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Remeiders aboutthe rit-Hecke algebra Work over a feed Ik, later charlk +2

NAn gens 1, --,xn, t, --, tn-1 I 42 =0, Ki4i= tixits + 1

I-
poly. res baid rels Tili=Cititi+1

Willuse diagans! (i=....... Locally: ()=0, ⑧
-

&
-

I... ...R

Xi =...... J =), -
8
=

... it...

ab N
Splus" interchange"iffar apart)

More tricks:
- I ... = -

all are I identity
a+b =4 n ↳ n ab

Ia. thick crossing *=longestelement =4* =

-I
etc ...

n
ab ab
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x

Dots deIN: 1 =x.... Pinsf=[c elkti,n].f -
=Ex

n n

n
Will drop subscaptn when on stringof thickness a

Special cases 1 =Jn =(n - 1,n-2, - --,),0) X
2 =0r,n(H,0,...,0) fundamental weight

r

f =ern
=[ ... -xi: elementary symmetricpolynomialin ,...In
Ki, ...in En

Xf= Sx,n: Schur polynomial in ,--,n ndexed by partition, exer

ey -S n
=1 n =2 ⑧ et....

X I
n =

3.)
n

homogeneous
x;degree 2

Itiswell known that thisisa primitive (idempotentinNin E 4:degree -2(and all such one conjugate tothis one)
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silf)-f

WAnG (KEC,...,xn] acts by mult., 4:actsby Demazure 4iof:
Ci+i);

-I ==g-n(n
-1)

A I the leftaction becomes action "on top"of diagram

n X

Aho An= (kt,--x]=z(NH) and IKI,--,] igre Anmodate, basis x
(0xx;(n-i)

-> NHr End (IKL. -)) =Matn! (An)
An

Fundamental theorem f(w)

of Schubert calculus

X 8 I E
(-1)
-Sx

ifw(+)
=x+5 for we shard partition X

X

x
n

7 0 else.

R

You deduce thatof actsas
I am cc, 0 on other" (02icn-il

=>earlierclaims aboutthisprintiveidempotent
n
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SaxSb
Aa,b :=([x,-,xn] isequionantcohomology of Gra (n =a+b)
-

A
Frobenuis extension
Inon-deg. Symm. Anbilinearform (s): Aabxab*An 3 =-(fig)

X

Theorem imples -

-79

X syn(x) xif =

ext -
=>required dual bases for a,

b
anb

-

I a es

I
in

- E
0 ele as free An-module

X

X fitsin
axb rectangle Exa rectangle (Schubert classes!

corollary (KLMS) b

0fog
[synI
e as a sum of mutually orthogonal,

x x=
A Y =Sprimitive homogeneous idempotents.

ab
a fe b
I
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Nil-Broner and theEquantum group of rank
I -I use Ifor tensor/horizontal comp

L

~By strict Ik-incar garded monoidal category, defied by generators relations

Greating objectB, Ip=(obs B**- IN) Relations

creating morphisms.u,U ( =0,
⑧
-

&
I -I

-

deg 2 deg-2 dego
Here telkisparameter. ( =3,N =

=y
Actually t =0 or t=l else

trivial!
e = -,7 =X

- M rPorf:ot
-

&
I -

W 1 =0, -t1
W W W A

"
..

2

- :. t1= t1 ... t =0 or t=1

What's Endu,(M)?
Have dotted bubbles 5
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Recall Schar's g-functions ErEeshrs = -1(algebra of symmetric fructions)

They generate subalgeba M =1k[9,193,95,...] ofA

Theorem (B..Wang-Webster4
=Endrg,(ID), 9pH-2

f1)" or

Each morphism space Homes, (4,M) isfree as a 4-module with "obvious"

basic givenby
reduced Bauer agains withdots at fixed pointon each string.

-

2A kossings in C (m =n (2) of course)
=>rok,Hom (n, m) sigy*9

NBt
chord dagios ( with

3 m+n marked boundary point
~m
D

I

% which by some combinator is equals (B", BM)"
M

in the I-quantum goy I" of rank one!
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UP =subalgebe of usual Ug(st2) generated by B =F +qkE

(u,v=x (a, vaxA
mual form on Halstch-module ofhim XEIN, M,-hures↑↑ in Q((q))

introduced
by Bar-Wang two terms
Primitive idempotents inNBt e

W much harder!
NBI has a lotiscommon with nil-Hecke, but

*-
&
I -

M

but:
"

↑It isno longer truethatall symmetricpolynomialsare central
↑-qr
f -

f

Also false - *Sx
h Her fi 0x +8 -

X n

& R W W W
X

&Wr+ S -
*er

- S Fer
But remarkably stillhave n=t

X X
- - key tonext theorem!& R R-2
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Theorem (BWW) en:=15 is a primitive homogeneous idempotentin NBA, and
N

every such is conjugate toone of these. Moreover we decompose Been

as a sum of conjugates of these.

Ifrift (2) we show
M

for? I only
sums of mut. orthogonaln

↑ &I
n -is run

-we E
Been= fir X t (-1) ·Wr primitivehomogeneous idemps.

r =0 /.Wrts /x
R

S

n ↓ for 22 only
↓

n2n+1 IfR=t (2)
we show

M
↑ &I

nr a)sR
n -is R n-ro P

(n+1 of these l I I r- 1 t (-1)
Bxen = E fir X

r =1
(-1) ·Wr

·wrzs
r =0 /. WrtS /x /xt

R n
n

S S

2n+1 en-1

(n+1 of these l (n ofthese)



-

9The mil-Braner category Jon BRUNDAN

Now consider modules over NBt (graded Ik-linear fructors to GVec).
Traditional to pass from category to its path algebra NB =

& Hom (n,m).
min20 WBt

Thisis a locally cital garded algeba withsystem In (n=1) -
ImNBIn

ofmutually orthogonal idempotents.

ko (NB) =Gothendteck 2[q,g)-algebra of fig. gaded projective left NB-modules

- ↑

gack by grading [P][G]:[P*Q] where *:induction product/Day convolution
↑

shift functor

LetP(n) =giUCn-RNBen (projective assoc. toprimitive idempotenten

Corollary BP(n). =P(K) *P(n) =(
[n+1]P(n+) * [n) P(n) n=t (n)

[n+1] P(n+1)
net(2)
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The recurrence relation here isthe same as recurrence for Bao-Wang's

2-cononical basis B (neIN) for U" (which abo depends onchoice ofth.

In fact, thisis how we prove en isprimitive/P(n) is indecomposable,

for (B, B(M) =Saim (mod 9"Q[[g'))) by the geneal theory.

So:

Theorem (BWw) ko (NB) EzU' as a 2[9,9)-algebra

[P(n)) =>BY

where UIis the 219,5)-form generated by theBC
2

ii. WB) categories the split z-quantum group ofrank 1.
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There's more interestingstructure toNB- ithas a graded triangular basis.

sortof a weak triangular decompositionlike inLietheory.

Cartan role isplayed by NHR good homological
n=0 Ik / properties

L

Letstandard modules 1(2)

(ncAiaffiehighestweightcategory
↑ *A(n -z) -layers are infinite

ButP(n) has a filtration

assional-
which isa new

has submodules which :
dreit sums

are not finitely gend - (known mults)

phenomenon for me.

Kac- Moody 2-categories(categorifying usual quantum groups)
inthe "highest weight

also have this sort of structure (not so explicit) story


