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H, = Z,/B, = ker(d,)/im(0p+1)
Hy = Hp = 7Z for connected spaces

Find Hs:
Hs = ker 82/1m(83) = {C2|8202 =0 Ve, € CQ}



First we need a general element of the chain group Cs:

01
c2 = 136581265 + g7 B4s7 + 136581365 + ---

To calculate ker(9s), the group of 2-cycles, set daco = 0:

Bacg = ag5(Bis + Bag — By — Bsg)
+ Sis7(Bsr + Bis — 334 B7s)
+ 365 (Bis + Bag — 856
+ 03487(837 + Bis — 834
(B4 + B33 — - B3,
+ cBrs (Bis + Bgr — 856 Brg
+ C15 (B Bis)
+ e55(B3g — Bag)
+ 57 (B3, — Biy)
+ iz (Bis — Bis)
+ s (Bis + Bis — Bis — Big)
+ 02376(823 + Bgy — By — 537)
+ cliss (BYy + Bis — Bt — Biy)
+ C33r6(Bis + By — Bas — B3;) =

+ 344

)
B%%)
)
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A priori we have 14 variables, but maybe there is some hidden information which will reduce the
number. Rearrange:
Oaco = 3(12) Aze5 + Aags + a)
(34) cB4g7 + C3dar + Cl334)
(56) 365 + 365  CBars)
B(?S) C3487 + 337 + Clars)
+ Biis) (a5 — ciiss — ci8)
+ 8(26) Yo65 — Casre — 026)

+ Bian C3487 Car6 —

()

(c5

(

(c5

(12

(13

(c5 c37)

+ 8(48)( S1s7 — Cliss — Ci3)

+ Bi5) (365 — cliss + c13)

+ 8(26)(01265 3376 + C58)
(Bisr — CHare + €37)
(c3is7 — CTiss + i)

+ 8(14)(01234 + C1iss + Ciass)

+ 8(23)(01234 + C3376 + Codre)
(cBrs + Criss + CTiss)

+ 8(67)(65678 + Co376 + Cogrg) = 0

Each one of the 16 terms in parentheses must be equal to zero, since the bubbles can’t be zero.
Looking at lines 1 and 2, we can deduce:

03 03 03
C1234 = Cpe78 = C



So we are left with 12 equations of 13 variables:
01 02 03
C1265 T Ciaes + ¢~ =0

01 02 03 _
C3487 + C34g7 + €7 =

C%Gs - 0%258 - C%g =0
C(1)%65 - 05376 - c%% =

ngluw - Cégm - Cé% =0
0(3)41187 - 0%258 - Czlig =0
365 — Cliss + 15 =0
0?365 - 03276 + C% =0

02 23 12 _
C3i87 — Caz76 T C37 = 0

3387 — CTiss + cig = 0
<+ effss + Fiss = 0
¢ + 3376 + 3376 = 0
Can’t find an obvious simplification, so to make sure we translate this into a matrix equation:

01
C1265

0,0,0,0 c
10,0,0,0 | |57
0 1265
0 C3487
0

0
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0,0,0,0,1,0,0,0,0,1
0,0,0,0,1,0,0,0,0,0,

—
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The rank of this matrix is 8 (Google "matrix rank calculator” and plug the matrix in). So we
have 13 variables with 8 independent constraints. Therefore, the number of independent variables
is 13 — 8 = 5. Thus:

ker(8;) = Z%°

The calculation of im(d3) would be similar, but we can use the result
im(9p) = 2®8"' -1
where BP! is the number of D-bubbles. In this case, D = 3. We have 6 3-bubbles, so
im(93) = Z%°

Therefore:

Hy = Z%°/7%° = {0}

Now let’s calculate Hq:

We can use the result
ker(0h) = AL

We have 16 1-bubbles and 8 0-bubbles (vertices), so
Z1 = ker(al) = ZEBg



Calculate B; =im(02) € C1, the group of 1-boundaries:

m(ag) = {bl|6262 =b; Veg € Cg,bl S Cl}

Dacy = — (N5 + Vg5 + Vo34 B (12)

— (cRag7 + Bisr + 01234)3?34

— (clz65 + o5 + 05678)6(()56

— (cBag7 + Bisr + 05678)6(()78
+ (V365 — Cliss — C1§)B(115)
+ <01265 o376 — 026)3(126)
+ (Gis7 — Core — )B (37)
+ <03487 Cliss — )B (48)
+ (cl365 — Cliss + ¢ 3)3(215)
+ (V365 — Coare + 623)8(226)
+ (C3is7 — Coare + C37 )B 37)
+ (cB3s7 — Class + 048)8 (48)

+ (01234 + 01458 + 01458)8514)

+ (1334 + Co3r6 + 02376)8?23)

+ (cBa7s + Cliss + 01458)8?58)

+ (cB37s + Care + 02376)8?67)

The rank of the matrix corresponding to this is 9, so

By = im(0,) = 2%°

‘Hl — Z@Q/ZGBQ — {0} ‘

Hy=Hs;=7, H,=H, ={0}

Which are the homology groups of S3.



