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Rotation Report

Aims
The aim of this rotation was twofold:
1. to become acquainted with the tensor model approach to quantum gravity, and

2. to explore the connections between the graph-theoretic and topological properties of these
models.

Regarding the latter item above, we focused mainly on the simpler 3-dimensional case, with the
hope that certain properties can be identified and then generalised to the higher-dimensional
setting.

Background

The theory of tensor models was initially proposed as a higher-dimensional generalisation to
the successful matrix model approach to 2D quantum gravity. Roughly speaking, the theory of
tensor models can be seen as a statistical field theory in which interactions between quantum
fields are represent graph-theoretically. These graphs (which can be interpreted as Feynman
graphs of the pertubative expansion of the statistical field theory in question) may also be
endowed with a colouring. For more information on graph colourings, see [3, Sect. 2.1].

As it turns out, each d-coloured graph gives rise to a triangulation of a piecewise linear d-
pseudomanifold.! Following [2], these topological spaces are formed as follows:

1. Construct the d-coloured graph I'.
2. Associate a d-simplex to each vertex of I'.
3. Glue the (d — 1)-dimensional faces of these simplices according to the edges of I.

It is not hard to see that the resulting structure will be a pseudomanifold of dimension (d — 1).

Although pseudomanifolds are somewhat problematic from a classical relativistic perspective,
there are special situations in which the topological realisation of a coloured tensor model is a
(piecewise linear) manifold.

The behaviour of the topological realisation of a d-coloured graph can be described by the
Gurau degree. A particularly nice result is the following, which is paraphrased from [3, Lem.
4.2].

Theorem 1. Let I' be a d-coloured graph. If the Gurau degree of I' vanishes, then I is dual to
the d-sphere S¢.

There are a number of interesting sub-graphs of the coloured graph that are of particular inter-
est from a physical perspective. Typically, there are two types of subgraph that garner interest,
namely bubbles and jackets. We will focus our attention on the latter. Roughly speaking, jack-
ets of v can be seen as the subgraphs of the stranded representation of I' which are obtained
by selectively deleting faces in such a way that the resulting graphs in some sense preserve the
“shape” of I". of the ribbon representation that are obtained by deleting the edges and faces
of a given pair of colours (7, 7). This idea is depicted in Figure 1 (note that this image can

David O’Connell 2 OIST Graduate School



7(01,23) 0 J(oz ,13) J([H ,12)

0008

Figure 1: The jackets of a 4-coloured graph I'. Here I' is depicted in its stranded representation.

originally be found as [5, Fig.3]).

Jackets are important in that they are used to define the Gurau degree w(-). As a preliminary
definition, we define the degree of a jacket J, denoted D; to be the genus of the realization of
J. The Gurau degree is then defined as follows.

Definition 2. The Gurau degree w(I') of a d-coloured graph ' is given by
=20y
J

where y ; sums over all jackets of T

It is worth noting that since jackets are ribbon graphs (which are the graphs of matrix models),
they represent matrix models embedded within T'.

Methods

Since this was a lab rotation in a theoretical physics unit, there were no experiments. As such,
the methodology consisted of mathematics-style research (i.e. reading papers).

Results

Unfortunately, I have obtained no new results. However, I will outline some ideas regarding the
topological properties of jackets. Of particular interest for this project is the following result,
which is paraphrased from [5].

Theorem 3. Let I' be a 4-coloured graph and let Ar be its topological realization. If Ar is a
manifold, then any jacket of I induces a Heegaard splitting of Ar.

It is natural to ask whether such a result holds in higher dimensions. An immediate issue is
that Heegaard splittings are only defined for 3-manifolds, and higher-order coloured graphs
have topological duals of dimension greater than 3. So, the first step to answering this question
is to obtain a higher-dimensional generalisation of Heegaard splittings. A first candidate are
trisections, which are formally defined as follows.

'Recall that a pseudomanifold is a triangulated manifold that may contain singularities.
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Definition 4. A trisection of a given 4-manifold M is a tuple (Hy, Ho, H3, X)), where:
1. FEach H; is isomorphic to a given 4-dimensional handlebody, such that M = H,U HyU Hj,
The handlebodies H; have pairwise disjoint interiors, and M =, H;,

The intersection H; N H; of any two handlebodies is a 3-dimensional handlebody,

The common intersection > = Hy; N Hy N Hs is a closed surface that simultaneously
Heegaard-splits each OH;.

A suggestive depiction of a trisection can be seen in [1, Fig. 1]. Although these might seem
like a suitable generalisation of Heegard splittings to four-dimensions, we can go a step further.
Recent developments in the theory of trisections have motivated the introduction of a higher-
dimensional generalisation known as multisections — see [4] for more details. A notable result
is the following, which can be found as [4, Thm. 2].

Theorem 5. Fvery closed, piecewise linear manifold has a multisection.

This result is encouraging in that it implies that the dual of d-coloured graphs have at least
multisectional decompositions, (provided that the realisation is not a pseudomanifold). How-
ever, what is lacking is the a physical interpretation of these multisections. Specifically — we
have seen in the 4-colour case that jackets correspond to embedded matrix models, so what are
the graph-theoretic duals to say, lower-dimensional topological manifolds embedded within a
trisection or multisection?

Given the definition of trisections and multisections, it is highly likely that there is a hierarchy
of nested, lower-coloured graphs embedded within a given d-coloured graph. It is not yet known
whether such a nested hierarchy exists, what their graph-theoretic properties are, and moreover,
what their physical significance is.
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