LECTURE 9. STRING PERTURBATION THEORY

1. OPEN STRINGS

Let us consider the simplest case, when diagrams do not contain loops, i.e., we have tree
level diagrams. Consider Open Strings, M particle scattering amplitude. Let us take the
particle number 1” and the particle number " M” and put them in the infinite past and in
the infinite future (7 — 4oco) . The other particles are emitted from the boundary of the
string ¢ = 0 at finite 7}, i.e., we have a picture
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and one integrates over 7- variables. Performing a conformal transformation v = gilotin),
one mpas the picture above on an upper half-plane.
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In this way one gets a picture without “preferred” in- and out- states.
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In general M point tree-level scattering amplitude has the form

(1) Apt = g™ (1| Va(ka) D Va(ks)..D Vi1 (kae—1)l|gar)
Here (¢1| and |¢ps) are the initial and final asymptotic states. Vi(kr) are vertex operators,
which correspond to the states 2,3,.., M — 1. They are taken at the point 71, = 0, since for
nonzero 7i we have

Vik,7) = ™oy (k, 0)e Lo
The propagator for the Open Sting has the form
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‘We can represent the propagator as
1 o0
D=~ dr e~™o—1)
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The equation (1) is already a complete expression for the given M point amplitudes. There
is no need to consider different channels separately, as it is done in the Quantum Field Theory.
Let us consider examples which involve scattering of the open string tachyons and vector
bosons. In this case the tachyon vertex operators are given by the eq (5) of the Lecture 8.
Let us rewrite them as
Va(k, z) = ZoWy

where Zp part does not contain oscillators. Recall,that

I
X¥z)=zt —ip*Inz+1 Z I yon
=0

where z = ‘. Using
eh B — A+B+3[A,B]

which is valid if [4, [A, B]] = [B,[4, B]l = 0, we get

(3) Zo = ihs ghptl = k-l gk
since [z#, p¥] = inM¥. |

1.1. Examples.

1.1.1. Three tachyons. Using (1) and the explicit form of vertex operators for tachyons, we
get '
(4) Az = g(0, k1| Vo(k2)(0, k3) = g
because
%(k2) ~ e’ikg-:c, }O,kl) ~ eikl-:c’ lO, k3) ~ eikaam

and we omitted the delfa-function in (4), which reflects the conservation of the total momen-
tum.
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1.1.2. Two tachyons, one vector boson. Let us consider tachyons as in - and out- states.
Recall, that the vertex operator for the Open String vector boson is

V(é‘, k, z).=: £ %'E,-_z_),eik-X('z)’:

where £, is a transverse polarization vector kg - £ = 0 and (k2)? = 0. Then using (1) we get

A3 =g ¢ ks
1.1.3. Four tachyons. Veneziano amplitude. For four tachyon scattering we have
() Ay = g*(0, k1 |Va(ke) D Vo(ks)|D, ka)

Performing the Wick rotation 7 — it we get
(6) Vo(k,0) = e™Lovy(k, 7)e~ Lo
Inserting (2) and (6) in (5) we get

(7) Ay = ¢° fo dr(0, k1| Vo(ks) e"e ™10 eTE0 Vi (kg)e ™50 |0, ky)

o0
= 92/ dr (0, k1 [Vo(kz) " Volks, 7)e™750|0, ka)
0

Now let us use the fact, that |0,k4) is a physical state, which means Lg|0,ks) = |0,k4).
Therefore, (7) is

o0 .
(8) Ay = ¢ / dr{0, k1| Vo (ko) 7 Vo(ka, T)e™ 7|0, ky)
A _

- ¢ fo a7 {0, Ky [Va(ka) Volks, )]0, ka)

Introducing a new variable z = ¢™7, we get

1
d
©) Ag=g? fo 20, 1 |Villa, 1) Vo(ks, 2)10, )

The part of (9) which does not contain the oscillators is

(10) §<0|ei(k1+k2)-z zks-(k3+k4}—1 ei(k3+k4)-w|0)
where we omitted the §- function e!(k1rketksths)s,
In the integrand we have
H(k3+kaka—1)-1 _ z—g—z’ s = —(ks - k4)2

and k3 = 2 for the tachyon.
Now let us compute the oscillator part

(11) : (0| exp (-—-kg . i %) X exp (kg, i %z”) |0}

n=1
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Let us use the expression

. ol 2. o 21 {1\’ Y2
O (X2 ) o (% ) oy = 32 (2] =i (1- 1)

n=1 n=1 n=1 v ANYL L
Therefore, (11} is

(12) (1 —z)frhs = (1 —g)~572
Putting together (8), (3) and (12), we get

2 1 1. 2 ly o 2 1 1
As=g f 272 (1 2)" 2 =g B(—§s—2,—§t—2)
0

Therefore we have reconstructed Veneziano amplitude, which we discussed in the Lecture 1.

2. CLOSED STRINGS

Tree level amplitudes for closed strings can be computed in a similar way. In particular,
the analog of the equation (1) is now

(13) Ay = g™ |Valke) D Va(ks)... D Vi1 (kp—1)l|dar) +  (permutations)

but now we should add explicitly the permutations of the vertex operators. The propagator
for the bosonic string is '

(14) D — L dzdz z(LU_l)E(ED—l)
Am Jlu<1 2%

The equations analogous to (5) and (9) are

(15} Ag = g*{0, k1| Vo(ke) D Vo(ks)|0, ka) + g(0, k1|Vo(ks) D Vo(k2)|0, kq)
and
2 dzdz
(16) 4, = 22210, k1 |Volka, 1,1) Volks, 2, 2)10, ka) +
47 |zj€1 2%
2 dzdz
+ L Z22 (0, k1| Vo(ka, 7, 2) Vo(ka, 1, 1)[0, )

4 |z]<1 2Z
since )
V(k, 2 3) = 2lozlov(k,1,1)z Loz Lo



