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Aims

The aim of this rotation was to study the eigenvalues of large symmetric random tensors
and their statistical spectral properties. The starting point was a paper of Razvan Gurau
who generalised the Wigner semicircle law to real symmetric tensors [I]. By changing the
distribution to non-Gaussian measures we attempted to verify whether his derived spectral
density remains unchanged. Although the relation between the spectral density and eigenvalues
exist, after numerical analyses we observe that the actual scaling of real eigenvalues, their
support, and their distribution seem to differ in a pronounced manner with the derived spectral
density.

Background

Let T be a tensor of order p and size N. We call a pair ()\ eC,z e (CN) an eigenpair of 7T if:
T2V~ ' = \r | > =1. (1)
For order 3 tensors, the eigenpairs are described by:

Zﬂjkxjxk:)\xi, Zx?zl.forlgiSN (2)
jk i
Although the spectral properties of random matrices are well known, they are not directly
translatable onto tensors. Indeed, although the tensor has only real and symmetric entries, its
eigenvalues can be complex. Moreover, Cartwright and Sturmfeld showed that a real symmetric
tensor has at most ((p —1)Y —1)/(p — 2) complex normalised eigenpairs [2]. If we consider a
tensor of order p = 3 and size N = 50 the number of eigenvalues is already 2°° —1 ~ 1.13 x 10°
which is already too large a value if one hopes to numerically find all eigenvalues of such tensors.

In his paper, Gurau considers symmetric tensors 7" whose elements are drawn from the Gaussian
ensemble:

- 2
dV(T) :QN H dTal...ap exXp § — 2p Z (Tal...ap) (3)

a1<-<ap aj...ap=1

He defines a generalised resolvent w:

stwit) = 2 [ % e {- (302 - 112} )

Where Z is a normalisation factor:

ZwT) = [ @959, Se) =5 -1 )
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By computing the expectation of the resolvent over an ensemble of large random tensors and
determining where the function has a cut, one can obtain the spectral density:

L .
ply) = 5 lim Imlw(y + ie)] (6)
Where w(w) = (w(w, T))r. This resolvent yields a spectral representation for a class of tensor
invariants (here namely the trace invariants). However the direct relationship with eigenvalues
has not explicitly been unveiled yet. For the case p = 2, the spectral density coincides with the

distribution of eigenvalues. The interval obtained is [— VpP/(p—1)p=1, \/pr/(p — 1)1

Methods

Largest eigenvalue

Inspired from a variational approach, we propose the following algorithm in order to determine
a lower bound on the largest eigenvalue of a tensor 7"

e Generate a random vector x°4

e Define the (real symmetric) matrix M such that M;; = >, Tijpagd
e Find the largest eigenvalue \,.x of M and its corresponding eigenvector x"°%

o If ||x"" — x°|| < 107¢ then Ap.x will also be an eigenvalue of T. Otherwise x"*V — x°4
and repeat.

Although there is no guarantee that the eigenvalue of T" we obtained will be the largest eigen-
value, this will provide a lower bound. We will compare the obtained eigenvalue with the actual
largest eigenvalue for tensors of small size V.

Interactions

We also consider a real symmetric random tensor 7" whose elements are drawn from the following
distribution:

2

dV H dﬂﬂk eXpy — & Z ijk Z ijk (7)

1<j<k ijk=1 ijk=1

When v = 0 we recover the Gaussian ensemble. We compute the expectation of the resol-
vent under this new distribution in order to see under what conditions the resolvent remains

unchanged. Since:

wlw) = =~ L Ly (20, 7)) )

It comes down to compute the annealed average of the partition function Z(w,T).

Results

To compute the annealed average of the partition function, we introduce an intermediate field
in order to be able to average over 7. There will be a leading N? term coming from the
intermediate field. It seems that if we scale correctly the intermediate field then this term
can be absorbed in the normalization constant because its contribution in w is will be small
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Figure 1: 524 222 eigenvalues were found for a tensor of size N = 18, with variance 1/N?2.

enough then the spectral density will remain unchanged if we scale v with N?: A more careful
treatment would be needed to confirm this.

We computed the eigenvalues for tensors of different sizes up to N = 20. From the numerical
analysis it seems that the complex eigenvalues are not distributed over a closed region, and an
appropriate scaling of the variance of the elements of T would be 1/N? (see figure . On the
other hand the real eigenvalues seem distributed on a non-trivial closed interval if the variance
of T scales with 1/N (see figure 2 and 3). After applying the proposed algorithm we find real
eigenvalues that exceed the bound predicted by the spectral density.
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Figure 2: Empirical distribution of eigen- Figure 3: Largest eigenvalue obtained in
values for p = 3 and N = 20 terms of size N of tensor.
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