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Abstract

General Relativity (GR) is based on a manifold with curvature and zero torsion and on the contrary,
Teleparallel gravity (TG) is a theory which assumes a non-zero torsion with zero curvature. It
turns out that it is possible to write down a theory in Teleparallel gravity that is equivalent to GR in

terms of the field equations. Even though these theories are equivalent in field equations, their

modifications are different. Horndeski gravity which is based from GR was highly constraint from
the recent gravitational waves observations due to |cg/c - 1| & 10-15. We constructed an analogue

version of Horndenki gravity which is based in Teleparallel gravity and showed that in this context,
it is possible to construct a theory satisfying cT = cg/c = 1 without eliminating the coupling
functions G5(�,X ) and G4(�,X ) that were highly constraint in standard Horndeski theory. Hence, in
the Teleparallel approach, one is able to restore these terms creating an interesting way to revive
Horndeski gravity.

1. What is Teleparallel gravity?

It is constructed by the Weitzenböck connection �a
µ⌫ which is curvatureless, contains

torsion and satisfies the metric compatibility condition r�gµ⌫ = 0.

Our dynamical variables are the tetrad fields h
a
µ where Latin indices indicate tangents space

coordinates and Greek indices correspond to spacetime coordinates. The metric can be
reconstructed using the following relationship

gµ⌫ = h
a
µh

b
⌫⌘ab , (1)

where ⌘ab is the Minkowski metric (-+++).

The field strength of the theory is the torsion tensor which is defined as the anti-symmetric part
of the Weitzenböck connection, namely,

T
a
µ⌫ := 2�a

[µ⌫] = @µh
a
⌫ - @⌫h

a
µ +!a

bµh
b
⌫ -!

a
b⌫h

b
µ , (2)

where !a
b⌫ is the spin connection. This quantity is generally non-vanishing and transforms

covariantly under both diffeomorphisms and local Lorentz transformations.

The torsion tensor can be decomposed as follows

T�µ⌫ =
2
3
(t�µ⌫ - t�⌫µ) +

1
3
(g�µv⌫ - g�⌫vµ) + ✏�µ⌫⇢a

⇢ , (3)

where

vµ = T
�
�µ , aµ =

1
6
✏µ⌫�⇢T

⌫�⇢ , (4)

t�µ⌫ =
1
2
(T�µ⌫ + Tµ�⌫) +

1
6
(g⌫�vµ + g⌫µv�)-

1
3

g�µv⌫ , (5)

are three irreducible parts with respect to the local Lorentz group, known as the vector, axial,

and purely tensorial, torsions, respectively.

The most studied teleparallel model is the Teleparallel equivalent of General Relativity

(TEGR) where the Lagrangian is assumed to take the form

LTEGR =
1
4

T
⇢
µ⌫T⇢

µ⌫ +
1
2

T
⇢
µ⌫T
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�
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Tax +
2
3

Tten -
2
3

Tvec ⌘ T , (6)

where we have defined three invariants Tten = t�µ⌫t
�µ⌫, Tax = aµa

µ and Tvec = vµv
µ and the

scalar torsion T which is a linear combination of them.

For a manifold with zero curvature satisfying the metric compatibility condition and non-zero
torsion, one can get the following relationship

R = R̊ + T -
2
h
@µ

�
hT
� µ
�

�
= 0 ) R̊ = -T +

2
h
@µ

�
hT
� µ
�

�
:= -T + B . (7)

Here, R̊ is the Ricci scalar as determined using the Levi-Civita connection, R is the Ricci scalar
as calculated with the Weitzenböck connection which vanishes, and h is the determinant of the
tetrad field, h = det

�
h

a
µ
�
=

p
-g. Thus, the scalar torsion T differs only by a boundary

term B with respect to R̊ and then, since the TEGR Lagrangian is given by (6), the TEGR field

equations are the same as the Einstein field equations.

In analogy to the well-known f (R̊) gravity, one can consider f (T ) gravity in the TEGR framework
which is constructed with the Lagrangian Lf (T ) = f (T ). Since the torsion scalar T only depends
on the first derivatives of the tetrads, this theory is a second-order theory. f (T ) gravity does not
differ from f (R̊) by a total derivative term, so that, these theories are no longer equivalent.

Then, in general, even though GR and TEGR are equivalent, when one starts modifying

them, one gets different modified theories of gravity.

2. Teleparallel Horndeski gravity

We construct an analogue version of Horndeski gravity theory in the Teleparallel framework
with the following conditions:

1 The resulting field equations must be at most second-order in terms of derivatives of the tetrad fields (or
equivalently second order in terms of metric tensor derivatives)

2 The scalar invariants should not be parity violating.
3 The field equations must be covariant under local Lorentz transformations.
4 Contractions of the torsion tensor can at most be quadratic. Any number of contractions of the irreducible

parts of the torsion tensor will result in second order field equations. This means that an infinite number of terms
can be formed in Teleparallel gravity that gives rise to second-order field equations. However, it is unclear how
physical such higher order contributions will be.

The most general Lagrangian that has the above properties and gives second order field
equations in Minkowski space-time is

L = c1�+ c2X - c3X ⇤̄�+ c4X

h�
⇤̄�
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i
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i
, (8)

where X = -1
2@

µ�@µ� is the kinetic term, ci are constants (that can be functions of � and X to
be more general) and ⇤̄ = @µ@µ.

In order to introduce gravity, one needs to replace quantities according to the table:

GR Teleparallel

⌘µ⌫ ! gµ⌫ e
a
µ ! h

a
µ

@µ ! r̊µ @µ ! Dµ = @µ + h
c
µw

a
bcS

b
a

Here e
a
µ represents tetrad in trivial frames and S

b
c is a representation of the Lorentz

generators. Hence, standard Horndeski is constructed by using the covariant coupling

prescription of GR and Teleparallel Horndeski needs to be constructed by using the
Teleparallel coupling prescription.

The Teleparallel prescription Dµ, in the end, coincides with the GR coupling prescription

r̊µ which is a covariant derivative with respect to the Levi-Civita connection. Then, the
Teleparallel Lagrangians

P5
i=3 L are identical to the last three terms of the standard

Horndeski gravity Lagrangian
P5

i=3 L̊i .

However, when one is considering Teleparallel gravity, L2 would be different to L̊2 since there
are more scalars that one can construct which satisfies the conditions.
Taking quadratic contractions of the torsion tensor, the most general Lagrangian of
Teleparallel gravity satisfying the conditions turns out to be f (Tax,Tvec,Tten) (without a scalar
field). If one adds the scalar field, one can construct the following 7 extra independent

scalars:

I2 = v
µ�;µ , J1 = a

µ
a
⌫�;µ�;⌫ , J3 = v�t

�µ⌫�;µ�;⌫ , J5 = t
�µ⌫

t
µ̄
� ⌫�;µ�;µ̄ , (9)
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t
µ̄⌫̄
� �;µ�;⌫�;µ̄�;⌫̄ , J8 = t

�µ⌫
t

⌫̄
�µ �;⌫�;⌫̄ , J10 = ✏µ⌫⇢�a

⌫
t
↵⇢��;µ�;↵ , (10)

therefore, the extra Lagrangian term LTele = GTele(�,X ,T ,Tax,Tvec, I2, J1, J3, J5, J6, J8, J10) is
needed to be introduced in Teleparallel Horndeski.

Considering all the possible terms, the final Lagrangian of Teleparallel Horndeski is a linear
combination of the standard Horndeski theory plus a new contribution, namely,

LTeleDeski =
5X

i=2
Li + LTele = Horndeski+ LTele , (11)

where

LTele = GTele(�,X ,T ,Tax,Tvec, I2, J1, J3, J5, J6, J8, J10) ,
L2 = G2(�,X ) , L3 = G3(�,X )⇤� ,

L4 = G4(�,X ) (-T + B) + G4,X (�,X )
h
(⇤�)2 - �;µ⌫�

;µ⌫
i
,

L5 = G5(�,X )Gµ⌫�
;µ⌫ -

1
6

G5,X (�,X )
h
(⇤�)3 + 2� ⌫

;µ �
↵

;⌫ �
µ

;↵ - 3�;µ⌫�
µ⌫ (⇤�)

i
.

Here, semicolon represents differentiation with respect to the Levi-Civita connection and

⇤� = �;µ µ.

In Horndeski gravity, f (R̊) does not appear directly since it is a 4th order theory. In Teleparallel
Horndeski, f (T ) appears in the Lagrangian since it is a 2nd order theory.

Teleparallel Horndeski has a richer structure since standard Horndeski is contained on it
(setting GTele = 0). See Figure to see how the theories are connected.

3. How are all the theories connected?
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Figure: Relationship between Teleparallel Horndeski and various theories

4. Reviving Horndeski gravity using Teleparallel gravity

By taking a flat FLRW background ds
2 = -N(t)2dt

2 + a(t)2(dx
2 + dy

2 + dz
2) which is

reproduced by h
a
µ = diag(N(t), a(t), a(t), a(t)) and then by performing cosmological

perturbations h̄
a
µ, the perturbed tetrad becomes

h̄
(0)

µ
= �0

µ (1 +  ) + a�i
µ (Gi + @iF ) , (12)

h̄
(k)

µ
= a

h
�k
µ (1 -�) +
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µ�
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hij + @i@jBs + @jCi + @iCj

⌘
+ �k

0�
j
µ@j F̄

i
, (13)

where Gi and Ci are vectorial perturbations, F , F̄ , ,� and Bs are the scalar perturbations and
hij is the tensorial perturbation.

If one considers tensorial perturbations only, it is possible to find that the propagation of the

gravitational waves for Teleparallel Horndeski is given by

c
2
T
=

G4 - X (�̈G5,X + G5,�)- GTele,T

G4 - 2XG4,X - X (H�̇G5,X - G5,�) + 2XGTele,J8 +
1
2XGTele,J5 - GTele,T

. (14)

For standard Horndeski (GTele = 0), one finds that cT = 1 only if G5(�,X ) = constant and
G4(�,X ) = G4(�). This condition highly constrains Horndeski gravity.

When the Teleparallel term is switch on, from (14) one finds that it is possible to have a theory

respecting cT = 1 with non-trivial coupling functions G5 = G5(�) and also G4(�,X )
depending on X too. The following Lagrangian respecting cT = 1 is found:

L = G̃tele(�,X ,T ,Tvec, I2) +
4X

i=2
Li + G5(�)Gµ⌫�

;µ⌫ , (15)

which revives G5(�) and G4(�,X ). Therefore, one can restore the coupling functions that

were ruled out in Horndeski due to GW observations by considering Teleparallel

Horndeski gravity.
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1. Metric-Affine theories of gravity

In metric-affine theories, both the metric gµ⌫ and the connection �↵µ⌫ are the dynamical
variables and a priori they do not depend on each other.
One can define the failure of the connection to be metric by the so-called non-metricity tensor

given by
Q↵µ⌫ ⌘ r↵gµ⌫ . (1)

In addition, one can define the antisymmetric part of this connection with the torsion tensor:

T↵
µ⌫ ⌘ 2�↵[µ⌫]. (2)

The unique connection which is metric compatible and is symmetric is the Levi-Civita

connection which is based on the Christoffel symbols,
n

↵
µ⌫

o
=

1
2

g↵�
�
g�⌫,µ + gµ�,⌫ � gµ⌫,�

�
. (3)

A general connection �↵µ⌫ can be decomposed into three different pieces:

�↵µ⌫ =
n

↵
µ⌫

o
+ K↵

µ⌫ + L↵µ⌫ , (4)

where K↵
µ⌫ = 1

2T↵
µ⌫ + T ↵

(µ ⌫) depend on torsion and it is called the contortion tensor and

L↵µ⌫ = 1
2Q↵

µ⌫ � Q ↵
(µ ⌫) depend on the non-metricity tensor and is called disformation tensor.

The curvature tensor can be then defined for a general connection �↵µ⌫ as

R↵
�µ⌫(�) = @µ�

↵
⌫� � @⌫�

↵
µ� + �↵µ��

�
⌫� � �↵⌫��

�
µ� , (5)

and then corresponding Ricci tensor and Ricci scalar are constructed from it.

2. What do curvature, torsion and non-metricity represent geometrically?

Curvature R↵
�µ⌫: rotation experienced by a vector when it is parallel transported along a closed

curve

Torsion T↵
µ⌫: non-closure of the parallelogram formed when two infinitesimal vectors are

parallel transported along each other.

Non-metricity Q↵µ⌫: measures how much the length and angle of vectors change as we parallel
transport them, so in metric spaces the length of vectors is conserve

Figure: Geometrical representation of curvature, torsion and non-metricity for a 3-dimensional space

3. Trinity of gravity I: General Relativity (GR), Teleparallel equivalent of GR and Coincident GR

General Relativity (GR):

GR is the geometrical theory of gravity which assumes a manifold with non-vanishing

curvature R↵
�µ⌫ 6= 0 whilst both the non-metricity tensor and the torsion tensor are zero:

Q↵µ⌫ = r↵gµ⌫ = 0, T↵
µ⌫ = 0.

According to (4), the connection is equal to �̊↵µ⌫ =
n

↵
µ⌫

o
, which is the standard Levi-Civita

connection, and the contraction of the curvature R↵
�↵⌫ becomes symmetric.

The action of this theory is constructed from the contraction of the curvature tensor with the
metric, known as the Ricci scalar R = R↵

�↵⌫g�⌫, and reads

SGR =
1

22

Z
d4x

p
�g R(g) . (6)

Here, 2 = 8⇡G and this action only depends on the metric, hence, by varying this action with

respect to the metric, one gets the standard Einstein field equations.

Matter fields follow the geodesic equation.

4. Trinity of gravity II: General Relativity (GR), Teleparallel equivalent of GR and Coincident GR

Teleparallel equivalent of General Relativity (TEGR):

TEGR is an alternative theory which assumes the Weitzenböck connection which has a
non-vanishing torsion, zero curvature R↵

�µ⌫ = 0 (flat spacetime) and that the metric
satisfies the compatibility condition Q↵µ⌫ = r↵gµ⌫ = 0.

The fundamental variables for this theory are the tetrads ha
⌫ and the purely inertial spin

connection �↵µ⌫ = (⇤�1)↵�@µ⇤
�
⌫ with ⇤ being the Lorentz matrix.

One can then consider contractions of torsion to get an alternative theory of gravity. Since
torsion is antisymmetric one can only have three independent contractions of it

T = c1T ⇢
µ⌫T⇢µ⌫ + c2T ⇢

µ⌫T ⌫µ
⇢ + c3T�

�µT⌫⌫µ , (7)

with ci being coupling constants. The theory constructed from T is called New General

Relativity.
If one assumes zero curvature and zero non-metricity in Eq. (5), and then computes the Ricci
scalar, one gets

R = R + T̊� 2p
�g

@µ
�p

�gT� µ
�

�
= 0 ) R = �T̊ + 2Dµ

�
T� µ

�
�
:= �T̊ + B , (8)

where R is the curvature computed with the Levi-Civita connection and we have defined the
torsion scalar as T̊ = T with the coefficient constants c1 = 1

4, c2 = 1
2, c3 = �1.

The TEGR action is defined from the torsion scalar as follows

STEGR =
1

22

Z
d4x

p
�g T̊(h,⇤) , (9)

and then, since the Einstein-Hilbert action (6) differs only by a boundary term B with respect

to the above action (see (8)), by varying the TEGR action with respect to the tetrads, one also
gets the Einstein field equations. Then, TEGR is classically equivalent to GR at the level of

the field equations.

5. Trinity of gravity III: General Relativity (GR), Teleparallel equivalent of GR and Coincident GR

Coincident General Relativity (CGR):

CGR in not a geometrical theory of gravity since assumes that both the curvature and torsion

tensor are zero R↵
�µ⌫ = T ⇢

µ⌫ = 0. In this theory, the non-metricity condition is not satisfied

Q↵µ⌫ = r↵gµ⌫ 6= 0, therefore the non-metricity tensor plays the role of being the field strength.

Similarly as in TEGR, one can then construct theories with the contractions of the

non-metricity tensor. There are now five possible non-trivial contractions that one can construct

Q =
c1
4

Q↵��Q↵�� � c2
2

Q↵��Q�↵� � c3
4

Q↵Q↵ + (c4 � 1)Q̃↵Q̃↵ +
c5
2

Q↵Q̃↵ , (10)

with ci being coupling constants, Q↵ = Q↵�
� and Q̃↵ = Q�

�↵ .
By setting that both curvature and torsion are equal to zero in (5) and then doing the correct
contractions, one finds that the Ricci scalar computed with the Levi-Civita connection R is
related to a specific scalar constructed from the non-metricity tensor, namely

R = R + Q̊ +D↵(Q↵ � Q̃↵) = 0 ! R = �Q̊ +D↵(Q̃↵ � Q↵) . (11)

Here, Q̊ is the scalar constructed from (10) with ci = 1 (i = 1, .., 5). One can notice that Q̊ and
R differs only by a boundary term.
Thus, similarly as before, one can formulate a classically equivalent theory of gravity to GR

from the following action

SCGR =
1

22

Z
d4x

p
�g Q̊(g, ⇠) , (12)

since again this action is equivalent up to a total derivative term with respect to the

Einstein-Hilbert action.

The flatness condition again restricts the connection to be purely inertial but now since torsion is
also zero, the connection is parametrised by a set of functions ⇠k such that �↵µ⌫ = @x↵

@⇠�
@µ@⌫⇠�.

Thus, the connection can be trivialised by a coordinate transformation ⇠↵ = x↵ which is known
as the coincident gauge.

In the coincident gauge, it is possible to rewrite the action (12) containing only first derivatives

of the metric

SCGR =
1

22

Z
d4x

p
�g gµ⌫

⇣n
↵
�µ

on
�
⌫↵

o
�
n

↵
�↵

on
�
µ⌫

o⌘
, (13)

then, leading to a well-posed variational principle without any GHY boundary terms.

6. How are the theories related?

C

Figure: Trinity of gravity (taken from [1]).

7. Why TEGR or CGR could be good for quantum gravity?

Since GR, TEGR and CGR have the same classical field equations, and all the quantum
approaches have been made in GR, it would be interesting to see what happens in quantum
approaches in the other two theories.

Since these three theories are classically equivalent in field equations, it is then a matter of

convention to say if gravity is the curvature of a torsionless spacetime, or torsion of a

curvatureless spacetime, or if it occurs due to the non-metricity of a curvatureless and

torsionless spacetime.

In GR, one needs to introduce the Gibbons-Hawking-York boundary term, otherwise the
action is not regular. On the other hand in both TEGR and CGR, one does not need to

introduce this boundary term. Hence, both the TEGR and CGR actions exhibit a well-posed

action principle and readily admits the path integral approach to quantization. As an
example, the computation of the Schwarzschild black hole entropy in each theory is:

SGR =
1

22

Z
d4x

p
�g R +

Z

@M
d3xK +

Z

@M
d3xK0 = 0 +1 +1 = 4⇡GM2 , (14)

STEGR =
1

22

Z
d4x

p
�g T̊ = � 1

22

Z

@M

p
�gB = 4⇡GM2 , (15)

SCGR =
1

22

Z
d4x

p
�g Q̊ |⇠↵=x↵ = � 1

22

Z

@M
d3xQ̃µn⌫ = 4⇡GM2 . (16)

GR is based on the equivalence principle whose strong version establishes the local

equivalence between gravitation and inertia. The fundamental asset of quantum mechanics, on
the other hand, is the uncertainty principle, which is essentially nonlocal. It seems that both
approaches are not consistent. Further, at quantum scales up to now, it has not been discovered
yet if the equivalence principle is always valid or not. In TEGR, one can formulate the theory
without the equivalence principle. Hence, it can comply with universality but remains a

consistent theory in its absence.

In CGR (in the coincidence gauge) and TEGR (in the Weitzenböck gauge), there is a way to
define the gravitational energy-momentum tensor (as a tensor locally conserved) and in GR,
this is not possible. Moreover, in both CGR and TEGR one can separate gravity from inertia.

CGR can be written as the canonical framework for a gauge theory of the Abelian group of
translations since [rµ,r⌫] = 0. All the other forces are written in the gauge language so this
is a good hint to explore quantum approaches in this framework.
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Abstract

There are various ways of defining the Wick rotation in a gravitational context. In order to preserve the manifold structure, it would be preferable to view it as an analytic continuation of
the metric, instead of the coordinates. We focus on one very general definition and show that it is not always compatible with the additional requirements of preserving the field equations
and the symmetries at global level. Then we consider another approach based not on the deformation of the time or the metric, but of the integration contour of the fields. In particular we
discuss the calculation of one-loop effective actions in Lorentzian spacetimes, based on a very simple application of the method of steepest descent to the integral over the field. We show
that for static spacetimes this procedure agrees with the analytic continuation of Euclidean calculations. When applied to quantum gravity on static backgrounds, our procedure is equivalent
to analytically continuing time and the integral over the conformal factor.
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Wicked metrics

The standard prescription for Wick rotation is iSL

���
t!�itE

= �SE .

We note that time has no physical meaning in GR: if the Wick rotation is performed on
time, one immediately finds that the result depends very strongly on the coordinate system.
For example for de Sitter space

ds2 = �dt2 +H�2e2Ht
�
dr2 + r2d⌦2

2

�

ds2 = �d⌧ 2 +H�2 cosh2(H⌧ )

✓
dr2

1� r2
+ r2d⌦2

2

◆

ds2 = �d⌧̄ 2 +H�2 sinh2(H ⌧̄ )

✓
dr2

1 + r2
+ r2d⌦2

2

◆

the prescription t ! �itE leads to a metric that is either complex, or positive definite, or
again Lorentzian but with opposite signature.
Define Wick rotation in such a way that

(1) it does not depend on the coordinates;
(2) causality is taken into account;
(3) it leaves the differentiable structure of the manifold fixed.
Possible solution: analytic continuation of the metric [M. Visser, arXiv:1702.05572 [gr-qc]]

g(�)µ⌫ = g(L)µ⌫ + (1 + �)XµX⌫ ,

where X is a unit time-like vector and � varies between �1 and 1. Clearly g(�1) = g(L) and
g(1) = g(E), while for � = 0 the metric is degenerate.
However, the choice of X is arbitrary , so let’s put additional requirements

(4) a solution of the Lorentzian field equations should map to a solution of the Euclidean
field equations;

(5) it should preserve the number of Killing vectors;
(6) it should preserve the maximal symmetry.
These three properties are satisfied by continuations of the coordinates.

Examples

REGULAR EXAMPLES: there exist X such that all properties are satisfied.
•Minkowski space: the isometry group changes from SO(1, 3) to SO(4) ;
•Anti de Sitter space: the isometry group changes from SO(2, 3) to SO(1, 4) ;
• pp-wave spacetime.

IRREGULAR EXAMPLES

• de Sitter space

(a) ds2(�) = �d⌧ 2+H�2 cosh2(H⌧ )(d�2+sin�2d⌦2
2) , R(�)µ⌫ = �3H2

� g(�)µ⌫+2H2(1+�)
� Pµ⌫

X = d⌧ violates condition (4-5-6);
(b) ds2(�) = �d⌧̄ 2 +H�2 sinh2H ⌧̄ (d�2 + sinh2�d⌦2

2)
X = d⌧̄ violates condition (4-5-6) and is not globally defined;

(c) ds2(�)=�dt2+H�2e2Ht
�
dx2 + dy2 + dz2

�
, R(�)µ⌫⇢� =

H2

��

⇥
g(�)µ⇢ g(�)⌫� � g(�)µ� g(�)⌫⇢

⇤

The isometry group remains SO(1, 4) , but X = dt is not globally defined;
(d) ds2(�)=H�2

⇥
� cos2 ⇣ dt2+d⇣2+sin2 � d⌦2

2

⇤
, R(�)µ⌫⇢�=H

2
⇥
g(�)µ⇢ g(�)⌫��g(�)µ� g(�)⌫⇢

⇤

SO(1, 4) for � < 0 and SO(5) for � > 0 , but X = H�1 cos ⇣dt is not globally defined.
• Schwarzschild spacetime

(a) ds2 = �
�
1� 2M

r

�
dt2 +

�
1� 2M

r

��1
dr2 + r2d⌦2

2

Ricci-flat and all Killing vectors for all � , but X =
q
1� 2M

r dt is not globally defined;

(b) ds2(�) = 16M 2

X2�T 2
W (z)

W (z)+1

⇥
�dT 2 + dX2

⇤
+ 4M 2 (W (z) + 1)2 d⌦2

2 , where z ⌘ X2�T 2

e .

X = 4M
q

W (z)
(X2�T 2)(W (z)+1) dT is globally defined but the space is not Ricci-flat.

LESSON

The irregular examples are characterized by the presence of horizons. One can demand that
local solutions of the Lorentzian EOM go to local solutions of the Euclidean EOM, but in
the presence of horizons, such continuations cannot be extended to the whole manifold.
This was true for analytic continuations of the coordinates, but it seems to be true also
when one continues the metric.

Path integrals in Lorentzian spacetimes

Can we compute ZL directly? Instead of deforming time or the metric, deform the inte-
gration contour of the field and use Picard-Lefschetz theory.
Decomposing � =

P
n zn�n with �n eigenvectors of the kinetic operator, the path integral

is a product of integrals of the form I(�) =
R1
�1 dz ei�z

2 .
This kind of integral is conditionally convergent, in particular it is convergent choosing
the steepest descent contour. In our case the contour depends on the sign of � (which is the
eigenvalue of the kinetic operator): we choose the path on the left if � > 0 and the path on
the right if � < 0

Re[z]

Im[z]

Re[z]

Im[z]

and the result is : I(�) = esign(�)i⇡/4
q

⇡
|�| .

Absorbing the phases in normalization

ZL =

Z
(d�) exp


i
1

2

Z
ddx

p
�g �(⇤�m2)�

�
=


det

✓⇤�m2 + i⇣

µ2

◆��1/2

.

So the ill-definiteness of the Lorentzian functional integral is due not to oscillatory char-
acter of integrals but to the sum over the field modes, like the Euclidean case.
Calculation of the determinant using Heat Kernel For the Euclidean case: �E = � logZE

�E = �1

2

Z 1

0

ds

s
TrK�⇤+m2(s) ,

while for the Lorentzian case: �L = �i logZL

�L = � i

2

Z 1

0

dis

is
Tr exp

⇥
is(⇤�m2 + i⇣)

⇤
.

Euclidean vs Lorentzian effective actions

Examples of calculations of one-loop effective actions for static spacetimes with Euclidean
signature (� = 1) and Lorentzian signature (� = �1)
•Massless free scalar field on ⌃⇥ S1 with time period T

Eigenvalues of kinetic operator �n,i = �
�
2⇡n
T

�2
+ !2

i

�(�) = ��1�d
2

✓p
⇡

T

◆d�1 1X

j=0

�j ⇣R[1� d + 2j]�

✓
1� d

2
+ j

◆✓
T

2⇡

◆2j

B2j(�⌃) .

•Massive free scalar field on ⌃⇥R

Eigenvalues of the kinetic operator �n,i = �E2 + !2
i +m2

�(�) = ��

2

Tmd

(4⇡)d/2

1X

j=0

�

✓
j � d

2

◆
m�2j B2j(�⌃) ,

in both cases this procedure agrees with the standard prescription:

i�L(V,�iT ) = ��E(V, T ) .

Interacting theories: for perturbative expansion Gaussian integrals are all one needs

Z�[j] = e
p
�Sint( 1p

�
�
�j)

Z
(d�)e

p
�
R
ddx

p
g (12����+j�) = Z�[ 0]e

p
�Sint( 1p

�
�
�j)e�

p
�
2 j·��1

� ·j .

Only for non-perturbative calculations does one need to use more complicated steepest
descent contours. [J.Feldbrugge, J.-L. Lehners, N. Turok, Phys.Rev. D95 (2017) no.10, 103508 ].

The conformal factor problem

S(2)
on�shell(h, ḡ) =

1

42

Z
d4x

p
ḡ


1

2
hTT
µ⌫ (42 � 2⇤)hTTµ⌫ � 3

16
s

✓
40 �

4

3
⇤

◆
s

�

Choosing path of steepest descent for Euclidean GR, we obtain the same result as Cam-
bridge prescription.
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Abstract
We provide a heuristic way to consider gravity as blackbody radiation. Our formulation involves two basic elements. A quantum spacetime, described as the quantum excitations of a new kind of fields, which live in momentum
space, named as accelerated fields. And a massive object defined as a collection of spacetime quanta in thermodynamic equilibrium. This object behaves as a blackbody, emitting quantum lengths and time intervals, at
temperature inversely proportional to its mass. Having established a correspondence between quantum and Rindler spacetime (PLB 781, 611, 2018), equivalence principle allows us to identify gravity with the massive object’s
blackbody radiation, since the last a↵ects the corresponding geometry of spacetime. At Planck scale, our argument directly leads to the Hawking temperature of a black hole (up to a constant) demonstrating that a black hole
can actually reach mass equilibrium if spacetime comes in discrete units.

Introduction
Gravity is the oldest known fundamental force. However, we are still unable to reach consensus
on its true nature. Einstein’s general relativity was a huge step forward, but certain results (e.g.
singularity theorems, black hole thermodynamics, and Hawking radiation) indicate that we must
modify our understanding of gravity (and spacetime) once again, in order to take these properties
into account.
This work provides a new theory of quantum gravity. In this theory spacetime arises as quantum
excitations of a new kind of quantum fields, named as accelerated fields. Matter is designated as
the simplest macroscopic object made out of spacetime quanta in thermal equilibrium. Finally,
gravitation, instead of curvature of spacetime continuum, is identified as blackbody radiation of
these spacetime quanta [2].
The theory stems from a recently established correspondence between Rindler and quantum
spacetimes [1]. In that work we show that an appropriately quantized spacetime redefines classical
accelerated reference frames in a way that if one consider matter fields in that spacetime, Unruh
e↵ect comes up. Throughout the text, the units are chosen such that c = h̄ = 1.

Matter in
quantum spacetime

• A relativistic invariant way to implement mass is the energy momentum relation E
2 � p

2 = m
2. In momentum

space, this relation modifies its metric.

• The situation resembles Unruh e↵ect in matter fields, with an essential di↵erence: the role of acceleration is played
now by mass.

Matter via statistical mechanics

• Partition function: Z(T ) =
P

Nt
e
�Nt xt

k0T

• Average quanta number: hNti =
✓
e

xt

k0T � 1

◆�1

(single-partite state)

• Temperature: T = 1
2⇡k0m

Matter is made up of spacetime quanta in thermal equilibrium, with temperature be a function of mass.

Spacetime as a quantum object
The process of spacetime quantization requires to generalize the existed notion of quantum fields by introducing quantum
fields in momentum space. If matter fields represent all the fields defined in spacetime, accelerated fields stand for the
fields in momentum space. Then quantum spacetime indicates quantum excitations of accelerated fields, in the same
sense in which a particles are quantum excitation of matter fields.

Basic formulas in accelerated field theory

• Field equation:
⇣
e@2
E
� e@2p � 1

↵2

⌘
e (E, p) = 0

• xt = h̄ e! and t = h̄ek

• Field operator: e (E, p) =
R
dt

⇣
eateut(E, p) + ea†

t
eu⇤
t
(E, p)

⌘

• Hamiltonian: eX =
R

dtp
4⇡xt

xt ea†t eat with dimensions of length.

• Eigenstates: |N1, N2, · · ·i = 1p
N1!N2!···

⇣
ea†1
⌘N1

⇣
ea†2
⌘N2 · · · |0i

Rindler/quantum spacetime correspondence

Rindler spacetime Quantum spacetime

X
µ(⌧ ) = (X(⌧ ), T (⌧ ))

XNt
= xtNt

TNt
= tNt

X
2 � T

2 = 1/A2 X
2
Nt

� T
2
Nt

= N
2
t
/↵

2

A
µ = d

2
X

µ
/d⌧ ANt

= ↵/Nt

Summary of blackbody/matter analogy

Blackbody in Matter in

thermal equilibrium quantum spacetime

Boltzman cons.: kB k
0

Temperature: T T = 1
2⇡k0m

Photons energy: Eph = h̄! xt = h̄e!
It takes up space, It takes up momentum space,

having volume having energy and momentum

Energy distribution: Length distribution:

⌦
Nph

↵
=

 
e

E
ph

kBT � 1

!�1

hNti =
✓
e

xt

k0T � 1

◆�1

Illustration of gravitation/blackbody radiation
analogy

Mass equilibrium of black hole

• Hawking radiation combines matter quantum fields and general rel-
ativity: a black hole of mass M radiates energy at temperature
TH(M) = 1/8⇡GkBM .

• In Planck scale semi-classical approach breaks down.

In Planck scale accelerated field theory can take over:

• k
0 = lP/T = kB G (Newton cons. G just a conversion parameter)

• T = 4TH(M) M

mP
, [TH(mP ) = T/4]

Results:

• black hole cannot disappear because at Planck scale it is described as
a blackbody in mass-equilibrium

• matter radiation is statistical in nature and contains all the information
about the black hole (no information-loss problem).

Summury
We presented a new quantum description of gravity in which an equivalent resolution to blackbodies for black holes is achieved. In this approach to gravity
we derived the Hawking expression for the temperature of a black hole without any reference to classical relativistic physics and showed that a black hole
can actually reach mass equilibrium if spacetime comes in quanta of accelerated fields.

References
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• “massless” space: ds2 = dE
2 � dp

2

• “massive” space: ds
2 = dm

2 � m
2
ds

2

(s = �/m and � a parameter)

k
0, has dimensions of length divided by tem-

perature, keeps Z dimensionless.

The chemical potential is zero, µ = 0.
With matter the number of quanta is not conserved.

based on the kinematic relation x
2 � t

2 = 1/↵2

for h̄ = 1, we obtain the dispersion relation x
2
t
� t

2 = 1/↵2

eat (ea†t) the annihilation (creation) operator for eut =
e
i(tE�xtp)/

p
4⇡xt

operator eT =
R

dtp
4⇡xt

t ea†
t
eat has di-

mensions of time.

• number operator: eNt := ea†t eat

• for total number operator [ eN, eX ] = 0 i.e. the
number of quanta is conserved.

The classical spacetime (left) corresponds to the quantum state
|N1, N,N2i (right), with N < N1 < N2.
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SUMMARY

① We investigate the Density of States(DOS) of GR with 𝑆2 × ℝ Lorentzian boundary.

③ There exist two convergent integration contours.

④ One of the DOSs exhibits good behavior.

② In order to obtain the DOS, Brown-York microcanonical path integral is used.

① Thermodynamics and statistical mechanics of Gravity
Thermodynamics of a quantum spacetime Statistical mechanics of a quantum spacetime

ℬ

time

■Thermodynamical variables

𝐸, 𝛽, 𝑃, 𝑉
are defined on ℬ = 𝑆2 × ℝ

■Brown-York tensor

𝜏𝑖𝑗 𝑦 ≡
2
−𝛾

𝛿𝐼𝑐 𝑔
𝛿𝛾𝑖𝑗(𝑦)

𝜕ℳ

Euclidean time

■Partition function

𝑍𝔈 𝔔,𝔚 = න
Γ
𝒟𝒈 𝑒−𝐼𝔈

𝐸

・ Measure
・ Action functional

・ Integration Contour
→ genuinely complex

→ (𝐸𝐻 𝑡𝑒𝑟𝑚)
+ (                ) 𝐸𝑛𝑠𝑒𝑚𝑏𝑙𝑒 𝑑𝑒𝑎𝑝𝑒𝑛𝑑𝑒𝑛𝑡

𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑡𝑒𝑟𝑚

[Gibbons, Hawking, Perry, 1978]

② DOSs in the previous works and this work 
Previous works

DOSs are obtained by Inverse Laplace Transformation(ILT)
from various canonical partition functions

This work

We directly derive DOS from the microcanonical path integral 

𝑍𝑐 = න
Γ
𝒟𝒈 𝑒−𝐼𝑐𝐸

𝑍𝑚𝑐 = න
Γ
𝒟𝒈 𝑒−𝐼𝑚𝑐

𝐸

𝑍𝑐𝑌(𝛽, 𝑉)

𝑍𝑐𝐿𝑊(𝛽, 𝑉)

𝑍𝑐𝑀𝑊(𝛽, 𝑉)

𝑍𝑚𝑐
𝐵𝑊𝑌(𝐸, 𝑉)

𝑍𝑚𝑐
𝐿𝑊(𝐸, 𝑉)

𝑍𝑚𝑐
𝑀𝑊(𝐸, 𝑉)

𝑍𝑚𝑐(𝐸, 𝑉)

minisuperspace
& saddle point
method

minisuperspace
& saddle point
method

[York, 1986] [Braden, Whiting, York, 1987]

[Louko, Whiting, 1992]

[Melmed, Whiting, 1994]

ILT

③ Lapse integral & its contour

𝑍𝑚𝑐 = න
Γ
𝒟𝒈 𝑒−𝐼𝑚𝑐

𝐸

𝐼𝑚𝑐
𝐸 =

−1
16𝜋𝐺

න
ℳ
𝑑4𝑥 𝑔𝑅 +

−1
8𝜋𝐺

න
𝜕ℳ

𝑑3𝑦 𝛾 𝜏𝜇Θ𝜇𝜈𝜕𝜈𝜏

න
Γ
𝑑𝑅𝐻 exp −

𝜋
𝐺

2𝑅𝑏 1 −
1
𝜂2

𝑅𝐻 +
4
𝜂2

− 3 𝑅𝐻2 −
2

𝑅𝑏𝜂2
𝑅𝐻3

Minisuperspace
method

[Brown, York, 1993]

④ Behavior of entropy

𝐺𝐸 = 0.1 𝐺𝐸 = 5(1 − 2/3) 𝐺𝐸 = 2

The location of the saddle point, and its steepest descent (ascent) contour 

: the saddle point : steepest descent
ascent

contour

𝜂 ≡
𝐺𝐸
𝑅𝑏

− 1

We concentrate of 𝐷𝑖𝑠𝑐 × 𝑆2 topology sector of the path integral
Saddle point contribution

Saddle point
contribution

Contribution
from 

Questions
■ For high energy, the saddle point no longer dominates→ Contribution from the other sectors become important ?

■ Relation to ill-definedness of Halliwell-Louko canonical partition function 
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1. Motivation
Double Field Theory (DFT): [Hull-Zwiebach ’09]

! a gravity theory with manifest T-duality
! space-time coordinates are “doubled” XM = (xµ, x̃µ)

! DFT geometry is the doubled geometry
! xµ is Fourier dual of KK-mode, x̃µ is Fourier dual of winding mode

! DFT has the physically condition called “strong constraint”
! this is to drop the x̃µ coordinate
! a way to solve the strong constraint trivially is to make ∂∗ = 0
! DFT with the strong constraint is reduced to a supergravity

How to interpreted the ”strong constraint” in mathematically?

Our results
! the Vaisman algebroid is composed of two Lie algebroids
! the DFT geometry is an example in which the Vaisman algebroid appears
! “strong constraint” in DFT is interpreted mathematically

2. Gauge symmetry in DFT
! it is described by C-bracket which defined on the doubled space

[Ξ1,Ξ2]C = [X1, X2]L + Lξ1X2 − Lξ2X1 −
1

2
d̃ (ιX2ξ1 − ιX1ξ2)

+ [ξ1, ξ2]L̃ + LX1ξ2 − LX2ξ1 −
1

2
d(ιξ2X1 − ιξ1X2)

! C-bracket defines the structure called the Vaisman (metric) algebroid [Vaisman ’13]

! C-bracket with ”strong constraint” becomes a exact Courant bracket which
defines Courant algebroid on non-doubled space-time

! we show the Vaisman algebroid is obtained by “double of Lie algebroids L, L̃”
! this is the generalization of the “Drinfel’d double of Lie bialgebroid”.
! the key is the “derivation condition” d∗[X, Y ]S = [d∗X, Y ]S + [Xd∗Y ]S

! X, Y ∈ Γ(L), d∗ is exterior derivative, [·, ·]S is Schouten bracket
! this condition needs to define a Lie bialgebroid
! we find the Vaisman algebroid doesn’t request the derivation condition

Lie bialgebroid

Courant algebroid

Drinfel’d 
double

(L,L⇤)

C = L� L⇤

[Liu-Weinstein-Xu ’96]

Lie algebroids

Vaisman algebroid

double

V = L� L̃

L, L̃

[Mori-Sasaki-Shiozawa ’19]

+ derivation 
   condition

3. Doubled space-time geometry

Doubled space-time: described by para-Hermitian manifold [Vaisman ’13]

Para-Hermitian manifold (M, K, η):
! differentiable manifold M
! K: almost para-complex structure K2 = 1, K ∈ End(TM)
! η: neutral metric TM× TM → R

! compatibility condition: η(K(X), K(Y )) = −η(X, Y )
! integrability condition: NK(X, Y ) = 0

! NK is the Nijenhuis tensor

NK(X, Y ) =
1

4

{
[K(X), K(Y )] + [X, Y ]−K

(
[K(X), Y ] + [X,K(Y )]

)}
.

Using the almost para-complex structure K,
we obtain the decomposition TM = L⊕ L̃
! which is performed via the projection operators

P =
1

2
(1 +K), P̃ =

1

2
(1−K)

! L (L̃) is the eigenbundle associated with the eigenvalue K = +1 (K = −1)
! Nijenhuis tensor is decomposed by P, P̃

NK(X, Y ) = NP (X, Y ) +NP̃ (X, Y )

NP (X, Y ) = P̃ [P (X),P (Y )], NP̃ (X, Y ) = P [P̃ (X), P̃ (Y )]

! L, L̃ are distributions of TM
! a distribution is maximally isotropic η(X, Y ) = 0 and rank L = 1/2 dim M

4. Foliation structure
Integrability of distributions:
! it is represented by the Frobenius theorem.

a distribution L (L̃) is completely integrable iff L (L̃) is involutive (Their Lie
bracket [X, Y ]L belongs to L, then the distribution L is called involutive)

! if NP (NP̃ ) vanishes, the distribution L (L̃) is involutive
! the integrability of L, L̃ is independent of each other

Foliation structure:
! Frobenius theorem (alternative rep.)

a subbundle E ⊂ TM is integrable iff it is defined by a regular foliation of M
then, L and L̃ are integrable, they have foliation structures L = TF , L̃ = T F̃

! the F is given by the union of leaves
! a leaf Mp is a subspace of F that
path through a point p

! for F , the local coodinate xµ is given
along a leaf Mp while the one for the
transverse directions to leaves is x̃
! this means that x̃ is a constant
on a leaf Mp in F

! a physical space-time is identified
as the leaf

5. Para-Dolbeault operator in L, L̃

We define natural exterior algebra on tangent bundle over M:
! a set of doubled multi-vectors Â = Γ(∧kTM)
! we define Ar,s(M) as the section of (∧rL) ∧ (∧sL̃)

! we obtain the decomposition Âk(M) =
⊕

k=r+sAr,s(M)

! the canonical projection operator πr,s : Âr+s(M) → Ar,s(M) induced by P, P̃
! the exterior derivatives acting on L and L̃

d̃ : Ar,s(M) → Ar+1,s(M) d : Ar,s(M) → Ar,s+1(M)

! d̃ and d have the following properties: d2 = 0, d̃2 = 0, dd̃ + d̃d = 0
! we also define interior products and Lie derivatives

6. Algebroid structure in DFT
! we focus on the DFT on the flat para-Hermitian manifold
! the tangent bundle TM is spanned by ∂M(M = 1, . . . , 2D)
! vector fields on TM are decomposed by projector P, P̃

ΞM∂M = Aµ(x, x̃)∂µ + αµ(x, x̃)∂̃
µ A ∈ Γ(L),α ∈ Γ(L̃)

! we explicitly showed that the exterior algebras of DFT
are incompatible with the derivation condition

In DFT realization,
! we find that d̃ on L and Schouten bracket [·, ·]∗S on L̃ is compatible
! the same disscution holds for the operator d on L̃
! we have defined the Lie algebroid and its dual Lie algrboid in DFT

then, we examine the derivation condition in DFT by explicit
calculation, we obtain

d̃[A,B]S = [d̃A,B]S + [A, d̃B]S + (∂̃ρAµ∂ρB
ν + ∂̃ρBν∂ρA

µ)∂µ ∧ ∂ν
! the last term is the violation of derivation condition
! the last term vanished when the “strong constraint” is imposed
! this is a part of the algebraic origin of the “strong constraint”

7. Conclusion
! we show that the Vaisman algebroid composed of two Lie algebroids
! we discuss algebraic origin of ”strong constraint” in DFT,
this is closely related to derivation condition

Future direction
! the structure of the global symmetry in DFT

! the gloval symmetry is like “Finite transformation”
! we need exponential map of Vaisman algebroid,
which is related to “coquecigrue problems”

! we expect that we obtain some groupoid structure from Vaisman algebroid

F F̃

p

M
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ABSTRACT
Correspondence between the conduction phenomena in electrical wires with impurity and the scattering events responsible for particle production during stochastic inflation and reheating implemented

under a closed quantum mechanical system in early universe cosmology.Derivating the quantum corrected version of the Fokker–Planck equation without dissipation for the probability distribution profile can be

used to study the dynamical features of the particle creation event.With difussion effect Ito, Stratonovich prescription and the explicit role of finite temperature effective potential for probability distribution profile

gives quantum nature. With random polynomial interaction potential we formulate this in RMT background and found the bound on Spectral form factor for such a system.

INTRODUCTION
• Quantum fields in an inflationary background or during re-

heating gives rise to the burst of particle production, which

has been extensively studied in Primordial Cosmology.

• Such particle production events are completely random (or

chaotic) when the evolution is non-adiabatic in nature.

• A non-adiabatic change in the time dependent coupling of

the fields as the background evolution of the fields passes

through special points in field space producing these burst

of particles.

• There lies a one-to-one correspondence between such cosmo-

logical events to that of the stochastic random phenomena oc-

curring in mesoscopic systems where fluctuations in physical

quantities play a significant role of producing stochastic ran-

domness.

QUESTIONS

• How exactly conduction wire– cosmology correspondence
can be built?

• How can we show Non-Gaussianity in particle production?

• If we don’t know anything about the effective interactions
(time dependent couplings in QFT) then how one can quan-
tify randomness?

WIRES TO COSMOLOGY

• Time independent one dimensional Schrödinger equation ap-

pearing in the context of quantum mechanical system which

describes the space evolution of electron inside a wire in pres-

ence of impurity

[
d
2

dx2
+ E � V (x)] (x) = 0 (1)

• Dynamics of this fluctuating scalar field in FLRW cosmolog-

ical background with a time-dependent coupling. Consider

the action for massive scaler field with time-dependent mass

profile-

S = �
1

2

Z
d
4
x
p

�g(gµ⌫
@µ�@⌫�� m

2(⌧)�2) (2)

!Constraint : � �(�k, ⌧) = �
⇤(k, ⌧),After fourier

transform and considering (quassi)de sitter background with

scale factor a(⌧).

redefintion of fields as �k(⌧) = a(⌧)�k(⌧)

• Reheating region this scale factor is constant, gives us the

klein-gordon equation describing patricle production. equa-

tion

[
d
2

d⌧2
+ (k2 + m

2(⌧)]�(⌧) = 0 (3)

• This two equation has very similar sturucture and so the one-

one correspondence.

NON-GAUSSIANITY
• For a electron in wire with impurity( we choose this impurity

to be dirac-delta scatrrer) the dynamical evolution can be rep-

resented as Fokker-Planck equation. (Fokker planck equation

for this case can be derived from Schrodinger equation)

• This particle production event is same as electorn getting

scattered by dirac delta imputiry.Solving the transfer matrix

we get total occupation number and lyapunov exponents for

large number of impurities. This establish the randomness

in such a phenomena(! Anderson Localization length is di-

rectly related in this matter.) So this establish that paticle pro-

duction event can be considered to be random Brownian mo-

tion type.

• The probability density for particle position of Brownian mo-

tion in a random system can be expressed in terms of Smolu-

chowski equation.

P (M ; ⌧+@⌧) =

Z 1

�1
P (M1.⌧)P (M2, @⌧)dM2 = hP (M1, ⌧)iM2

(4)

For Markovian process, Smoluchowski equation describes a

two point conditional probability distribution.And time evo-

lution of the probability density function can be expressed as:-

@⌧P (M, ⌧) =
h�MiM2

�⌧
@MP (M, ⌧)+

h�M�MiM2

�⌧
@MP (M, ⌧) + ....

(5)

• conditional probability of getting Y at time t +⌧ in terms of

probability of getting nearby to Y -⇠ at time t and then to Y in

time ⌧

P2(Y0|Y, t+⌧) =

Z 1

�1
d⇠P2(Y0|Y �⇠, t)P2(Y �⇠|Y, ⌧)

(6)

Taylor expansion around ⌧ = 0

@P2(Y0|Y, t)
@t

⌧ = �
Z 1

�1
P2(Y0|Y, t)P2(Y |Y � ⇠, ⌧)d⇠

+

Z 1

�1
P2(Y0|Y � ⇠, t)P2(Y � ⇠|Y, ⌧)d⇠

(7)

• Now we choose maximum entropy ansatz for shannon en-

tropy and get the constriants:- normalization, fix local-mean

particle production rate, and infinitesimal interval doesn’t

corresponds to a finite singnificant change in transfer matrix

This reduces the � dependence of probability density which

comes from tranfer matrix approach. Then we taylor expand

on each side with one side w.r.t �n and other side w.r.t �⌧

hP (n + �n; ⌧)i�⌧ = hP (n; ⌧)i�⌧ +
1X

q=1

1

q!

�
q
P (n; ⌧)

�nq

⇥ h(�n)qi�⌧

P (n; ⌧ + �⌧) = P (n; ⌧) +
1X

q=1

1

q!

@
q
P (n; ⌧)

�⌧q
(�⌧)q

(8)

FIRST ORDER FOKKER PLANCK
1

µk

@P (n; ⌧)

@⌧
= (1 + 2n)

@P (n; ⌧)

@n
+ n(1 + n)

@
2
P (n; ⌧)

@n2
(9)

CORRECTED FOKKERPLANCK

τ=1/μk
τ=1.2/μk
τ=1.4/μk
τ=1.6/μk
τ=1.8/μk
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ITÔ-STRATNOVICH
In presence of diffusion Fokker planck equation come

from Langevian equation with Einstein diffusion coefficient[D(n)] and

zero gaussian white noise[b(⌧)].

dn(⌧)

d⌧
= a(n) +

q
D (n0)b(⌧) ! Langevian equation

ITÔ

@P (n; ⌧)

@⌧
= �

@

@n
(a(n)P (n; ⌧)) +

@
2

@n2
(D(n)P (n; ⌧))

Stratnovich

@P (n; ⌧)

@⌧
= �

@[a(n)P (n; ⌧)]

@n
+
@[
p

D(n)
@[
p

D(n)P (n;⌧)]]
@n

@n

(10)
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GEN. FP AT EQUILIBRIUM,� 6= 0
For equilibrium Fokker Planck current(J(n;⌧ )) is zero

and at finite temperature

@

@n

✓
n(n + 1)

@W (n; ⌧)

@n

◆
� U(n)W (n; ⌧) =

@W (n; ⌧)

@⌧

Effective potential

U(n) = [ �
2

4 n(n + 1)( @V (n)
@n )2 � �

2 n(n + 1)( @2V (n)

@n2 )

� �
2 ( @(n(n+1))

@n )( @V (n)
@n )]

(11)
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KURTOSIS,SKEWNESS

Skewness

corrected

Skewness
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SFF BOUND

S2(t) =
1

|Z(�)|2
X

m,n,m 6=n

e
��(Em+En)

e
�it(Em�En)

=
|Z(� + it)|2

|Z(�)|2

(12)

SFF can be written as summation of two point green’s function

(connected and disconnected part) and for large time the discon-

nected part having hypergeomtric PFQ regularized function goes to

zero.This gives us the bound on spectral form factor

SFF

a=0.1,N=100
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Collisional Penrose process on ISCO

In 2009, it is pointed out that the center of mass energy 
can take arbitrary value when two particles (1),(2) collide 
near the horizon of an extreme Kerr BH. (Banados, Silk 
and West ‘09)

Introduction

%&' ≡ − *+
, + *.

, *+, + *., → ∞
(at the horizon of an extreme BH)

•Due to the red shift, it is not trivial 
that the energy at infinity (of a 
resulting particle (3)) also diverges.

•In previous works, the collision 
between particles impinging from 
infinity is considered.

Particle(1)

Particle(4)

Particle(3)

Particle(2)

Spinning particle

•Conserved quantity 
by Killing vector

•Conserved quantity

•Energy % ≡ −ABC and  Total angular momentum D ≡ ABE
•Assuming spinning particles move on the equatorial 
plane, momentums, 4 velocity and spin can be described 
by using % and  D

F, =
Hz,

HI

J, = #F, + FK
DS,K

HI

•Note that the momentum and the 4-velocity is not parallel.

The signature 
F,F, is non trivial.

The relation between % and ! for a 
particle to reach the horizon  with 
satisfying F,F, < 0.

• The collision near the horizon: P& =
Q
+RS

%+ + %. = %T + %U
D+ + D. = DT + DU

•Conservation laws

!T = !+, !U = !.

1.Expand the radial momentum about W and check 
the conservation law order by order.

2.Solve in terms of %. and %T
3.Analyze the energy efficiency: X = YZ

Y[\Y]

DT = 2%T$(1 + `TW + aTW.)

D+ = 2%+$ (ISCO),   D. = 2%.$(1 + b) (b < 0)

Collisional Penrose process

Conclusion and discussion

pThe case of non-extreme BH

pQuantum signatures through a collision around 
a black hole.

ØThe maximal efficiency in both case is increasing 
when the spin is taken into account. 

ØIn the elastic collision, the efficiency becomes three 
times larger than the non-spining case.

ØThe spin plays an important role in the collision with 
the ISCO particle.

Kazumasa Okabayashi (Osaka City Uni.),
Kei-ichi Maeda (Waseda Uni.)

Based on arXiv: 1907.07126

The center 
of mass c,

d = e/2

f

*+g + *.g = *Tg + *Ug
!+ + !. = !T + !U

DS,K

HI = J,FK − JKF,

DJ,

HI = −
1
2h Kij

, FKkij

S,KJK = 0

AB = J,l, +
1
2 k

,K∇,lK

k,Kk,K = 2#.!.

−J,J, = #.

#. = −J,J,

Collisional 
process

spin(!+, !.) Input energy 
(%+, %.)

Output
energy(%T)

Maximal energy 
efficiency

Elastic collision Non-spinning
(0.0319#$,-0.270#$)

(0.5773#, #)
(0.5591#, #)

4.041#
13.16#

2.562
8.442

Inverse Compton 
scattering

Non-spinning
(0.0636#$, 0)

(0.5773#, 0)
(0.5416#, #)

4.041#
6.791#

7
12.54

1.Circular Orbit → J+ . = 0, q
qr

J+ . = 0

→ % and D are determined.

2.Innermost Stable circular orbit → q]

qr]
J+ . = 0

→ the radius of the circular orbit is determined

Innermost stable circular orbit

•E.O.M

The collision between a particle 
on its ISCO and a particle 
impinging from infinity



5. Conclusion

4. Worldsheet Instanton

2. Five-branes in DFT

1. Introduction 3. Winding dependence

• This geometry is torus fibration over    . 
• Physical radius of each 　 is given by 
• at origin:                , at cutoff   :          is finite 
• A general 1-cycle in 　 is generated by two integer. 
• 　　    -cycle: fibered over segment 

and defines an open cigar. 
‣ A generalization of the disk instanton → 

• in an appropriate limit of parameter, 
the two open cigar are closed at         . 

DFT is defined in the doubled space                     .

Worldsheet Instanton Corrections to 
Five-branes and Waves in Double Field Theory
Kenta Shiozawa (Kitasato U.) with Tetsuji Kimura (Osaka Electro-Commun. U.) and Shin Sasaki (Kitasato U.)

• “HM”, “KKM”: H-monopole, KK-monopole 
• “s”, “ds”, “ts”: smeared, double smeared, triple smeared

52 5
1
2 5

2
2 5

3
2 5

4
2

codim 4 NS5 KKM + w1
5
2
2 + w2

5
3
2 + w3

5
4
2 + w4

codim 3 HM KKM 5
2
2 + w1

5
3
2 + w2

5
4
2 + w3

defect sHM sKKM 5
2
2 5

3
2 + w1

5
4
2 + w2

domain-wall dsHM dsKKM s5
2
2 5

3
2(+w1

) 5
4
2 + w2

space-filling tsHM tsKKM ds5
2
2 s5

3
2 5

4
2

Based on JHEP 07(2018)001 [arXiv:1803.11087] and JHEP 12(2018)095 [arXiv:1810.02169]

3@[abbc] = "abcd @
d
H(y).

ds2DFT = (gµ⌫ �Bµ⇢g
⇢�B�⌫)dx

µdx⌫ + 2(Bµ⇢g
⇢⌫)dxµdx̄⌫ + gµ⌫dx̄µdx̄⌫ ,

The solutions we obtained are listed in the table.

• Dependence on winding space has been related to worldsheet instanton 
effects. 

• A number of calculations have supported this view. 
[Gregory-Harvey-Moore ’97]

[Tong ’02, Harvey-Jensen ’05, Okuyama ’05, Witten ’09, Kimura-Sasaki ’13]

ds
2
DFT = H(�ab �H

�2
bacb

c
b)dy

a
dy

b +H
�1

�
ab
dȳadȳb + 2H�1

ba
b
dy

a
dȳb

+ ⌘mndx
m
dx

n + ⌘
mn

dx̄mdx̄n,

d = const.� 1
2 logH

XM = (xµ, x̄µ)

The ansatz for the localized DFT monopole (codim 4) [Berman-Rudolph ’14]

In order for the DFT EoMs to vanish, we impose the condition

By assigning geometrical coordinates to a half of       and comparing the 
codim 4 ansatz with the parametrization of the DFT “line element”

XM

• KK-monopole (with 　): Choosing w1

• 　-brane (with 　): Choosing w2

• 　-brane (with 　): Choosing w3

• Space-filling 　-brane (with 　): Choosing 542 w4

ds
2 = ⌘mn dx

m
dx

n +H�↵� dy
↵
dy

�

+HK
�1

⇥
(dȳ9 + b↵9dy

↵)2 + (dȳ8 + b↵8dy
↵)2

⇤
,

B = b↵� dy
↵ ^ dy

� � b89K
�1

h
(dȳ8 + b↵8dy

↵) ^ (dȳ9 + b�9dy
�)
i
,

e
2� = HK

�1
, K := H

2 + b
2
89.

ds
2 = ⌘mndx

m
dx

n +H
�1(dȳ9 + bi9dy

i)2 +H�ijdy
i
dy

j
,

B = bijdy
i ^ dy

j
, e

2� = const.

The function 　 is a harmonic function:　　　　, where　　　　　　　. ⇤H = 0 ⇤ =
P9

a=6(@a)
2

H

(m,n = 0, . . . , 5), (a, b = 6, . . . , 9)

The others　 of five-branes can be obtained by the same procedure.H

We focus on the 　-brane with 2-winding dependence.

we can write down explicit solutions for conventional supergravity fields.

• NS5-brane: Choosing the geom. coord. xµ = (xm, yi, y9) (i = 6, 7, 8)

xµ = (xm, yi, ȳ9)

xµ = (xm, y↵, ȳ8, ȳ9) (↵ = 6, 7)

xµ = (xm, y6, ȳı̂) (̂ı = 7, 8, 9)

xµ = (xm, ȳa) (a = 6, 7, 8, 9)

• Double periodic array of NS5-brane: 

where 　　　　　　　　. 

H(⇢, x8
, x

9) = c+
1X

m=�1

1X

n=�1

Q

⇢2 + (x8 � 2⇡R8m)2 + (x9 � 2⇡R9n)2
,

⇢2 = (x6)2 + (x7)2

• Using Poisson resummation formula:
1X

n=�1
f(2⇡n) =

1

2⇡

1X

n=�1

Z 1

�1
dt f(t)eint.

• Regularize the divergence and separate the zero winding sector 
• The formal T-duality along 　　　 -direction: replacement  (x8, x9) (x,R) ! (x̃, R̃)

H =
Q

2⇡R̃8R̃9

2

4log µ

⇢
+

X

n,m 6=(0,0)

e
im

x̃8
R̃8 e

in
x̃9
R̃9 K0

0

@⇢

s✓
m

R̃8

◆2

+

✓
n

R̃9

◆2
1

A

3

5 .

GLSM describing geometries with 　 -fibration: Gauge group　　　TN U(1)N

LE =
NX

a=1


1

2e2a
(F12,a)

2 + |Dmqa|2 +
e2a
2

⇣
|qa|2 �

p
2 ⇣a

⌘2
+ i

p
2#aF12,a

�
.

The worldsheet instantons:  
• a map 　from the tree-level worldsheet 　　　 to a 2-cycle 　in the target 

space which minimizes the Polyakov action.
� ⌃ = S2 K

Disk instanton: can define non-trivial 2-cycles in an appropriate limit of 
parameters (e.g. single centered KK-monopole) [Okuyama ’05]

[Wen-Witten ’86]

Worldsheet instanton corrections to  
the 　-brane geometry

522

532

~⇢
~⇢0

~v

T 2 fiber

~⇢0 + f(|z|)~v

(n1, n2)-cycle

• Truncated model (in an appropriate limit of parameter): 2D Abelian-Higgs

• We have explored classical DFT solution of five-branes 
• found new solutions that depend on multiple winding coordinates 
• exp. behaviours of the winding coordinate dependence  
→ suggest that they originate from instanton effects   

• Generalization of Disk instanton: to the 　-brane geometry 
• Discussion on the instanton effects based on the GLSM language

• Double Field Theory (DFT) is a formalism where the T-duality group is 
realized as a manifest symmetry. 

• DFT monopole solution has KK-monopole localized in winding (T-dualized) 
space. 

• Instanton corrections break the isometry in winding space. [Harvey-Jensen ’05]
[Berman-Rudolph ’14]

[Hull-Zwiebach ’09]

Our Results
• Obtained various five-branes with winding dependence from DFT monopole 
• Interpretation of winding dependence as instanton corrections to 　-branes

[GLSM]
IR limit�����! [NLSM]

• The most stringent bound of the Euclidean action

SE �
p
2|~⇣|

qP
a Q

2
a � i

p
2 ~# · ~Q, ( ~Q = � 1

2⇡

R
d2x~F12).

• Path integral of 　 is related to exp. factor (from 　) appearing in 　of　 .SE K0 H 522
• We focused only on topological structure → neglected any F-terms 
• We construct the semi-doubled GLSM for five-branes of codim. 2 

More detail → [JHEP 12(2018)095]

R2

S1
HK

�1
.

1

D2
⌃

|z| = A

mapping

HK
�1 ! 0 HK

�1

T 2

(n1, n2) ⇢ 2 [0, µ]

⇢ ⇠ µ

• Note that the coordinates 　 simply stand for the doubled pairs but not the 
winding coordinates. In the following, we will assign the roles of geometrical and 
winding coordinates to each coordinate.

x̄µ
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ds
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2bcdb
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⇤
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�
H
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3 , K3 := H
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2H

2
babb

ab +
�
1
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.

ds
2 = ⌘mn dx
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dx
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+K
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⇥
H
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�
1
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,
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�1
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2
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Ua
<latexit sha1_base64="EPoLSrxDV3cqY24RMGYTm+T6qlk=">AAAB6nicbZC7TsMwFIZPyq2EW4CRxaJCYqoSGGBBVLAwFkHaSm2oHNdprTpOZDtIVdRHYGEAIUZ4F3YWxNvgXgZo+SVLn/7/HPmcE6acKe2631ZhYXFpeaW4aq+tb2xuOds7NZVkklCfJDyRjRArypmgvmaa00YqKY5DTuth/3KU1++pVCwRt3qQ0iDGXcEiRrA21o1/h9tOyS27Y6F58KZQOv+wz9K3L7vadj5bnYRkMRWacKxU03NTHeRYakY4HdqtTNEUkz7u0qZBgWOqgnw86hAdGKeDokSaJzQau787chwrNYhDUxlj3VOz2cj8L2tmOjoNcibSTFNBJh9FGUc6QaO9UYdJSjQfGMBEMjMrIj0sMdHmOrY5gje78jzUjsrecdm79kqVC5ioCHuwD4fgwQlU4Aqq4AOBLjzAEzxb3Hq0XqzXSWnBmvbswh9Z7z9+bJDt</latexit>

O
<latexit sha1_base64="7Pz41T6G9J8jUvYfp163x/oCZM4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdLbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJrbrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj3kBQ=</latexit>

p
<latexit sha1_base64="5ywjdcuHYbg/qr7gf0ijLiO2d8g=">AAAB6HicbZC7SgNBFIbPxluMt6ilIoNBsAq7WmgZtLFMwFwgWcLs5CQZMzu7zMwKYUlpZWOhiK1Pkeew8xl8CSeXQqM/DHz8/znMOSeIBdfGdT+dzNLyyupadj23sbm1vZPf3avpKFEMqywSkWoEVKPgEquGG4GNWCENA4H1YHA9yev3qDSP5K0ZxuiHtCd5lzNqrFWJ2/mCW3SnIn/Bm0OhdDiufD0cjcvt/EerE7EkRGmYoFo3PTc2fkqV4UzgKNdKNMaUDWgPmxYlDVH76XTQETmxTod0I2WfNGTq/uxIaaj1MAxsZUhNXy9mE/O/rJmY7qWfchknBiWbfdRNBDERmWxNOlwhM2JogTLF7ayE9amizNjb5OwRvMWV/0LtrOidF72KVyhdwUxZOIBjOAUPLqAEN1CGKjBAeIRneHHunCfn1XmblWacec8+/JLz/g3IZJCf</latexit>

q
<latexit sha1_base64="4Gn105ODZZNtGW0pZqBAOe7lz/Y=">AAAB6HicbZC7SgNBFIbPxluMt6ilIoNBsAq7WmgZtLFMwFwgWcLs5GwyZvbizKwQlpRWNhaK2PoUeQ47n8GXcHIpNPGHgY//P4c553ix4Erb9peVWVpeWV3Lruc2Nre2d/K7ezUVJZJhlUUikg2PKhQ8xKrmWmAjlkgDT2Dd61+P8/oDSsWj8FYPYnQD2g25zxnVxqrct/MFu2hPRBbBmUGhdDiqfD8ejcrt/GerE7EkwFAzQZVqOnas3ZRKzZnAYa6VKIwp69MuNg2GNEDlppNBh+TEOB3iR9K8UJOJ+7sjpYFSg8AzlQHVPTWfjc3/smai/Us35WGcaAzZ9CM/EURHZLw16XCJTIuBAcokN7MS1qOSMm1ukzNHcOZXXoTaWdE5LzoVp1C6gqmycADHcAoOXEAJbqAMVWCA8AQv8GrdWc/Wm/U+Lc1Ys559+CPr4wfJ6JCg</latexit>

`b
<latexit sha1_base64="1lj5YjzPPHkKlJCSoPmDstQ9Aj0=">AAAB7nicbZC7SgNBFIZn4y2ut6ilzWAQrMKuFtqIQRvLCOYCyRpmJ2eTIbOzw8ysEJY8hI2FIhY2vom9jfg2ziYWmvjDwMf/n8Occ0LJmTae9+UUFhaXlleKq+7a+sbmVml7p6GTVFGo04QnqhUSDZwJqBtmOLSkAhKHHJrh8DLPm3egNEvEjRlJCGLSFyxilBhrNTvA+W3odktlr+JNhOfB/4Hy+bt7Jl8/3Vq39NHpJTSNQRjKidZt35MmyIgyjHIYu51UgyR0SPrQtihIDDrIJuOO8YF1ejhKlH3C4In7uyMjsdajOLSVMTEDPZvl5n9ZOzXRaZAxIVMDgk4/ilKOTYLz3XGPKaCGjywQqpidFdMBUYQae6H8CP7syvPQOKr4xxX/2i9XL9BURbSH9tEh8tEJqqIrVEN1RNEQ3aNH9ORI58F5dl6mpQXnp2cX/ZHz9g0VLJJk</latexit>

Sl
<latexit sha1_base64="uufosNHT4Msz274J+twoosextZM=">AAAB63icbZC7SgNBFIbPxluMt6hgYzMYBKuwq4WWITaWCZoLJEuYncwmQ2Zml5lZISx5BRsLRWwtfQufwM7GZ3E2SaGJPwx8/P85zDkniDnTxnW/nNzK6tr6Rn6zsLW9s7tX3D9o6ihRhDZIxCPVDrCmnEnaMMxw2o4VxSLgtBWMrrO8dU+VZpG8M+OY+gIPJAsZwSazbnu80CuW3LI7FVoGbw6lylH9m71XP2q94me3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rEosaDaT6ezTtCpdfoojJR90qCp+7sjxULrsQhspcBmqBezzPwv6yQmvPJTJuPEUElmH4UJRyZC2eKozxQlho8tYKKYnRWRIVaYGHue7Aje4srL0Dwvexdlr+6VKlWYKQ/HcAJn4MElVOAGatAAAkN4gCd4doTz6Lw4r7PSnDPvOYQ/ct5+AEHgkWs=</latexit>

⌃
<latexit sha1_base64="I8vzWAqQ01Y8P++zkY4Wjy3WgkA=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdLbQRgzaWEc0FkiXMTmaTMTOzy8ysEJa8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9NxqgitkpjHqhFiTTmTtGqY4bSRKIpFyGk97F+O8vo9VZrF8tYMEhoI3JUsYgQba9VaN6wrcLtQ9EreWGge/CkUzz/cs+Tty620C5+tTkxSQaUhHGvd9L3EBBlWhhFOh24r1TTBpI+7tGlRYkF1kI2nHaID63RQFCv7pEFj93dHhoXWAxHaSoFNT89mI/O/rJma6DTImExSQyWZfBSlHJkYjVZHHaYoMXxgARPF7KyI9LDCxNgDufYI/uzK81A7KvnHJf/aL5YvYKI87ME+HIIPJ1CGK6hAFQjcwQM8wbMTO4/Oi/M6Kc05055d+CPn/QfMMpJE</latexit>

l
<latexit sha1_base64="p88osKdjdiqXbda6wveU1Auck7w=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdLbQRgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpYVd4pFN2SO5GzCN4Mipcf9kXy/mVXOoXPdjemaYRCU06Uanluov2MSM0ox5HdThUmhA5ID1sGBYlQ+dlk0JFzZJyuE8bSPKGdifu7IyORUsMoMJUR0X01n43N/7JWqsNzP2MiSTUKOv0oTLmjY2e8tdNlEqnmQwOESmZmdWifSEK1uY1tjuDNr7wI9ZOSd1ryql6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsPNOuQMQ==</latexit>

l
<latexit sha1_base64="p88osKdjdiqXbda6wveU1Auck7w=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdLbQRgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpYVd4pFN2SO5GzCN4Mipcf9kXy/mVXOoXPdjemaYRCU06Uanluov2MSM0ox5HdThUmhA5ID1sGBYlQ+dlk0JFzZJyuE8bSPKGdifu7IyORUsMoMJUR0X01n43N/7JWqsNzP2MiSTUKOv0oTLmjY2e8tdNlEqnmQwOESmZmdWifSEK1uY1tjuDNr7wI9ZOSd1ryql6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsPNOuQMQ==</latexit>

l
<latexit sha1_base64="p88osKdjdiqXbda6wveU1Auck7w=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdLbQRgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpYVd4pFN2SO5GzCN4Mipcf9kXy/mVXOoXPdjemaYRCU06Uanluov2MSM0ox5HdThUmhA5ID1sGBYlQ+dlk0JFzZJyuE8bSPKGdifu7IyORUsMoMJUR0X01n43N/7JWqsNzP2MiSTUKOv0oTLmjY2e8tdNlEqnmQwOESmZmdWifSEK1uY1tjuDNr7wI9ZOSd1ryql6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsPNOuQMQ==</latexit>

Ua
<latexit sha1_base64="EPoLSrxDV3cqY24RMGYTm+T6qlk=">AAAB6nicbZC7TsMwFIZPyq2EW4CRxaJCYqoSGGBBVLAwFkHaSm2oHNdprTpOZDtIVdRHYGEAIUZ4F3YWxNvgXgZo+SVLn/7/HPmcE6acKe2631ZhYXFpeaW4aq+tb2xuOds7NZVkklCfJDyRjRArypmgvmaa00YqKY5DTuth/3KU1++pVCwRt3qQ0iDGXcEiRrA21o1/h9tOyS27Y6F58KZQOv+wz9K3L7vadj5bnYRkMRWacKxU03NTHeRYakY4HdqtTNEUkz7u0qZBgWOqgnw86hAdGKeDokSaJzQau787chwrNYhDUxlj3VOz2cj8L2tmOjoNcibSTFNBJh9FGUc6QaO9UYdJSjQfGMBEMjMrIj0sMdHmOrY5gje78jzUjsrecdm79kqVC5ioCHuwD4fgwQlU4Aqq4AOBLjzAEzxb3Hq0XqzXSWnBmvbswh9Z7z9+bJDt</latexit>

O
<latexit sha1_base64="7Pz41T6G9J8jUvYfp163x/oCZM4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdLbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJrbrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj3kBQ=</latexit>

⌃
<latexit sha1_base64="I8vzWAqQ01Y8P++zkY4Wjy3WgkA=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdLbQRgzaWEc0FkiXMTmaTMTOzy8ysEJa8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9NxqgitkpjHqhFiTTmTtGqY4bSRKIpFyGk97F+O8vo9VZrF8tYMEhoI3JUsYgQba9VaN6wrcLtQ9EreWGge/CkUzz/cs+Tty620C5+tTkxSQaUhHGvd9L3EBBlWhhFOh24r1TTBpI+7tGlRYkF1kI2nHaID63RQFCv7pEFj93dHhoXWAxHaSoFNT89mI/O/rJma6DTImExSQyWZfBSlHJkYjVZHHaYoMXxgARPF7KyI9LDCxNgDufYI/uzK81A7KvnHJf/aL5YvYKI87ME+HIIPJ1CGK6hAFQjcwQM8wbMTO4/Oi/M6Kc05055d+CPn/QfMMpJE</latexit>

Sl
<latexit sha1_base64="uufosNHT4Msz274J+twoosextZM=">AAAB63icbZC7SgNBFIbPxluMt6hgYzMYBKuwq4WWITaWCZoLJEuYncwmQ2Zml5lZISx5BRsLRWwtfQufwM7GZ3E2SaGJPwx8/P85zDkniDnTxnW/nNzK6tr6Rn6zsLW9s7tX3D9o6ihRhDZIxCPVDrCmnEnaMMxw2o4VxSLgtBWMrrO8dU+VZpG8M+OY+gIPJAsZwSazbnu80CuW3LI7FVoGbw6lylH9m71XP2q94me3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rEosaDaT6ezTtCpdfoojJR90qCp+7sjxULrsQhspcBmqBezzPwv6yQmvPJTJuPEUElmH4UJRyZC2eKozxQlho8tYKKYnRWRIVaYGHue7Aje4srL0Dwvexdlr+6VKlWYKQ/HcAJn4MElVOAGatAAAkN4gCd4doTz6Lw4r7PSnDPvOYQ/ct5+AEHgkWs=</latexit>

D(⌃)
<latexit sha1_base64="YLZPTjyY0NEPmE/ctBJVGEVQxYg=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm6FFqAgl0YUug7pwWdFepAllMp20Q2eSMDMRQulT6MKFIm59HHd9G6eXhbb+MPDx/+cw55wg4Uxp2x5buZXVtfWN/GZha3tnd6+4f9BQcSoJrZOYx7IVYEU5i2hdM81pK5EUi4DTZjC4nuTNJyoVi6MHnSXUF7gXsZARrI31eFPx7llP4JNOsWxX7anQMjhzKLsl7/Rl7Ga1TvHb68YkFTTShGOl2o6daH+IpWaE01HBSxVNMBngHm0bjLCgyh9OBx6hY+N0URhL8yKNpu7vjiEWSmUiMJUC675azCbmf1k71eGlP2RRkmoakdlHYcqRjtFke9RlkhLNMwOYSGZmRaSPJSba3KhgjuAsrrwMjbOqc1517pyyewUz5eEISlABBy7AhVuoQR0ICHiGN3i3pPVqfVifs9KcNe85hD+yvn4A3YySxQ==</latexit>

D(⌃)
<latexit sha1_base64="YLZPTjyY0NEPmE/ctBJVGEVQxYg=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm6FFqAgl0YUug7pwWdFepAllMp20Q2eSMDMRQulT6MKFIm59HHd9G6eXhbb+MPDx/+cw55wg4Uxp2x5buZXVtfWN/GZha3tnd6+4f9BQcSoJrZOYx7IVYEU5i2hdM81pK5EUi4DTZjC4nuTNJyoVi6MHnSXUF7gXsZARrI31eFPx7llP4JNOsWxX7anQMjhzKLsl7/Rl7Ga1TvHb68YkFTTShGOl2o6daH+IpWaE01HBSxVNMBngHm0bjLCgyh9OBx6hY+N0URhL8yKNpu7vjiEWSmUiMJUC675azCbmf1k71eGlP2RRkmoakdlHYcqRjtFke9RlkhLNMwOYSGZmRaSPJSba3KhgjuAsrrwMjbOqc1517pyyewUz5eEISlABBy7AhVuoQR0ICHiGN3i3pPVqfVifs9KcNe85hD+yvn4A3YySxQ==</latexit>

O
<latexit sha1_base64="7Pz41T6G9J8jUvYfp163x/oCZM4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdLbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJrbrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj3kBQ=</latexit>

Ua
<latexit sha1_base64="EPoLSrxDV3cqY24RMGYTm+T6qlk=">AAAB6nicbZC7TsMwFIZPyq2EW4CRxaJCYqoSGGBBVLAwFkHaSm2oHNdprTpOZDtIVdRHYGEAIUZ4F3YWxNvgXgZo+SVLn/7/HPmcE6acKe2631ZhYXFpeaW4aq+tb2xuOds7NZVkklCfJDyRjRArypmgvmaa00YqKY5DTuth/3KU1++pVCwRt3qQ0iDGXcEiRrA21o1/h9tOyS27Y6F58KZQOv+wz9K3L7vadj5bnYRkMRWacKxU03NTHeRYakY4HdqtTNEUkz7u0qZBgWOqgnw86hAdGKeDokSaJzQau787chwrNYhDUxlj3VOz2cj8L2tmOjoNcibSTFNBJh9FGUc6QaO9UYdJSjQfGMBEMjMrIj0sMdHmOrY5gje78jzUjsrecdm79kqVC5ioCHuwD4fgwQlU4Aqq4AOBLjzAEzxb3Hq0XqzXSWnBmvbswh9Z7z9+bJDt</latexit>

l
<latexit sha1_base64="p88osKdjdiqXbda6wveU1Auck7w=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdLbQRgzaWCZgLJEuYnZxNxszOLjOzQljyBDYWitjqw9jbiG/j5FJo4g8DH/9/DnPOCRLOlHbdbyu3tLyyupZftzc2t7Z3Crt7dRWnkmKNxjyWzYAo5ExgTTPNsZlIJFHAsREMrsd54x6lYrG41cME/Yj0BAsZJdpYVd4pFN2SO5GzCN4Mipcf9kXy/mVXOoXPdjemaYRCU06Uanluov2MSM0ox5HdThUmhA5ID1sGBYlQ+dlk0JFzZJyuE8bSPKGdifu7IyORUsMoMJUR0X01n43N/7JWqsNzP2MiSTUKOv0oTLmjY2e8tdNlEqnmQwOESmZmdWifSEK1uY1tjuDNr7wI9ZOSd1ryql6xfAVT5eEADuEYPDiDMtxABWpAAeEBnuDZurMerRfrdVqas2Y9+/BH1tsPNOuQMQ==</latexit>

D(⌃)
<latexit sha1_base64="YLZPTjyY0NEPmE/ctBJVGEVQxYg=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm6FFqAgl0YUug7pwWdFepAllMp20Q2eSMDMRQulT6MKFIm59HHd9G6eXhbb+MPDx/+cw55wg4Uxp2x5buZXVtfWN/GZha3tnd6+4f9BQcSoJrZOYx7IVYEU5i2hdM81pK5EUi4DTZjC4nuTNJyoVi6MHnSXUF7gXsZARrI31eFPx7llP4JNOsWxX7anQMjhzKLsl7/Rl7Ga1TvHb68YkFTTShGOl2o6daH+IpWaE01HBSxVNMBngHm0bjLCgyh9OBx6hY+N0URhL8yKNpu7vjiEWSmUiMJUC675azCbmf1k71eGlP2RRkmoakdlHYcqRjtFke9RlkhLNMwOYSGZmRaSPJSba3KhgjuAsrrwMjbOqc1517pyyewUz5eEISlABBy7AhVuoQR0ICHiGN3i3pPVqfVifs9KcNe85hD+yvn4A3YySxQ==</latexit>

⌃
<latexit sha1_base64="I8vzWAqQ01Y8P++zkY4Wjy3WgkA=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdLbQRgzaWEc0FkiXMTmaTMTOzy8ysEJa8g42FIjYWPoq9jfg2Ti6FJv4w8PH/5zDnnDDhTBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9NxqgitkpjHqhFiTTmTtGqY4bSRKIpFyGk97F+O8vo9VZrF8tYMEhoI3JUsYgQba9VaN6wrcLtQ9EreWGge/CkUzz/cs+Tty620C5+tTkxSQaUhHGvd9L3EBBlWhhFOh24r1TTBpI+7tGlRYkF1kI2nHaID63RQFCv7pEFj93dHhoXWAxHaSoFNT89mI/O/rJma6DTImExSQyWZfBSlHJkYjVZHHaYoMXxgARPF7KyI9LDCxNgDufYI/uzK81A7KvnHJf/aL5YvYKI87ME+HIIPJ1CGK6hAFQjcwQM8wbMTO4/Oi/M6Kc05055d+CPn/QfMMpJE</latexit> Sl
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• Feynman interpreted the Einstein field equation as directly relating radius excess of some small spatial ball with the matter 
energy contained within, while holding the area same as in flat Minkowski space. It suggests the essence of spacetime 
dynamics is captured by the geometry of a small causal diamond.


• Jacobson demonstrated that the Einstein field equation can be derived from the entanglement equilibrium using the causal 
diamond setup [1].


• The causal diamond setup also plays an important role in the study of quantum gravity. It has been used in causal set 
theory, holography and cosmology. 


• In this work, the geometry of small causal diamonds is systematically studied, based on three distinct constructions.Our 
work complements and extends the earlier works on the causal diamond geometry by Gibbons and Solodukhin [2], 
Jacobson, Senovilla and Speranza [3] and others [4,5]. 

• We define a causal diamond as the 
domain of dependence of any 
spacelike hypersurface bounded by 
a given � , and we denote it by � .

• It resembles the notion of causally 
complete set in AQFT and the 
definition of the entanglement wedge 
in AdS/CFT. One can bound the 
entropy within the diamond by the 
Area of � .

• Our definition allows different 
constructions of causal diamonds 
built from different edges � .

• We study three constructions that 
are common in the literature. They 
are the geodesic ball, the 
Alexandrov Interval and the 
lightcone cut.

S D(S)

S

S
GCD ACD LCD

• We focus on the leading order variations of the edge 
geometry due to curvature in non-vacuum and vacuum.

• The variations are described by Ricci curvature, and the 
electromagnetic components (E,H,D) of the Weyl tensor.

• In non-vacuum, many variations are directly proportional 
to the Einstein/stress tensor, which leads to several 
derivations of the Einstein equation using the causal 
diamond cf Ted Jacobson.

• In vacuum, most results have no direct geometric 
interpretations.

• However, the LCD area deficit in 4D is proportional the 
Bel-Robinson tensor in particular.

• The spacetime volume of ACD is also computed in 
vacuum:

• Our results can be applied whenever the perturbative geometry of causal diamonds is relevant in both classical and quantum gravity.
• Our method is systematic and one can in principle compute up to any perturbation order.
• One can compute other integral quantities evaluated in the causal diamond, such as the gravitational action in a WdW patch, which 

is used in the holographic complexity (CA).
• In particular, our ACD results have direct applications in causal set theory.
• Our LCD results could be applied in studying the small sphere limit of the quasilocal mass in arbitrary dimensions.
• Our vacuum results suggest it might be difficult to generalise Jacobson’s arguments to higher orders.

Setup

Results

Applications

Introduction
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V (d) = 2Ωd−2ld

d(d − 1) + Ωd−2ld+ 4 (7d3 + 58d2 + 146d + 108)E2 + 6(d + 2)(d + 6)H2 − 3(d + 2)D2/2
90(d − 1)(d + 1)(d + 2)(d + 3)(d + 4) + O(ld+ 5) .
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Background Edge area A Maximal hypersurface volume V Isoperimetric ratio I

Md ⌦d�2l
d�2 ⌦d�2l

d�1

d�1 1

GCD �⌦d�2l
d
G00

3(d�1) �⌦d�2l
d+1

G00

3(d�1)(d+1)
G00l

2

(d�2)(d+1)

ACD �⌦d�2l
d(R+(d�4)R00)

6(d�1) �⌦d�2l
d+1(R+(d�1)R00)

6(d2�1)
G00l

2

(d�2)(d+1)

LCD �⌦d�2l
d(dR00+R)

6(d�1) �⌦d�2l
d+1

G00

3(d�1)(d+1) /

TABLE I: The leading-order geometry of small causal diamonds in non-vacuum. The first row shows the
vacuum in flat Minkowski background and the rows below give the leading order deivations of the edge area, the
maximal hypersurface volume and the isoperimetric ratio for each diamond in non-vacuum.

nates {✓A}. We have

xµ

q,p
= (±l, 0, 0, 0), �x⌫ = xµ

S
� xµ

q,p
= (t(✓)⌥ l, r(✓)ni),

(37)

and we can now plug these into (36) and set L2 = 0.
This gives us two equations and each corresponds to null
generators emanating from the top q, and bottom p of
the causal diamond. Solving them simultaneously for
t(✓), r(✓) yields the equations that describe the edge.

The solutions are:

r(✓) = l +
1

6
Eijn

inj l3 +
1

24
n ·rEijn

inj l4

+
1

120
l5
h1

3

⇣
(11EijElk + 4H m

i j
Hlmk)ninjnlnk � 8EilH

l

j k
ninjnk + 4E l

i
Eljn

inj

⌘

+ 2nkrkr0Eijn
inj + r0r0Eijn

inj + nlnkrlrkEijn
inj

i
+ O(l6), (38)

t(✓) = � 1

24
r0Eijn

inj l4 +
⇣ 1

45
EilH

l

j k
+

1

40
rkr0Eij

⌘
ninjnkl5 + O(l6). (39)

We see that at the leading order in non-vacuum O(l3),
there are radial deviations from flat geometry but no tem-
poral ones, which only kicks in when considering leading
order in vacuum O(l5). This timelike deviation (39) com-
plicates our evaluation of the edge area and the volume of
the maximal hypersurface. Nevertheless, we can circum-
vent the complications at this perturbative order. Since
the geodesic ball orthogonal to Ua maximises the spatial
volume in flat space, we can assume that the maximal
hypersurface in ACD is of the form that perturbs the
geodesic ball. The variations of the geometric quanti-
ties of interest associated with the perturbed ball will be
characterised by the l3, l4, l5 terms in (38,39). In partic-
ular, the contributions due to the l4, l5 can be calculated
already by averaging over the solid angles, because any
combinations of these two terms with other perturbative
terms will have order higher than O(l5). Note that in
(39) the l4 term average to zero in vacuum and the l5

term will vanish according to (8).

Therefore, we can safely ignore these perturbations in
the time direction, and the ACD at this order is thus
e↵ectively equivalent to GCD with a radius variation.

Note that at leading order in non-vacuum, the ACD can
be converted to deformed GCD exactly and one can think
of them being equivalent up to scaling, but here they
are only e↵ectively equivalent in terms of those integral
quantities of interest, namely the volume and the area.
After averaging, (38) simplifies to

r(✓) = l +
1

6
Eijn

inj l3 +
(2d + 13)E2 + 3H2

180(d2 � 1)
l5 + O(l6).

(40)

We’ve argued that the ACD edge can be e↵ectively
treated as a deformed geodesic ball. The induced metric
hij on the ball is

hij(x) = �ij �
1

3
xkxlRikjl �

1

6
xkxlxmrkRiljm

+ xkxlxmxn

⇣
� 2

45
R0kilR0mjn

+
2

45
Rp

kil
Rpmjn � 1

20
rkrlRimjn

⌘
+ O(x5).

(41)
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Md ⌦d�2l
d�2 ⌦d�2l

d�1

d�1 1

GCD ⌦d�2l
d+2

✓
�D

2

8 �H
2

2 +E
2

3

◆

15(d2�1)
⌦d�2l

d+3

✓
�D

2

8 �H
2

2 +E
2

3

◆

15(d2�1)(d+3)

✓
D

2

8 +H
2

2 �E
2

3

◆
l
4

3(d+3)(d+1)(d�2)

ACD ⌦d�2l
d+2 (14d2�32d�4)E2+6(d�4)H2�3D2

360(d�1)(d+1) ⌦d�2l
d+3 (14d2+28d�34)E2+6(d+1)H2�3D2

360(d�1)(d+1)(d+3)

((�2d2+2d+16)E2+12H2+3D2)l4
72(d+3)(d+1)(d�2)

LCD �⌦d�2l
d+2 (2(d2+2)E2+3D2+6dH2)

360(d2�1)
�⌦d�2l

d+3 ((40d+112)E2�12(d+2)H2+3D2)
360(d2�1)(d+3)

/

TABLE II: leading order geometry of small causal diamonds in vacuum. The first row shows the vacuum in
flat Minkowski background and the rows below give the leading order deivations of the edge area, the maximal
hypersurface volume and the isoperimetric ratio for each diamond in vacuum.

p
g =1 � 1

180
C� ↵

µ ⌫
C�⇢↵�xµx⌫x⇢x�, (76)

=1 � 1

180

h
E2t4 + (2ElkDlikj + 4H l k

i
H(l|j|k) + 2EikEk

j
)ninjr2t2 + r4(EijElk � 2H m

i j
Hlmk + Dm n

i j
D

mlnk
)ninjnlnk

i
.

(77)

Again, we’ve keep only the relevant terms. Note that the leading order of above expansion is already of order R2, so
we can divide the integral into two parts.

V (d) = � 1

90

Z
d⌦d�2

Z
l

0
dt

Z
l�t

0
dr rd�2�

p
g + 2

Z
d⌦d�2

Z
l

0
dt

Z
r
+(t,✓)

0
dr rd�2, (78)

where we’ve kept the first term of r+ = l � t in the first integral and �
p

g is given by (77) above.

The final result is

V (d) =
2⌦d�2ld

d(d � 1)
+ ⌦d�2l

d+4 (7d3 + 58d2 + 146d + 108)E2 + 6(d + 2)(d + 6)H2 � 3(d + 2)D2/2

90(d � 1)(d + 1)(d + 2)(d + 3)(d + 4)
+ O(ld+5) (79)

where the first term is the flat space d-volume and the second term is the variation due to curvature.

VII. DISCUSSION

The leading order causal diamond geometry is inves-
tigated perturbatively in our work, both in vacuum and
non-vacuum. It systematically complements and extends
the earlier investigations in [1–5]. We’ve summarised our
results in Table I & II above, and hopefully this glos-
sary will be useful to those who work with causal dia-
monds. There are still a few missing pieces from our
results. We’re not aware of a general technique to de-
termine the maximal surface given some arbitray closed
boundary. It would be interesting to find a way of do-
ing this and then lift the spherical symmetry assump-
tion in our analysis of the maximal hypersurface volume
in LCD. One may also be interested in the non-vacuum
expansions up to the same order as we explored in the
vacuum case. We’ve left them out, but they can be done

simply by keeping all those Ricci terms that are set to
zero in vacuum. In principle, following the same method
outlined in our work, one can compute the geometry of
small causal diamond up to arbitrary order of interest.
For that, one needs higher order RNC expansions. Doing
this by hand is a daunting task, but fortunately they can
be computed by a powerful tool, Cadabra, following the
guidelines provided by Leo Brewin [23]. Nevertheless, we
can hardly think of any cases where a higher order re-
sult will be useful. Furthermore, one can apply the same
methods to probe the geometry of small causal cones,
which are constructed by intersecting a light cone with
a spacelike hypersurface. This is partly done in [5] and
one can work out higher order geometries following the
same strategy as we tackle causal diamonds.

We do not attempt to interpret our results here, rather
we would like to discuss some potential applications of
small causal diamonds. Since the three causal diamond

The size parameter  (green), orientation  (yellow), diamond edge  (blue) and diamond origin  are 
indicated for each causal diamond.  specifies the spacelike hypersurface with maximal volume and 
its domain of dependence  defines the causal diamond  .


l Ua Sl O
Σ

D(Σ) DSl



On the Hawking-Hayward mass in 
arbitrary dimensions Jinzhao Wang, ITP, ETH

The equivalence principle forbids a covariant tensor characterising the gravitational energy. One can only resort to the 
notion of quasilocal mass (QLM), which is a mass associated to a codimension-2 closed spacelike submanifold �  using 
only the geometric data on � . Physically, a QLM should capture the total energy bounded in � . There are many 
proposals for a good QLM over the past half-century [2]. Many of them are defined particularly for four dimensional 
spacetime. QLM in higher dimensions, however, is rarely studied. We study here a canonical proposal by Hawking and 
later refined by Hayward, known as the Hawking-Hayward (HH) mass, that admits a natural generalisation to higher 
dimensions. We prove a result that distinguishes out the QLM in four dimensions.

S
S S

Introduction

Criteria for QLM [1,2]

• Positivity and rigidity
• Reduce to Misner-Sharp mass for round spheres.
• Appropriate monotonicity.
• Globally asymptote to ADM mass or Bondi mass
• Locally converge to the stress energy �  or Bel-

Robinson (BR) superenergy �  in vacuum.
T00

Q0000

Definition of Hawking-Hayward mass [3,4]

Results

This is the natural generalisation of HH mass in 4D. It 
satisfies the global asymptotics [5] and reduces to the 
Misner-Sharp mass for round spheres. It is unique up to 
� . However, it is in general not positive as in 4D.α

• In non-vacuum, the result matches our expectation, 
and the limit gives the total energy = volume of the 
spatial ball times � . 

• In vacuum, however, the small sphere limit fails to 
connect to the BR superenergy in �  for any � . 
The vacuum small sphere limit is only proportional to 
BR superenergy in 4D.

• In 4D, our results match with the result by Horowitz 
and Schmidt [6] for the original definition of the 
Hawking mass.

T00

n > 4 α

Conclusions and further directions
• The result is intriguing as both HH mass and BR superenergy are uniquely generalised [7] to higher dimensions.
• It resembles the result for the area deficit, which is also proportional to BR superenergy only in 4D.
• This shows 4D is somehow special when considering QLM.
• One might need to revisit the notion of QLM, in particular its local limits, in higher dimensions.
• Such tension cannot be resolved until we find better definitions of QLM in arbitrary dimensions.
• Ultimately, can quantum gravity give us some hints? Does the small sphere limits of QLM or BR superenergy agree 

with the expectation value of some graviton excitation energy?

For a closed, spacelike 2-surface � , the Hawking-
Hayward mass in �  dimensions is defined as: 

S
n

Mα(S) =
( Area(S)

Ω )
1

n − 2

8π(n − 3) ∫S( ℛ
2 + n − 3

n − 2 θ−θ+ − ασ−
abσ+ ab) dσ,

where �  are the intrinsic scalar curvature of S, 
expansions and shears of in/outgoing null generators 
respectively.

ℛ, θ±, σ±
lim
l→0

Mα(Sl)
ln −1 = Ω T00

n − 1 ,

lim
l→0

Mα(Sl)
ln + 1 =

Ω [(6n 2 − 20n + 8)E2 + 6(n − 3)H2 − 3D2]
288π(n − 3)(n 2 − 1)

−α
Ω [(6n 2 − 8n − 4)E2 + 6n H2 − 3D2]

288π(n − 3)(n 2 − 1) .

Theorem. Let �  be the one-parameter family of 
lightcone cuts with respect to �  approaching � , and 
the small sphere limits of the Hawking-Hayward mass 
are given by

Sl
Ua o

in non-vacuum and vacuum respectively, where the 
tensors �  are evaluated at � .T, E, H, D o

W = Q0000 = 1
2 (E2 + H2 + 1

4 D2)

Question: what about the small sphere limits?

`b
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Evaluating the small sphere limits serves as a sanity 
check for a QLM. The limit is taken along shrinking 
lightcone cuts.

We compute the small sphere limits in the standard 
tensorial formalism rather than the generalised GHP. The 
results are in general characterised by the Ricci-related 
tensors in non-vacuum and the electromagnetic 
components of the Weyl tensor, �  in vacuum. We 
are looking for traces of the BR superenergy which is 
given by
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