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3-bubbles:
B123(1458) B123(2376)

B012(1265) B012(3487)

B013(12345678) B023(12345678)

2-bubbles:
B01(1265) B

01
(3487)

B02(1265) B
02
(3487)

B03(1234) B
03
(5678)

B12(15) B
12
(26) B

12
(37) B

12
(48)

B13(1458) B
13
(2376)

B23(1458) B
23
(2376)

1-bubbles:
B0(12) B0(34) B0(56) B0(78)
B1(15) B1(26) B1(37) B1(48)
B2(15) B2(26) B2(37) B2(48)
B3(14) B3(23) B3(58) B3(67)

Hn ≡ Zn/Bn = ker(∂n)/im(∂n+1)

H0 = HD = Z for connected spaces

Find H2:
H2 = ker ∂2/im(∂3) = {c2|∂2c2 = 0 ∀c2 ∈ C2}
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First we need a general element of the chain group C2:

c2 = c011265B011265 + c013487B013487 + c021265B021265 + ...

To calculate ker(∂2), the group of 2-cycles, set ∂2c2 = 0:

∂2c2 = c011265(B115 + B126 − B012 − B056)

+ c013487(B137 + B148 − B034 − B078)

+ c021265(B115 + B126 − B012 − B056)

+ c023487(B137 + B148 − B034 − B078)

+ c031234(B314 + B323 − B012 − B034)

+ c035678(B358 + B367 − B056 − B078)

+ c1215(B215 − B115)

+ c1226(B226 − B126)

+ c1237(B237 − B137)

+ c1248(B248 − B148)

+ c131458(B314 + B358 − B115 − B148)

+ c132376(B323 + B367 − B126 − B137)

+ c231458(B314 + B358 − B215 − B248)

+ c232376(B323 + B367 − B226 − B237) = 0

A priori we have 14 variables, but maybe there is some hidden information which will reduce the
number. Rearrange:

∂2c2 =− B0(12)(c
01
1265 + c021265 + c031234)

− B0(34)(c
01
3487 + c023487 + c031234)

− B0(56)(c
01
1265 + c021265 + c035678)

− B0(78)(c
01
3487 + c023487 + c035678)

+ B1(15)(c
01
1265 − c131458 − c1215)

+ B1(26)(c
01
1265 − c132376 − c1226)

+ B1(37)(c
01
3487 − c132376 − c1237)

+ B1(48)(c
01
3487 − c131458 − c1248)

+ B2(15)(c
02
1265 − c231458 + c1215)

+ B2(26)(c
02
1265 − c232376 + c1226)

+ B2(37)(c
02
3487 − c232376 + c1237)

+ B2(48)(c
02
3487 − c231458 + c1248)

+ B3(14)(c
03
1234 + c131458 + c231458)

+ B3(23)(c
03
1234 + c132376 + c232376)

+ B3(58)(c
03
5678 + c131458 + c231458)

+ B3(67)(c
03
5678 + c132376 + c232376) = 0

Each one of the 16 terms in parentheses must be equal to zero, since the bubbles can’t be zero.
Looking at lines 1 and 2, we can deduce:

c031234 = c035678 ≡ c03
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So we are left with 12 equations of 13 variables:

c011265 + c021265 + c03 = 0

c013487 + c023487 + c03 = 0

c011265 − c131458 − c1215 = 0

c011265 − c132376 − c1226 = 0

c013487 − c132376 − c1237 = 0

c013487 − c131458 − c1248 = 0

c021265 − c231458 + c1215 = 0

c021265 − c232376 + c1226 = 0

c023487 − c232376 + c1237 = 0

c023487 − c231458 + c1248 = 0

c03 + c131458 + c231458 = 0

c03 + c132376 + c232376 = 0

Can’t find an obvious simplification, so to make sure we translate this into a matrix equation:

1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0
0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0

1, 0, 0, 0, 0,−1, 0, 0, 0,−1, 0, 0, 0
1, 0, 0, 0, 0, 0,−1, 0, 0, 0,−1, 0, 0
0, 1, 0, 0, 0, 0, 0,−1, 0, 0,−1, 0, 0
0, 1, 0, 0, 0, 0, 0, 0,−1,−1, 0, 0, 0
0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0,−1, 0
0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0,−1
0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0,−1
0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0,−1, 0
0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1, 0
0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1





c011265
c013487
c021265
c023487
c03

c1215
c1226
c1237
c1248
c131458
c132376
c231458
c232376



=



0
0
0
0
0
0
0
0
0
0
0
0
0


The rank of this matrix is 8 (Google ”matrix rank calculator” and plug the matrix in). So we
have 13 variables with 8 independent constraints. Therefore, the number of independent variables
is 13− 8 = 5. Thus:

ker(∂2) = Z⊕5

The calculation of im(∂3) would be similar, but we can use the result

im(∂D) = Z⊕B
[D]−1

where B[D] is the number of D-bubbles. In this case, D = 3. We have 6 3-bubbles, so

im(∂3) = Z⊕5

Therefore:

H2 = Z⊕5/Z⊕5 = {0}

Now let’s calculate H1:

We can use the result
ker(∂1) = Z⊕B

[1]−B[0]+1

We have 16 1-bubbles and 8 0-bubbles (vertices), so

Z1 = ker(∂1) = Z⊕9
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Calculate B1 = im(∂2) ∈ C1, the group of 1-boundaries:

im(∂2) = {b1|∂2c2 = b1 ∀c2 ∈ C2, b1 ∈ C1}

∂2c2 =− (c011265 + c021265 + c031234)B0(12)
− (c013487 + c023487 + c031234)B0(34)
− (c011265 + c021265 + c035678)B0(56)
− (c013487 + c023487 + c035678)B0(78)
+ (c011265 − c131458 − c1215)B1(15)
+ (c011265 − c132376 − c1226)B1(26)
+ (c013487 − c132376 − c1237)B1(37)
+ (c013487 − c131458 − c1248)B1(48)
+ (c021265 − c231458 + c1215)B2(15)
+ (c021265 − c232376 + c1226)B2(26)
+ (c023487 − c232376 + c1237)B2(37)
+ (c023487 − c231458 + c1248)B2(48)
+ (c031234 + c131458 + c231458)B3(14)
+ (c031234 + c132376 + c232376)B3(23)
+ (c035678 + c131458 + c231458)B3(58)
+ (c035678 + c132376 + c232376)B3(67)

The rank of the matrix corresponding to this is 9, so

B1 = im(∂2) = Z⊕9

H1 = Z⊕9/Z⊕9 = {0}

H0 = H3 = Z, H1 = H2 = {0}

Which are the homology groups of S3.
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