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Aims

Random tensor models of quantum gravity are a generalization of random matrix models, which
are shown to be successful in describing non-perturbative 2D quantum gravity. The inclusion
of coloring to the tensor models marked a monumental achievement in enabling tensor models
to have a well-defined large N limit, which allows analytical calculations.

This rotation project is intended to provide me a solid background of understanding on the
basics of tensor models approach to quantum gravity, to prepare the ground for embarking on
new research projects. More specifically we worked on random geometrical aspect of tensor
models, which is fleshed out in detail in [1]. Here, we focused on the topology of colored graphs
(i.e. using edge-colored graphs to study manifold crystallization), and critical behavior of the
tensor models.

Background

To describe gravity on the basis of the physical principles of quantum mechanics has been one of
the major problems that has attracted physicists for many decades. Quantum gravity has been
a long-standing, persistently difficult open problem in theoretical physics. General Relativity
(GR) describes the large length scale of the gravity well. However, from the singularities in
solutions of Einstein equation, GR is invalid at small length scales such as in black holes,
and one needs to resort to a theory which addresses the quantum aspects of gravity. One such
candidate which has recently emerged as a promising conceptual and computational groundwork
for modern theoretical physicists is called tensor models.

Tensor models provide a theory of random higher-dimensional spaces and are a rich playground,
which draw tools from mathematics and physics including topology, combinatorics, statistical
mechanics, quantum field theories, etc. Tensor models adopt the framework of path integral
formulation in quantum field theory quite naturally by summing over all topologies and geome-
tries.

As a random geometric description of quantum gravity, tensor models so far have been able
to obtain in their continuum limit, branched polymer(tree)-like phase, planar 2-dimensional-
like phase and in between the two. These geometrical features do not match with that of our
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universe, and therefore it is still an open problem to possibly find a continuum limit which may
exhibit physical features of our classical universe.

Methods

This rotation project was mainly carried out by reading the review paper of colored tensor
models and some other references, discussing physics ideas with group members, and giving
regular weekly presentations.

Results

We started this rotation from a short review of perturbed Gaussian probability measures, along
with the Feynman graphs occurring in the perturbative expansion of the free energy. And then
we learned the probability measures which colored tensor models rely on.

We captured some main features of matrix models as a basis, and utilized this structure to
generalize to tensor models. Even though the colors do not play an important role in matrix
models, having it in mind is a good practice to know how colors work when we are in the frame
of higher dimension models.

Next, we examined for the properties of our Feynman graphs. So we tried to find the char-
acteristic properties of the (D + 1)-colored graphs in detail. We knew that each cell complex
were associated to a simplicial pseudo-manifold, thus the colored models are actually statistical
theories of random D-dimensional topological spaces. For example, in Figure. 1, we can see
a (D + 1)-colored graph is dual to a D-dimensional simplicial pseudo-mainifold. The vertices
(0-bubbles) are dual to the 3-simplices (tetrahedra). The line with color 3 (1-bubble) is dual
to a 2-simplex (triangle). The face of colors 2 and 3 (2-bubble) is dual to a 1-simplex (an edge
which be shared with triangle 2 and 3). The 3-bubble (with color 0, 2 and 3) is dual to a
0-simplex ( a vertex which be shared with triangle 0, 2 and 3).

Figure 1: The dual complex in D = 3.
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The bubbles play an important role to understand the processes of dipole creation and con-
traction, which constitute graph manipulations including the homeomorphisms.

The other important graph is the jacket, which is a 2-subcomplex of a colored graph, and is
merely a ribbon graph. Ribbon graphs correspond to Riemann surfaces, so jackets have the
same property as well. By using jackets, we can define the Gurau degree of a colored graph,
which organizes the amplitude of connected (D+1)-colored graph specified by the i.i.d. model.

After having some main ideas about topological and cellular structure, we went back to the
tensor models, and examined its critical behavior. We can know that the dominant contribution
in the leading order of large N limit of colored tensor models consists of a subclass of colored
triangulations of the D-sphere. By constructing an straightforward map between leading order
graphs called melons and colored rooted (D+1)-ary trees, we found that the resummed leading
order has a critical behavior and undertakes an analytically controlled phase transition from
discrete phase to continuum phase. Later we presented an interpretation of the i.i.d. colored
tensor model in terms of dynamical triangulations[2]. In this more geometric point of view, the
leading order continuum phase has the same critical behavior of the branched polymer phase
of dynamical triangulations. In the end, we obtained the large volume limit by sending the
length of the simplices to zero and the coupling constant to its critical value[3].
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