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Aims

The main purpose of this project was to investigate the family of generalized melonic graphs. In
particular, we worked with a special type of interactions, called maximally single trace (MST)
interactions, and studied both 4- and 6-point examples in the rank 3 case.

Background

Figure 1: Rank 3 generalized
melon on 6 vertices.

In [1], they defined a new large N scaling, called the enhanced
scaling, which compared to the traditional BGR scaling, en-
hances all non-melonic interactions. In spite of the non-trivial
enhancement, it was shown that this scaling still admits a well-
defined 1/N expansion. However, this new expansion is no
longer governed by the so-called Gurau degree of the Feynman
graphs (as it is the case for the BGR scaling), but by a new
non-negative integer called the index of graph. In this setting,
the leading order graphs are called generalized melons and in
fact their family includes all standard melons, but other graphs
as well. Unlike the standard melons governed by the Gurau
degree, the graphs organized by this new scaling are not com-
pletely classified, and remains an open curiosity. Our ultimate
hope would be to discover a new universality class amongst
generalized melons which, unlike standard melons, does not correspond to tree-like structures
and thus could have more useful applications in the field of quantum gravity.
As in this project we solely focus on MST interactions, we give a simplified definition of index
that only applies for this particular type of graphs:

ind0B =
∑
i<j

g(B(0ij))

where g(B(0ij)) denotes the genus of the 3-bubble subgraph B(0ij) of B and the summation runs
over all colors i < j.
In [1], they gave a simple criterion that enables us to determine whether particular scaling is the
optimal one for the coupling associated with a given interaction. First, they defined a special
type of generalized melons, called mirror melons, which can be visualized in the following way:
given a Feynman graph, we connect all edges of color 0 to vertices with identical labels on
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Figure 2: Elementary mirror melon containing two identical interaction bubbles

another graph of the same type. (See Figure 2.) Then they showed that mirror melons are in
fact generalized melons, if they are built from MST interaction bubbles.

Results

As proved in [1], if we start from a complete MST interaction bubble with R + 1 vertices
(where R ≥ 3 is a prime number), the mirror melons generated by such a a graph will yield all
possible generalized melons. This statement provided the motivation for us to try and look for
incomplete MST interactions for the rank 3 case and investigate how they behave as building
blocks for generalized melonic graphs. In fact, it has been shown that there exists only two
rank 3 MST interactions on 6 vertices, from which only one is incomplete. [2] These two graphs
are shown in Figure 3.
Our main results consist of identifying a new family of generalized melonic graphs built from
the interaction depicted in Figure 1. Indeed, it is a generalized melon on its own, but the mirror
melon built from two such graphs is also a generalized melon (see Figure 2). We also confirmed
that the graphs containing three and higher numbers of such interactions are also generalized
melons, that is they have index 0.
Now, to get a better understanding of the structure of this family of graphs, we can draw the
following simplified versions for the interactions in Figures 1 and 3, where instead of three edges
of color 0, we only drew one. Then we can easily see, that our family of generalized melonic
graphs is constructed in a similar way as the 2-point insertion, illustrated in Figure 5. That is,
we cut one edge of color 0 on each of the graphs we want to glue together and connect them on
the open half-edges. This simplification is also consistent with Proposition 3.3.5. in [1], which
states that performing a melonic move on two d-bubbles B1 and B2 results in a new d-bubble B,
which has an index (respectively, degree) that is the sum of indices (respectively, degrees) of B1
and B2. Indeed, our findings are consistent with [2], where they argue that the only generalized
melons with this incomplete MST interaction will be of this form.

Figure 3: The only rank 3 MST interactions on six vertices. The one on the left hand side is
complete, while the one on the right is incomplete.
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Figure 4: Generalized melonic graphs built from three and four interaction vertices of the same
type.

Figure 5: Generalized melonic move on the simplified versions of the interactions in Figures
1 and 2. The black circles denote the interaction vertices and each dashed edge
represents three edges of color 0. We cut the edges of color 0 along the indicated lines
and connect the open ends.

Outlook

There remain several open questions concerning generalized melons. Most importantly, an
extensive classification of generalized melons of a fixed index would be a crucial step towards
understanding the combinatorics governing this graphs. At the present moment, we also have
a strong intuition that necklace interactions will never give generalized melons, however this
proof remains for future study.
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