, we argue by induction on ¢(wr). For the base case, the minimal
length is obtained when s = je — 1 and vy = v(1,2,...,je — 1,7 — 2). Then
r—1
Vv(1,2,... e — L,r 4+ 2) = (Upopp1p (=1, r + 1))1/)¢ 2\
je
r—1
= Yr1Vrhr19 i 2N
je
r—1
= Vrp1trh L ryr2)
je

=0since r+1# —1 (mod e) by our residue hypothesis.

Now for ¢(wr) arbitrary, we have

wrv(ah ... aje)
_ ¢a\lj . aS\L_l was ;l; (T,Z)rerrlwr(S r—s— 1 r — 5))w \-I;l ¢QS+£2 e Jjj A%

where 7 — s Z s (mod e).

ap—1 as—1 ast1-1 agqo—1 aje—1

v i (RN ¢r+1wr¢r+1¢¢ e 2

1 r+2 s+1 s+2 je
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a;—1 as—1 as41—1

:¢ \L \J/ ¢ \L ¢T+1w7‘¢7"+1v(11"'78>r7 as+27"'>aje) =0

1 r+2

by the inductive hypothesis if  + 1 # 2(s+ 1) (mod e). If r +1 =25+ 2 (mod e), then

ay—1 ”'s+1*1 ”'s+2*1 ag43— 1 ajefl
vl b L @eateade(stLss D)L @ Lo Loz
1 s+1 r+3 s+2 s+3 je
ap—1 agy1—1 agyo—1 agy3—1 aje—1
=Yl b % L @t A DYl v L Lz
1 s+1 r+3 s+2 s+3 je

If s = je — 2, then this becomes

a1—1 Gje—1— 1 aj —1 .
N ] (Yrt2¥ri1¥ry2 + 1)b] 2y = 0.
1 je—1 r43 je
If s < je — 2, then the first term becomes
a1—1 asy1—1 agyo-—1 agy3—1 -1
1T et vt L 5
1 s+1 r+3 s+2 s+3 je
ap—1 ag41—1  agpa-l
:¢ \l/ \l/ %Z) \lf ¢T+2¢7’+1¢T+2”(15"'73+17T+]—aa8+37"',aj6)
1 s+1 r+3

= 0 by induction as r +2 # 2s +4 (mod e).

Now, the second term becomes

J} " J}l w¢ vl w¢ s
=o'y J}l vl wrw’”g Lol s

ay—1 as—1 Ag41— 1 agyo— 1

:Qﬁ{/ . \lf w \l/ d} \L @er( .,s,r,r+1,as+3,...,aje)

r+1 r+3

= 0 by the inductive hypothesis on (i), as 7 # 2s +2 (mod e).

Corollary 6.9. Let 1 <r<n,1<s<jewithr >s+1 andr =2s (mod e). Then
(1) Yro(l,...,8, 74+ 2,a542,...,a5e) =0(1,...,5,7, as42,...,0j¢);
(it) Yrv(l,...,s =1, m,r+1,a512,...,a5) =v(1,...,s = 1,7 — 1,7, a512, ..., aje).
Proof. (i) We have

Yev(l, ... 8,7+ 2, a5+2,.. , Qje)

r+1 as+271 Aje—
=l Y L. i, 2
s+1 s+2
agqo—1 aje—1
— Wttn(ss— 1)UL © L L =
s+1 s+2 je
agpo— 1 ajefl
- (¢r+1¢r'¢r+1 + )Qb \l/ (A 2
s+1 s+2 je
= Yrp1rPrpv(l, ... 8,7, Gega, . s age) FU(L, 8, T Asg2, L, Qe ),

and ¥, 1v(1,...,s,7,a542,...,a5c) =0 by Lemma 6.8(ii).
(ii) We have

Ypv(l, ..o s =1rr+ 1 asio, ..., Gje)
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r—1 r agyo—1 ajefl

=vetpl Ly L o) 2

s s+1 s+2 je

r—2 pr—1 Gagy2—1 aje—1

= (Gt ate(s —Ls,s— 1)L Lo | ] 2

s s+1 s+2

r—2r—1 Gag42—1 aje—1

=W+ )Yl LY L 2

s s+1 s+2
=Y pr_v(l,. . s = 1L,r —1,ra542,. .., a4.) +o(1,. .., s = 1L,r — 1,7 a542,. . ., Gje),

and the first term is 0 by Lemma 6.8(i) since r — 1 # 2s (mod e). O

Lemma 6.10. Let 1 < s < i <r <mn, s+r—i< je, as—1 < i, and i Z x (mod e) for any
x€{2s—2,2s—1,...,2s+r —i}. Then

r

Wx U(ala“’7a8—17i+17i+27"‘7r+17a8+7‘—i+17"'7aje)

i
= v(al, ey Q1,00+ 1T G, - - ,aje).

Proof. Suppose that asyj—;—1 <lforalll € {i,i+1,...,r}. Then the result follows directly from the
KLR relations since, for all [,

Yro(ar, ..., Gsqi—i—1,0 + 1,51 1—i41, Qspi—iv2, - - - Qje)
a;—1 agpp—j—1—1 9 ) ) -1 gpl—jt+1—1 aspi—i41—1  aje—l
= . L YsHl-i-Li-sp L ¢ | U s
1 sHl—i—1 s+l—i s+l—it+1 sHl—i+1 je
ap—1 agpp—i—1—1 )
:dj \L \L U(la"'7s+l_7’_17l7as+l—i+1)a8+l—i+27'”7aj6)
1 sHl—i—1
ifi#2s+1—i—2,2s+1—i—1,2s4+1—1 (mod e). O

Corollary 6.11. Suppose that 1 < s <i<r<n,s+r—i<je, as—1 <i—2,1=2s (mod e) and
r—i+2<e. Then

.
Pl ov(ar,. .. as—1,5,1+ 1,0 +2,...r+ 1, Ge1r—it2, .. -, Qje)
7

=v(al,...,as—1,0— 1,0, i+ 1,...,7 Gspr—it2,---,qje)-

Proof. Since i = 2s (mod e), we apply Corollary 6.9(ii) to give us

w\l/ wiv(alr"?as—laivi+177;+27"'7r+170/S+T—i+27"-7aje)

i+1

»
:@Z)\L U(al,..-,asfl,’t—1,Z,Z+2,...,T+1,as+r,i+2,.--,aje).
i+l

We now obtain our desired result by applying Lemma 6.10 since i + 1 # z (mod e) for all x €
{2s,25s +1,...,2s + 1 —i+ 1} (note that x runs over r — i + 2 < e terms). O

Lemma 6.12. Let 1 <r < je. If r # 1 (mod e), then y,Yrthri1 ... Yjezn = 0.

Proof. We proceed by induction on ¢(wr), where the minimal length is obtained when r = je.
For r = je, we have

(Yjetbje(—1,0))2x = Yjeyje+12x = 0.
Now assuming that r < je,
(Yrr(r = 1,0)0r 110042 - Yjezn = VrYrp1Uri1Vrg20r43 . Pjezy =0
by induction if » Z 0 (mod e). If r =0 (mod e), then this term becomes

¢r(yr+1¢r+1(0a 0))¢r+2¢r+3 .. ~wjez)\ =Yy (¢r+1yr+2 + 1)¢r+2¢r+3 . "/’jez)\-

The second term becomes 9, 429r43 ... 1Vje(Yr2)) = 0, whilst the first term is 0 by induction. O
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Lemma 6.13. Let 1 < s<i<r <nands < je, and suppose that r = 2s (mod €) andr —i+2 < e.
Then

) v(l,...,8,7+2,a542,...,05) =v(1,...,8,0, 0542, ..., 0jc).
Proof. The proof is similar to the proof of Corollary 6.11. O
Lemma 6.14. Let 0 < s < je — e and vr = v(ay, ... yaje). Then

(i) If asre = r for some 1 < r < n such that r # 2s,2s+ 1 (mod e) and r — 1,7+ 1,r + 2,7 +
3,....,r+e—2¢&{a1,...,a;}, then y,_jvr = 0.

(i1) If asye =1 for some 1l < r < n such thatr # 2s,2s+1 (mod e) and r+1,r4+2,7+3,...,r+e—2 ¢
{a1,...,a;c}, then y,vr = 0.

(i1i) If for some 1 < r <n, we have as1; =7 —e+1i foralli € {1,...,e =1}, as4e =7+ 1, r = 2s
(mod e) and r+2,7+3,...,7+e & {astet1,... a5}, then Ypvr =0.

Proof. We proceed by simultaneous induction on r — s on each of the three statements. Note that we
apply Corollary 6.9 without further reference.

(i) Our base case is when r = s+e+1, so that s #0,1 (mod e) and as4c—1 = s+e—1. We prove
this by induction on £(wr). For the base case, the minimal length is obtained when s+e+1 = je.
We thus have

aje—1

Yr—10T = (yjefleefl(_Qa O)W ]J/ ZX

aje—1 a,jefl

J
=Yje—1? L (Yjetje(=1,0))2x = Vje—1¥ | YjeYjer12x = 0.
je+1 je+1
Now suppose that s + e+ 1 < je, and assume without loss of generality that vy = v(1,...,s +

e—1l,s+e+1,s+2e,...,je+e—1). Then we have

s+2e—1 s+2e jete—2

Yr—1Vr = (ys-‘rews-i-e(s -1 O))T/} 4 2

st+e+1 s+e+2 je
s+2e—1 s+2e jete—2

= VsteYster1¥ 1 R A )

s+e+1 s+e+2 je
s+2e—1 s+2e s+2e+1 jete—2
=sre 1 Yster1Vster1? | Lo b
s+e+2 s+e+2 s+e+3 je
s+2e—1
:wered] \l/ ys+€+1’U(1,...,S+€,S+€+2,8+2€+1,...,j€+€—3)
s+e+2

= 0 by induction if s Z —1 (mod e).

If s=—-1 (mod e), then

s+2e—1 s+2e s+2e+1 jete—2
Ysyeh | (ys-i-e-i-lws-i-e—i-l(_la 0))@0 { Lo a
s+e+2 s+e+2 s+te+3 je
s+2e—1 s+2e s+2e+1 jete—2
= Vst L Yster2?) | Lol oa
s+e+1 s+e+2 s+e+3 je
s+2e—1 s+2e s+2e+1 s+2e42 jete—2
=stet L UV L (Uster2¥stetr2(0,0))0 ) 5
s+e+1 s+e+3 s+e+3 s+e+4 je
s+2e—1 s+2e s+2e+1 s+2e+2 jet+e—2
=Ysret? 4 VL (Uster2Usters— DY L L .o L 2
s+e+1 s+e+3 s+e+3 s+et+4 je

s+2e—1 s+2e s+2e+1 s+2e+2 jete—2

=tsrep L ¥ L Y b oo b Usters¥stetsVsterd - Pjen

s+e+1 s+e+2 s+e+4 s+e+5 je+1
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s+2e—1 s+2e s+2e+1 s+2e+2 jet+e—2

—Ysrey L Y L Y] Lo b Yster12a

s+e+2 s+e+3 s+e+3 s+et4d je

=0 by Lemma 6.12.

Next, we assume that r > s+ e+ 1, and again argue by 1nduct10n on E(wT). For the base case,
the minimal length is obtained when s 4 e = je and vy = v(1,.. —1,7). Then

r—2
Yr—1VT = (yrfﬂ;z)?“fl(_la'r - 1))7;Z) I 2=0.
je

Now for s + e < je, we may assume by induction (on ¢(wr)) that v =v(1,...,s+e—1,rr+
e—1,r+e,...,7+ je—s—2) and we have

r—2 r+e—2 r+e—1 r+je—s—3

Yr—1vr = (Yr—1¥r—1(s = Lir—s—=1)p | ¢ | L4 2\

s+e s+e+1 s+e+2 je
r—1 r+e—2 r+e—1 r+e r+je—s—3
L vl oyl vl UL A
s+e r+1 s+e+1 s+e+2 s+e+3 je
r—1 r+e—2 .
=yl v | yol,...;s+er+1r+e,...,r+je—s—2),
s+e r+1

= 0 by induction if r # 25+ 2 (mod e).

If r =254 2 (mod e), then we have

—1 r+e—2 r+e—1 r+e r4+je—s—3

WL ess+w L ow L 1T s
s+e r+1 s+e+1 s+e+2 s+e+3 je
r—1 r+e—2 r+e—1 r+e r+je—s—3
=) vl ypav L L ... 1 2
s+e s+e+1 s+e+2 s+e+3 je

=0ifs+e=je—1.

Now suppose that s + e < je — 1. Then the above term becomes

r—1 r4+e—2 r4+e—1 r+e r4+e+1 r+je—s—3
V9l Ul et Ls+ ) Log L L L s
s+e s+e+1 r+2 s+e+2 s+e+3 s+e+4 Jje
r—1 r+e—2 r+e—1 r+e r4+e+l r4+je—s—3
0l 0L L @Wewee—w Low L LT s
s+e s+e+1 r+2 s+e+2 s+e+3 s+e+4 je

=0if s+e=je—2.

If s+ e < je — 2, the first term becomes

r—1 r+e—2 r4+e—1 4 r4+e+1 r+e+2 r+je—s—3
vi vl L Wl g i vl L 2
s+e s+e+1 s+e+2 r4+3 s+e+3 s+e+4 s+e+b je

r—1 r+e—2 r4+e—1 r+e
:’(b\L ¢ l/ \L %Z)i yT+2fU(1 ,S—|—€—|—2,T—|—3,’I“+6—|—2,...,T+j6—5—2),

s+e s+e+1 s+e+2 r+3

= 0 by induction since r # 2s + 3,25 +4 (mod e).

Then the second term above becomes

r+e—2 r+ r4+e+1 r+e+2 r+je—s—3
A R A R A NS A A AR
s+e s+e+1 s+e+2 r+3 r+4 s+e+3 s+e+4 s+e+b je

which is zero if s +e = je — 3. If s + e < je — 3, then we continue

r—1 r4+e—2 r+e—1 r+e r+e+1 r+e+2 r+je—s—3
L vl v iiﬁi N 2T TR Y
s+e s+e+1 s+e+2 s+e+3 r+3 r+4 s+e+4 s+e+5 je

r+e+1 r+e+2 r+je—s—3

=y (w”iwihle)wmwwi R A A P

s+e r+2 r+3 r+4 s+e+1 s+e+2 s+e+3 s+e+4 s+e+5 je
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r—1 r+e—2 r4+e—1r+4e
=— (@ZJ 4 i)1/Jr+1v(1,...,s—i—e,r—1,7“,7‘—|—2,7“+e—|—2,...,7‘—|—je—s—2)

s+e r+2 r+3 r+4

= 0 by the inductive hypothesis of part (iii) if e = 3.

We apply Lemma 6.13 without further reference. If e > 3, we have

r+e+1 r+e+2 r+je—s—3

—yy (zﬁf ”i“f)wrf B P T A AP

s+e r+2 r+3 r+4 st+e+1 st+et+2 s+e+3 s+e+4 st+e+b je

_ 1/;11 (wr+i2 r+j{1rj‘l:e7‘+:l:;+1>

s+e r+3 r+4 r+5 r+6
r+4

-t v, s+er—1Lrr+1,r+6,r+e+3,...,r+je—s—2)
r+2

_ ¢7-11 <¢7»+i2 T+ihier+i+l>

s+e r+3 r+4 r+5 r+6
cpyov(l, o s+er—1Lrr+1,r+3,r+e+3,...,r+je—s—2)
= 0 by the inductive hypothesis of part (iii) if e = 4.

If e > 4, then we have

B ¢rl1 <¢T+i_2 T+i_1TIeT+j/+l> 1/} rlQ rll l M¢ rj—/l ¢T+j+2 r+i+3‘ .7j+je£s—3z>\

s+e r+3 r+4 r+5 r+6 s+e+1 s+e+2s+e+3 s+e+4 s+e+5 s+e+6 je

r—1 r+e—2 r+e—1  r+et2
=—v (@Z) Lol )

s+e r+4 r+5 r+8
r+6
T vl ste,r—=1 41, r42, 748, rte+4, ... r+je—s—2)
r+3
r—1 r+e—2 r+e—1 r+e+2
=y (w ol )
s+e r+4 r+5 48

“rgsv(l, ..o ste, r=1rr+1, 42, r+4, r+e+4, . .. r+je—s—2)
= 0 by the inductive hypothesis of part (iii) if e = 5.

Continuing in this fashion, we eventually obtain

r—1 r+2e—4
-l v 1 (..., ste,r=1,r ..., r+e=3,r+2e—2,r+2e—1,..., je+r—s—2)

s+e r+e—2

r—1
=—Y] Yrpe—ov(l,...,ste,r=1,1 ... ,r+e=3,r+e—1,r+2e—1,..., jetr—s—2)

s+e

= 0 by the inductive hypothesis of part (iii).

r—1
(ii) If r = s + e, then the term ¢ | is trivial so that

s+e
Ggtet1—1 aje—1 agtet1—1 aje—1
Yrvr = Ysyeh | 4o a=y oo b Ysren = 0.
s+e+1 je s+e+1 je
We now suppose that » > s+ e, and assume without loss of generality that vy = v(1,...,s +

e—1,rr+e—1,r+e,...,je —s+r—2). Then

YrUt
-2 r4+e—2 r4+e—1 je—s+r—3

= (ra(s—Lr—s—1)L ¢ L 1 ... 1 =,

s+e st+e+1 s+e+2 je
-2 r4+e—2 r+e—1 je—s+r—3

— gl ¢ L L L s

s+e s+e+1 s+e+2 je
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0 ifr=s+e+1
Vr_1yr—1v(l,.. .y s+e—1r—1r+e—1,....5e—s+r—2) ifr>s+e+2
= 0 by induction if r # 2s4+2 (mod e).

Ifr>s+e+2and r=2s+2 (mod e), then

3 r4+e—2 je—s+r—3

Yoo rotroa(s — Ls)W L ¥ L ... L oz

s+e s+e+1 je
r—4 r+e—2 je—s+r—3

=Y 1r—2(yr—2¥r—3(s—Ls=1))p ] ¥ | ... | 2

s+e s+e+1 je
0 ifr=s+e+2
_ r—4 r+e—2 je—s+r—3 X
¢r71¢r72(¢r73yr73 + 1)¢ \L ¢ \L s i« ZX if r 2 s+e+ 3.
s+e st+e+l je

Assuming r > s 4 e 4+ 3, the first term of this is
Vr_1r—o¥r_3yr—3v(1,...,s+e—1,r—=3,r+e—1,...,je — s+ r —2) =0 by induction.
If je = s + e, then the second term becomes

?l}r—ldirfz?ﬁrf Zy = 1,!)7«711#?4 Pr_ozy = 0.

Now suppose that je > s+ e. Then the second term becomes

r—4 r+e—2 r—3 r4+e—1 r4e je—s+r—3
el UL eatereray Lo¢ L L L a
s+e T s+e+1 st+e+2 st+e+3 je

r+e r+4e+l je—s+r—3

r+e—2 —4  r—3 r+e—1 r—1
R A R R s S T
r+1 s+e s+e+1 r+2 s+e+2 s+e+3 s+e+4 je
r+e—2 r+e—1

=y | ¢ | @, ..,s+e—-1,r=3;r—2,rr+e+1,...,je—s+r—2)

r+1 42

= 0 by the inductive hypothesis of part (iii) if e = 3.
From here, the proof concludes in a similar manner to the proof of part (i).

(iii) Our base case is when r = s + e, so that s = 0 (mod e). We prove this by induction on ¢(wr),
and assume without loss of generality that vy = v(1,...,s+e—1,s+e+1,s+2e+ 1,5+ 2¢e+
2,...,je+e). For the base case, the minimal length is obtained when s + e = je.

Yror = (1/]3—&-6(_1’0))'2)\ = (Yste — Ystetr1)2r = 0.
Now suppose that s + e < je. Then we have

s+2e s+2e+1 jet+e—1

brr = (L (1,000 L L ..o L oz

st+e+l s+e+2 je
s+2e s+2e+1 jete—1

= (y8+e - ys+e+1)¢ 4 R A 2N

st+e+1 s+e+2 je
s+2e s+2e+1 s+2e+2 jet+e—1

=0—1% | (Uster1¥ster1(0,0)) | Lo doa

s+e+2 s+e+2 s+e+3 je
s+2e s+2e+1 s+2e+2 jete—1

=0 | (Ystet1Yster2— DY L L .. L 2

s+e+2 s+e+2 s+e+3 je

The first term becomes

s+2e s+2e+1 s+2e+2 jete—1

-l ¢ ] Lo b Uster2¥stet2Wstets - - Yjezxn = 0 by Lemma 6.12.

s+e+1 s+e+3 s+e+4 je+1
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The second term becomes

s+2e s+2e+1 s+2e+2 s+2e+3 jete—1
1/} \ { ws-&-e e+3 s+e+2w { L .1 a
s+e+3 s+e+4 s+e+3 s+e+4d je
s+2e s+2e+1 s+2e+2 s+2e+3 s+2e+4 jete—1
=9 L ¥ |l beentberemsliortererst L L 0 L 2
s+e+3 s+e+5 s+e+6 s+e+4 s+e+5 je

s+2e s+2e+1s+2e+2 .
= | bl Ystpersv(l,...,s+e+2,s+e+4,s+2e+4,...,jete)

s+e+4 s+e+5 s+e+6

= 0 by induction if e = 3.

If e > 3, then we have

s+2e s+2e+1s+2e+2 s+2e+3 s+2e+4 jet+e—1

2
LT T Wz L LT 2
s+e+4 s+e+5 s+e+6 s+e+4 s+e+b je
s+2e s+2e+1 s+2e+2 s+2e+3 s+e+5 s+2e+4 s+2e+5 jet+e—1
=9 | L9l 4 Yste FTPster6y L ¢ | Y
s+e+4 s+e+5 s+e+7 s+e+8 s+e+4 s+e+5 s+e+6 je
s+2e s+2e+1 s+2e+2s+2e+3 9 s+2e+4 s+2e+5 jete—1
=y L vl L (st et L L L 2
s+e+4 s+e+6 s+e+7 s+e+8 s+e+5 s+e+6 je

s+2e s+2e+1s+2e+2s+2e+3 .
=¢v 1 L b Usperav(l,...,ste+3,s+te+5s+2e+5,...,jete)

s+e+5 s+e+6 st+e+7 s+e+8

= 0 by induction if e = 4.

If e > 4, then we have

s+2e s+2e+1s+2e+2s+2e+3 s+2e+4 s+2e+5 jete—1

2
AR ) S 0)) L  A
s+e+5 s+e+6 s+e+7 s+e+8 s+e+5 s+e+6 je
s+2e s+2e+ls+2e+2 s+2e+3 s+2e+4 s+e+7 s+2e+5 s+2e+6 jete—1
= L U T L T sttt + 0 L L L 2
s+e+5 s+e+6 s+e+7 s+e+9 s+e+10 s+e+5 s+e+6 s+e+7 je
s+2e s+2e+1 s+2e+2 s+2e+3s+2e+4 2 s+e+6 s+2e+5 s+2e+6 jete—1
=y L L vl Ll @t L v L L a
s+e+5 s+e+6 s+e+8 s+e+9 s+e+10 s+e+5 s+e+6 s+e+7 je
s+2e s+2e+1 s+2e+2s+2e+3s+2e+4 2 s+2e+5 s+2e+6 jete—1
=y L v L L Ll et Dsresst L L o L2
s+e+5 s+e+7 s+e+8 s+e+9 s+e+10 s+e+6 s+et+7 je
s+2e s+2e+1 s+2e+4 .
= | b oo b WUsqersv(l,...,s+e+4,s+e+6,s+2e+6,...,je+e)

s+e+6 s+e+7 s+e+10

= 0 by induction if e = 5.

If e > 5, we continue in this way until we obtain

s+2e s+2e+1 s+3e—1

) b oo b gpeev(l, .. s+2e—1,s4+2e+1,s+3e+1,....5e+e)=0

s+2e+1 s+2e+2 s+3e

by induction.

We now suppose that r > s + e, and again we will use induction on ¢(wr), so we may assume
without loss of generality that vy = v(1,...,s,r —e+1,r—e+2,...,7r—1,r+1,r+e+1,r+
e+2,...,5e+r—s).

For the base case, we assume that s + e = je and hence r = s = 0 (mod e). Applying
Corollary 6.11, we have

Yooy =Yv(l,. . je—er—e+1lr—e+2,...,r—1,r+1)
r—e r—e+1 r—2 T
N AR
je—e+1 je—e+2 je—1 je
r—e r—e+1 r—2 9 r—1
N RN O ) A
je

je—e+1 je—e+2 je—1



42

r—e r—e+1

=y L 1

je—e+1 je—e+2

r—e r—e+1

=y L 1

je—e+1 je—e+2
r—e r—e+1

—yp L]

je—e+1 je—e+2

r—e r—e+1

=y L 1

je—e+1 je—e+2

r—e+

—0+y L

je—e+1 je—e+2

r—e r—e+1

=y L

je—e+1 je—e+2

r—e r—e+1

=y L 1

je—e+1 jefe+2

r—e r—e+1

=

je—e+1 j675+2

T

je—e+1

r—e—1
L R
T—2e+2 r—2e+1 je—e+1 je—e+2

r—2e r—2e+1

=y L

je—e+1 je—e42

4 (yr

r—e+1 —et
[ T
— r—2e+3 je—e+2 jefe+3

T—2e+4

r—2

r—1
— Yr+1)¥ i 2\

je—1

v yrwi 2 —0

je—1
r—2

7l <yr¢7«,1<—1,—1>>@!f 2

je—1
r—2

S (Wrmiyr— -l-l)wr_l2 2\

je—1

1 r—2

je—1 je
r—3 r—4 r—3
SR S
je—2 r—3 gje—1 je

¢3M¢ v ¢lw¢ )
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r—2
.4 ¥ 2z, by the inductive hypothesis of part (ii)

¢4M¢ FTT ) o

r—2e+2 r—2e+3 r—e—1

je—1
r—2e r—=2e+1 r—e—2 r—e
L vl 2
je—1 je
r—e—2 9 r—e—1
\ (wr—e(_170))¢ *L 2\
je

je—1

T—

¢w¢ Z\

We repeat the above process s — j — 1 more times, until we reach

(7!}]213(_17 0

Nax = (Yje

We now suppose that s + e < je. We thus have

r—e r—e+1

r4+e r4e+l

— Yjetr1)2zx = 0.

jet+r—s—1

Yror =Pl | v vl ¢l Z)
s+1 s+2 s+e—1 s+e s+e+1 s+e+2
r—e r—e+1 r—2 2 r+e r+e+1 jet+r—s—1
—w ) UL @R - L)) vl 2
s+1 s+42 ste—1 s+e st+e+1 s+e+2 je
r—e r—e+1 r—2 r4+e r4e+l jetr—s—1
T AU ARV VRN 2 ()
s+1 s+42 s+e—1 s+e s+e+1 s+e+2 je
Applying the inductive hypothesis of part (ii), the first term of (1) becomes
r—e r—e-+1 r—2 -2 r+e r+e+1l je+r—s—1
U U et —Ls— 0wl vl Vs
s+1 s+42 s+e—1 s+e s+e+1 s+e+2 je
r—e r—e+1 r—2 r+e r4+e+1 je+r—s—1
=yl L oL (¥ 1yr1+1)1/1¢ (VR 2\
s+1 s+2 st+e—1 s+e st+e+1 st+e+2 je
r—e r—e+1 r+e r4+e+1 je+r—s—1
0491 1T Yty L Wl ) 2
s+1 s+4+2 §+e 2 s+e—1 s+e s+e+1 s+e+2 je
r—e r—e+1 r—4 r—6 r+e r4+e+1 jetr—s—1
=1 U st LV L v 2
s+1 s+2 s+e—3 st+e—2 st+e—1 s+e s+e+1 st+et2 je
r—e r—e+l r—4 r—e—3 r—e—2 r+e r+e+l jet+r—s—1
=y 4 L.l L L ¢w¢w¢ Zx
r—e—2 r—e—1 r—6 s+1 s+2 s+e 1 s+e s+e+1 s+e+2 je
r—e r—e+l1 r—4 .
=v | b ..ol osv(l, . s, r—e—2,r—e—1,. .., r—=4,r=2, 7+e+1,..., je+r—s)
r—e—2 r—e—1 r—6

= 0 by induction on r — s

if e=3.
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If e > 3, then by applying Corollary 6.11, we have

(w rle rfj:kl i ) wr i 37— e 2 \[/ qu i{ y rie r+j+1“ je+TJ/S 1 .

r—e—2 r—e—1 s+1 s+2 st+e—1 s+e s+e+1 s+e+2 Jje

(T i)m“ig T

r—e—2 r—e—1 r—T7 s+1 s+2 st+e—4

r—5
Al v(l,...,s+e—4,r—6,r—5r—4,r—3,r+e+1,...,je+r—3)
r—6

r—e r—e+l r— r—e—2 r—8
— (o V)T
r—e—2 r—e—1 r—7 s+1 542 st+e—4

p_gv(l,... s+e—4,r—T,r—6,r—5,r—3,r+e+1,...,je+1r—23)
= 0 by induction if e = 4.

As in parts (i) and (ii), we continue in this fashion for e > 4, until we eventually obtain
Yr_ev(1,. .. 8, 7—2e+1,r—2e+3,...,r—e—1,r—e+1,r+e+1,...,jet+r—s) =0

by induction. Applying the inductive hypothesis of part (i), the second term of (1) becomes

r—e r—e+1 r—1 r+e r r+e+1 r+e+2 je+r—s—1
SR A S N e O ) S A R )
s+1 s+2 s+e r+2 st+e+1 s+e+2 s+e+3 je
r—e r—e+1 r—1 r+e r+e+1 r4+e+2 jetr—s—1
—— L L] gt Lo 1T 5
s+1 s+2 s+e r+2 s+e+1 s+e+2 s+e+3 je
r—e r—e+1 r+e r+e+1

=—2l | . ¢ v L Yl yru(l, . ste+l, r43, r+e+3, ..., jetr—s)

s+1 s+2 s+e ste+1 r+3
r—e r—e-+ r+e+1 r+1 r+e+2 r4+e+3 jet+r—s—1

oyl Wl Ll sttt L 0 L 1.0 L 2

r+3 s+1 s+2 s+e+1 r+4 s+e+2 s+e+3 s+et+4 je
r4+e r+e+1 r—e r—e+1 r+1 r+e+2 r+e+3 je+r—s—1

—o+yl L owl Lol el LT A

r+3 r+4 s+1 s+42 s+e+2 s+e+3 s+e+4 Jje
“+e r+e+1 r—e r—e+1 r+1 r+e+2 r+3 r+e+4+3 r+e+4 je+r—s—1
A S A A A O ey Bt A A A
r+3 r+5 s+1 s+2 s+e+2 r+6 s+e+3 s+e+4 s+e+5b Jje

r+e r+et+lr+e+2 r—e r—e+lr—e+2

=yl L L vl 1

r+4 r+5 r+6 s+1  s+2 s+3
“rgsv(l, .. 53, r—et+ 4, r—e+D, . 2, r+4, rte+4, . .. jetr—s)
= 0 by induction if e = 3.
If e > 3, then we have

r+e r+etlr+e+2 r—e r—e+l r+1 r42 r+e+3 r+e+4  jetr—s—1

T A R S A A €A 1 A A AP
r+4 r4+5 r+6 s+1 s+2 s+e+2 s+e+3 s+e+4 s+e+5 je
r+e r+e+1 r+e+2 r+e+3 r—e r—e+1 r+2 r+5 r4+e+4 r+e+5 jetr—s—1
=l Ll Ll Ll et L vl L L =
r+4 r+5 47 r+8 s+1 s+2 s+e+3 s+e+4 s+e+5 s+e+6 je

r+e r+e+1 r+e+2r+e+3 r—e r—e+1

T O )L AP

r+4 r+6 r+7 r+8 s+1 s+2 s+e+3 s+e+4 s+e+5 s+e+6
r4+e r+e+1 r+e+2 r+e+3 r—e r—e+1lr—e+2r—e+3

=yl L vl 1wl 11

r4+5 1r+6 47 r+8 s+1 s+2 s+3 s+4
“pgav(l, ... s+4, r—e+5, r—e+6, ..., 7+3,r+5, r+e+5, r+e+6, ..., je+r—s)
= 0 by induction if e = 4.

We continue for e > 4 in a similar manner until we reach

r—e r—e-+1 r+e—2 r+e r4+2e r+2e+1 je+r—s—1

A A A N A UUO A

s+1 s+2 s+2e—1 s+2e s+2e+1 s+2e+2 je
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=Urgev(l,...,s,r—e+1,7—e+2,. .., r+e—1,r+e+1,r+2e+1,7+2e+2, ..., je+r—s)
= 0 by induction. O

Proof of Proposition 4.12. (i) This in fact follows just like the proof of Proposition 3.5, with indices

shifted by the corresponding multiples of e. In fact, that proof gives that

d](r—i—l)e—lw(r—i—l)e—Q cee Qbre\IleU = _2w(r+1)e—l¢(r+1)e—2 s ¢7‘6U’

since there we allow each component to be an arbitrary (small) hook, not just the trivial partition
(e). If we follow the proof, setting b = 0, it may be considerably shortened and in fact the prefix
of generators ¥, 1)e—1¥(r4+1)e—2 - - - Pre+1 is not needed at all — the special case b = 0 of that
proof ends on page 32.

Without loss of generality, we will assume that W, 1 W,.v is reduced, i.e. v is a linear combination
of basis vectors indexed by standard tableaux that have brick r in the second component and
bricks r + 1 and r + 2 in the first. One can show that if brick r is in the first component,
the calculation of W,vr reduces to applying part (i) of the proposition to basis vectors of the
assumed form. If brick r is in the second component but bricks » + 1 and r + 2 are not both
in the first component, then the calculation of W, 1V, v reduces to applying part (iii) of the
proposition to basis vectors of the assumed form.

By repeatedly applying Corollary 6.9(i), we have

Yre Wy 1V
ret+e rete+1 re+2e—1 re re+1 ret+e—1
e N e I T
re+1l re+2 rete re—e+1 re—e+2 re
ret+e rete+l re+2e—1
=t L Lo LW
re—e+1 re—e+2 re
rete re—1 ret+e+1 rete+2 re4+2e—1
=0 Yeetbreriret L ¥ L L ... LW
re+2 re—e-+1 re—e+2 re—e+3 re
rete re—1 ret+e+1 re+1 re+e+2 ret+e+3 re+2e—1
=l P L Y| Yerathermleny L Y L L o L v
re+3 re—e-+1 re+4 re—e+2 re—e+3 re—e+4 re

_ (wre\ljre w re\ljl > <wre+£+1 w rejl > <¢7'e+\[+2 w re\ljr3 ) <wre+je4 wr'e+j/69> '

re+3 re—e—+1 re+5 re—e-+2 re4+7 re—e+3 re4+2e—>5 re—3

re+2e—7 re+2e—>5 re+2e—3
brevzest b ) (¥ 1) s stz ot L v
re—2 re—1 re

rete ret+e+1 ret+e+2 re+2e—4 re—1 re+1 re+2e—5 re+2e—3
— (v 0T WL L )Y L v L w0 e
re+3 re+5 re+7 re+2e—>5 re—e+1 re—e+2 re—1 re
3r—1 3r+1 3r+3
If e = 3, this becomes ¥3,43¢¥ | ¥ | ¢ | wv. However, if e > 3, then by applying
3r—2 3r—1 3r
Lemma 6.10, we have
re+e ret+e+1 ret+e+2 re+2e—4 re—1 re+1 re+2e—>5 9 re+2e—4
vl v L vl L vl vl o L (v b
re+3 re+5 re47 re+2e—>5 re—e—+1 re—e+2 re—1 re
re+e ret+e+1 re+2e—>5 re—1 re+1
=(vd v vl Y|l v
re+3 re+5 re+2e—7 re—e+1 re—e+2
ret+2e—7 re+2e—4 ret+2e= re+2e—6 ret+2e—5
R S U I
re—2 e+2e—5 re+2e—>5 re—1 re
re4e re+e+1 re4+2e—6 re—1 re+1
=(vd v vl Yl v
re+3 re+5 re+2e—9 re—e-+1 re—e+2

re+2e—9 re+2e—>5 re+2e=5 re+2e—8 re+2e—T7re+2e—6
A W N P
re—3 e+2e—7 re+2e—7 re—2 re—1 re
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re—1 re+1 ret+e—1 rete— re+2 re+3 ret+e—2 rete
=t L 9T et (00 T LT )T
re—e—+1 re—e+2 re+3 re+3 re—e+3 re—e+4 re—1 re

For e > 3, the last terms become

re—1 re+1 re+2 ret+e—2 9 ret+e—1
( i 111 4 i st i/ (w're—f—e(_la O))¢ { v
re—e-+1 re—e+2 re—e+3 re—1 re
re—1 re+1 re+2 rete—2 rete—1
=y | v I oo b (Yrere = Yreter)¥ L v
re—e-+1 re—e+2 re—e+3 re—1 re
We know from Lemma 4.9 that the second term becomes zero, whilst the first term is
re—1 re+1 re+2 ret+e—2 ret+e—2
1/1 4 Tﬁ \ Lo d (yre-l—ewre—f—e—l(_lv _1))¢ \ v
re—e+1 re—e+2 re—e+3 re—1 re
re—1 re+1 re+2 ret+e—2 ret+e—2
=y L ¢ Lol (wre—&-e—lyre—l—e—l + 1)1/} 1 v
re—e+1 re—e+2 re—e+3 re—1 re

Now the first term is

re—1 re+1 re+2 ret+e—2
(GRS VN Voo b Yrere1rere1v(l, . sre—Lire e — 1, areq1, -5 Gre)
re—e—+1 re—e+2 re—e+3 re—1

= 0 by Lemma 6.14(ii) since re + e —1#0,1 (mod e).

If e = 3, then applying Corollary 6.9(ii) to the second term yields

3r—1 3r+1 3r+1

UL L W o= L bt st = Yo el e = Yo

3r—2 3r—1

If e > 3, then repeatedly applying Corollary 6.11 to the second term yields
re—1 re+1 re+2 re+e—3 ret+e— ret+e—4 re+e—3
o T T T T et 0L
re—e+1 re—e+2 re—e+3 re—2 re+e—3 re—1 re
re—1 re+1 re+2 re+ef4w re+e—6 rete—5rete—4
L L T LT e vl T
re—e+1 re—e+2 re—e+3 re—3 Tete—4 ret+e—>5 re—2 re—1 re

re—1 re+1 re+1 re
v L o LT 1w
re—e-+1 Te—e+4 re—e+3 re—e+2
re—1 re—1
=y LT e
Te—e+2 re—e-+1
:¢rev~

(iii) The proof proceeds analogously to part (ii), and is omitted for the sake of brevity. O
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