LECTURE 11. CHIRAL SUPERFIELDS

1. SUPERSPACE

As we discussed in the previous lecture, SUSY algebra is an extension of the Poincare
algebra. In Poincare algebra the four momentum P, corresponds to translations in space
time: a* — x4 a*. SUSY generators @, and Qg4 correspond to translations in an extended
space, which is called superspace.

Superspace contains z* and coordinates 6, and 4. The later are Grassmann variables i.e,

they satisfy anticommutation relations
{Ha,gﬁ} = {9_017513} = {00479_5} = O
from these equations one can conclude that (61)* = (62)? = (6;)? = (05)* = 0, i.e., the

Grassmann variables are nilpotent.

A group element is’
G, 0,0) = - Puct0"Qu k1% Qa)

Multiplying two group elements

G(0,€,6) G(x,0,0) = G(x + i€ —ilah,0 +&,0 + €)
Therefore we have the transformation rule
ot — ! + 0% ot £& — e ab 6%
On — 00 +&ay 04 — 04+ &

The corresponding generators have the form?

0 _. 0 _. B )
1 azi—.#- a_~ & _ Y spo B Ba Y
(1) Q 904 ol .0 EE Q o0, 0 T0i€ " B
One can check, that
= 0
R
{Qa: Qa} = 2ioas
{QOMQﬁ} = {QOMQ/J?} =0
Let us introduce supercovariant derivatives
0 _. 0 _ 0 0
2 Do =2 tigh 052 Dy=——2 —igoot,
( ) oh + 10,4 O’ EYR 7 O-aaax.“

LComplex conjugation rule is (0,0)* = ©507.
2We are considering the left differentiation, i.e., the differentiation operators act from the left. It is important
to remember, that for Grassmann variables ©; we have {%, ©;} = di;.
1



2 LECTURE 11. CHIRAL SUPERFIELDS
Supercovariant derivatives anticommute with the SUSY generators

{Qa: Ds} = {Qa, Dy} = {Qa, Dy} = {Da, Q3} = 0
and satisfy the algebra

_ ) o
{Dom Da} = _Q’LUZ@@

{Da, Ds} = {deDB} =0

2. SUPERFIELDS

Since we are considering a superspace, it is natural to consider superfields, which are defined
on a superspace. A superfield has a form F(z#,04,04). A dependence on the Grassmann
variables is understood as follows. The superfield is expanded in terms of Grassmann variables
as

(3) F(2", 00, 08) = @(z") + 0o (7)) + 0% (z") 4+ 0°0° 05 (zH) + ...

where ¢, Yq, Xa, Tap etc., depend only on x#. These fields are called component fields. Since
Grassman variables are nilpotent the expansion (3) will terminate i.e., we have a finite number
of component fields.

A superfield F(2#,60,,0s) can have a number of spinorial or vectorial indices, as well as
internal indices. The same indices will appear for the component fields as well. If a superfield
is bosonic, then the component fields which are multiplied by even powers of #- variables are
bosonic, and the other ones are fermionic.

A supefield transforms under supersymmetry transformations as
(4) SF(2t,0a,05) = (€*Qu + €Q%)F (2", 04, 05)

where €, and €, are constant parameters of SUSY transformations.

3. CHIRAL SUPERFIELD

One can reduce the number of component fields imposing some additional constraints on a
superfield.
A chiral superfield obeys the constraint

(5) Ds®(z,0,0) =0

This constraint is invariant under SUSY transformations, because the supercovariant deriva-
tive anticommutes with SUSY generators.
One can solve (5) by noticing

Dd(m“ + 160¢ O'Zd 9‘@) =0, Ddea =0

Therefore a chiral superfield has a form ®(y*,6,), where y* = z# + i0% o', 0%
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We have
(6) (Y, 0a) = Aly) + V20" a(y) + 00 F (y) =

— Az) +i0° 0", §°0,Ax) + %(GQGQ)(édéd)DA(x) +

NG

Antichiral superfields obey the constraint

+ V20%Pa(@) — —=(0900)0,0" (2)0h, 0% + 00, F (x)
(7) Dy ®*(x,0,0) =0

This equation can be solved in a similar way as (5). Namely the antichiral superfield has the
form ®*(y™*,0,), where y T = 2+ — i0% o', §%. Therefore,

(8) O*(ytr,0%) = A*(yT) + V20a0%(yT) + a0 F* (yh) =
= A(w) i 0l B0, A" () + (670 (BaF)DAN @) +
n %(édéd)e%g ; 0,07 (x) + 050° F*(z)

Since the constraints (5) and (7) are complex conjugate to each other, the component fields

+ \@ga&d(ﬂf)

of the chiral (6) and antichiral (8) superfields are complex conjugate to each other.
A product of two chiral superfields is also chiral. For example if ®; is bosonic, then

Dd(q)lcbg) = qu)l by + (I)lDd(I)Q =0
Let us consider SUSY transformations of a chiral superfield. From (4) we have
(9) 5®($M70a7§d) = (eaQa +€de)@(xu79a7§d)

Using the explicit form of the supercharges (1) and of the superfield® (6) and equating the
same powers of the 0 - variables we get

(10) SA(x) = V2 ()
Stha(z) = iV20", € 0, A(x) + V2 eq F(x)
5F(2) = iV2& (6")** Outba(2)
Let us notice, that the component field F(z) transforms as a total derivative.

It is easier to work in the y basis. The supersymmetry generators and covariant derivatives

in this baisis are

0 - 0 0

o= — 6= —— + 2i0%". —

(1) Qo= o Qo= 55 T2 0050
9 D 0

(12) -Da == % + 210—&640 w, Da = %

3In the LHS of (9) we write 6® = §A + v/20%60 + 0%0,0F + ...
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Now, let us construct an action, which is invariant under the transformations (10). To this
end we need an integration measure in the superspace. Let us recall that integration with

respect to Grassmann variables is the same as differentiation

/d@@-l, /d@_o

1. _ 1 -
d29:—1d9 d6% ¢, d29:—1d9dd056 B

Let us define

Then
/d2092:1, /d2§0_2:1, 62 =000, B = 0,0°

The expression
(13) / d20W (®) + / d2oW (%)

is invariant under SUSY transformations (9). Here W (®) is an arbitrary function of chiral
superfields. This function is called a superpotential. Similarly, W (®*) depends only on
antichiral superfields.

First, let us notice that the integration measure in the superspace is invariant under SUSY
transformations, since it is a translation in the superspace. Let us consider the variation of
the first term in (13) under the SUSY transformations with the parameter e,

) (/d29W(‘1))> = /d29w<sq> = /dzemg?eaa‘;@ = /dzea‘;W@) =0
because we get the differentiation with respect to three 6-s.
Similarly one can prove the invarinace with respect to variation with the parameter €.

Using Q4 = Dy + 2i0%c" . -2 and the chirality constraint (5) we get

ad Oyt

OW(®) _ a5 /(a. 0 . ;
2 _ 2 . _ap o pa _ B 2 n=Cepa
) (/d 9W(<I>)> = /d 078(13 €a€ <2wa6~9 8y“> d 2waﬂ/d He*6“0, W (®)

and is a total derivative. One can also prove that the expression
(14) /d20 d*0 K (®,d*)

where K (®, ®*) is a real function of chiral and antichiral superfields is invariant under SUSY
transformations. This function is called Kéhler potential.
The total Lagrangian has therefore the form

(15) L= /d29d29 K(®, %) +/d29W(<1>) +/d20W(<I>*)

It does not change if we write it in z- or y- basis.
The forms of a superpotential and of the Kéhler potential can be restricted by the re-
quirement of the renormalizability, i.e. the dimensions of the parameters (masses, coupling

constants) should be non-negative. From SUSY algebra it is clear, that § has the dimension
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—1. Therefore, [d?0 and [d?@ (it is a differentiation) have the dimension . Similarly,
f d?0d?# has the dimension 1.
When a chiral superfield has a dimension 1, then the Kéhler potential and the superpotential

are taken to have the form

K =gdo*

W = A®% + m@? + ko

where A\, m, k and g are constants. If we have several superfields ®*, then?

K — & ¢i*

W = \ijp @ ®IDF 4 m;; 010" 4 ;D

In order to obtain the expression of the Lagrangian in terms of the component fields, one has
to insert the explicit form of the chiral and antichiral superfields into (15) and perform the

Grassmann integration
(16) L = ADA; 40,1 a(6") ;0 + FFF; +
1
+ (mig (AiFj — SU75.a) + Nij(AiAj Fe — U %0 Ak) + ki + hoc)

As we can see the component field F; does not have a kinetic term. This field is auxiliary. It
can be expressed via its own equation of motion

oL

9FF Fy+ by +mg A7 4+ Xiji A7 AT =0
and put back into the Lagrangian (16)
(17) L = AOA; +i0u;:,6(6")* Vi

1 . -
= M (VY0 +Yiati’) = Migp(¥7 g ds + Viai Ay) — V(Ai, A7)
where
V(A A7) = Fp Fy

The purpose of the auxiliary field F’ is that it ensures the closure of the SUSY algebra without a
use of equations of motion (off-shell closure). Otherwise, without the auxiliary field the SUSY
algebra will close only if we use the equations of motion for fermions (on-shell closure). With
the auxiliary field we have equal number of bosonic and fermionic degrees of freedom matches
also off-shell. Indeed, a complex scalar has two degrees of freedom, the Weyl fermion has
four degrees of freedom and a complex auxiliary field provides extra two bosonic degrees of

freedom.

4We took the Kihler potential to be diagonal in terms of the fields



