\Women of the Tnfersech o

ol Mathematics and
Theoretica @ ?"\V\\)iq

Mardh 1013 QIST




Black holes and Hhe o bhmetic ol

Calnb; - Yau varicties

XCV\\'O\ de 'C\ GS,SC.\l Miuug*\l 6(_ @\(,%Tco
2l Maych 2023

Wamen ab Hhe  infersedion ol mathem b g
and thearchi cal phy 31w
OIS T, 19-24 March 2023



AT M

an nstan@ of the rich.  “nnechions bdween
mathimedics (oamebiy & nwmbw Haorg)



pometna ol ot

Calabi -Nau vatidhics —————>  (mnilin of Y manblds
and £hat o( their omd YoMty ufo geflic
wodmli (Qch
Shl“‘-b MV\S
gocqg*oda% : ()hksvics o S- Riacle e b(mkom In S’t’r.‘m6 H\“N“B
Xne(r)
etropy
L 0 afitactor
L- values —>( meh am s

<9 Cadwel wordinafe
in yoau-tine



Wolk with

P Candelas, M Eimi
& Dvan dfyelun
De¢ 2019

P Candelas , XD, D vany Shralen Apil 201

(?CO\V\dt(G\sJ XD| 3 Nc GOOCN\‘ P Kuusela 201 ,Fcb 2623)



— rie§
CY manifalds mo sty

r - davcal
Avidamenc 0(_ CY W\O\V\'\&OI&S discu §gion

/ black hale  Solutions
il U i,
The adtractor wie dhaw g m of, TR sugel shrings

S arifmetic amd
ma duloi+y



CALABI-YALD MANIFOLDS
Mathowedi ek dbleds of inteveat :

aloglrone variefioo it artoan Yeuel  @logerties

¥ of wntiang of E
Plge)=s re A Al Yo et
-
L

pe(b.lmm{o\h with Como(kx wzg&'\ awowl § L(



[VV\G{'Y;(.'NE?SK
CN mani§olds: tompact Kihlr with ¢,=0
1

adwmit o Cei-flat
\ (\«ox\d(.’ibl '

» T4 is o theorem that '{I! (up to & conytunt)
(3 0)- Prm (L winda iy holomor phic (d42=0)

(1,0) \ (30) y (0,3)
h/ = &A\N\, H = 0(/\ H = {]_

1 (3,0) (2,1) (H2) 5,3)
( W-H "@eH" o H S U




 CY mandolds haw pareameters X‘Q

,L H’\% Core in gé\w\'\ﬁ{cs
complex svu druve

Ka hlef SJWU\(}U\\IQ.



=0

X‘Q e
//ix

XL(': P(‘Q'j EJ =0

C‘ . ‘ b



Cxomples Wiy m Mo

e« P[5 ey I -5PRANKK (K, - Xs)e P

L e-0

o WL hqm n Mmind 4 ﬂwv*ﬁ(»\(m{ Mﬂ\mn(c.:
Verei Il 193¢ Halek % Vel Qoos

[(th (ﬁ KL) —LQI: O  when ( -‘)K(]C-,Fq\{(‘l‘{\;:o}]



ARITHMETIC OF (ALABI-YAU VALIETIES
Let Ly be tamily of il ey braic vanchies st
g iv o \r\vspuswgc«c{ wi kh dd;(mn?) polvsnow\.’ae ’P(ce‘ X)
et e Q
ODuestions

how M any salufiany ol p(ﬁﬁ(}%) ale thee over Q
(dc. Xi 6 Q

{/\000 docs WL(’\;\S V\V\W\\ob( UMS w A L(?



TOO HARD

e M nuw ol Havor
~> i \leninvn  ldalem BSD-WSLQS‘“MYL

rdaltd 10 himals of Hun g
\ " % l
(of gtic  ourues EEERE



One bavns ‘a b hawever vaS“ \(cduo{v\b mad ¢

where D is o ghime number | Ghat G,
boy \szdl(cir\o(S ovev  finile fields Tﬁ,‘;,fzfl,z,---

id i
(’F,+,x) j L?%Z ch(:’v\tvv:h

[simolaat: T, — inteawls  mod p
Foo >0 [« 1= 4 ad@b, abe | oF « Squatcin FVG]

C% 2}3' V\o_(" Jquafe)
4" H‘g‘



So \oA Y € Fp :
The Jundamental quant Hes of intuest  awe

—

Q=) namber of  Solubions of Plk.)=0 ovef e

Gnoratin 3 fun i on ~d
- A
Sc(Tpigd= 2 g Nele) T

k= i
L degends on both o G ¢
p(ope,\lﬁm ~ \Waul wn:\wfu (A

((NOOCV\ 1:wb Dwolk, Dt(fﬁav\ﬂ)@m“\m(hb@






CY
E'/)COVW\\ﬂkb f%(ﬁlc Curve E dim 1

2

5‘(‘(—)____ [4‘ ('f'.PT’

((=T) (= T)
P —+ @N\N\( Og \OOAQ \"CCQMG!“\OV\..

-

(7 0\&00{«*6«9 {0 oo modmlay lorma,

TaV\(\,\\o\W\C\ ~fhmuros  conjectare

or0al - Wiles, Brewil, (anvad, Diovmond, T%b(




\ P

L- function ; T 5( '5) =)

P n= A

Qn ~> n-bh sl of & wodular forme of wewht 2
Lbwit of Py (N] = 5L@Q,2)

Hom +he
= /
Condmchor ks Plime factary = ghimes o bed reducdon

o (N : (a 3)6 SL(2,2) st c=0 wdN

C

weaght b wodular foim %0 of  Pe(N): for (& 2] Po(N)
N (‘ﬂ:ﬂﬂ) - (cU+d)'szS(U)

cT+d




For o smgoth CY  3-fdd X
WL*& an eduio -

?X(T) pt\l] Q:S ( ) Q‘,Vr] - g) ‘50\“\“0(\0\(
((- TJ Qa (T) Qu( I ) (- T) %MV\CEOYL
- deay Ry = b,

N 3kt bro, bezo D R,=1 L Re=1

O‘U}BQS(T)z I33 y b.=l+l+l+( =Y { oavomder

s 3,9 ul
h h L{“ h""

JC%Q (/ Jl’aﬁ%ﬁjt L\/“ (q) H‘tto]:h(O.Z):O)
51, = |oq

1 I I

niast cass > ) = (-p7) ,Rq(7)=(|—-p1(‘]"‘




)1
h'" =1 SO Oy= 1+t i)=Yy

RS LT\LQ)‘: | + QQ(LQ:)T* b?(&e]P]J_'_ C(p(‘-e]psTJ N Pc. T'—J

2

e () “Hh“PW\ p + P3—- NKE"S
qp 'OQ(LQ) = [+ h“ p1+('\“ pu{~ PC+N}(‘{J - Nl

These can Be Compald |

V. Candelay,

Q3 Caw\bﬁ“ O\vu'c(c(%' computcd &O(‘ @ E ]Fp D &
Dvan Stvaten

(1{: Q, I, .d-)Pﬁ) foC mansy plints p (0Y /1021 )



Certoinle Yeady fof swbitann
ohgmimim et ot i)

=> What owe Hhe M of ap k by, 7
= Onecom oonifvadt L jwndtions

L(s,e) = T Rs(p® ¢)” "

Whot owe pfopeﬁics of +h L-fumclion,?
MQ(XM\WI;"'VB on) AUV

Tv\&* [ 1) HN'VC, v OVV\O\‘OC%S\/\& ol H’\ MM(M‘N
of dphic tmrun (or O 3-folds

(> Lo\m—b(amh prosuonmme )

lavy  auotions aine -




ACGR\V\. ot Hf\;‘s +ime Haese ot wu()
C\NS}\ON

W\OOQMKMI“}\J (3 V\_oig_ C/(O\Ssicm\ W\O&M\V\Nl{‘}) wqpt‘
N JoML Tenek Cans

» ‘(icd'a N (‘/\1":0) . F. Gouvuca + N. Yuu
R,(T)= (- T+p7°



» \What \’\O‘U\MN ot V;V\%V\(OW(H&S?
comm Saldh ﬁ;\vxg\/\\o\/\liﬁw

Ry 9oy a lodor (1= T+0'T")
= o=t WQSL % C,\.— WMV'OV\ @LH’\L
2, O (@l % of weqht 4 of [o(N)

_ oy quantict g=lle N=aw

N Umilod Halwund for HV)



Th Lad

HV mativation : fo Sind fuvfher examoles of maodmlar
{2008} Cy wwid*;u‘ (e‘ of CY Jayefies whigh,

ale delined ovet the vabionals and
whase L-seriecs Can be described

in fermy ofF  mo dnlag lorms”

< —QGMV\CX w\o(ﬂu‘v\h{‘g af wonifold ﬁ"‘“"\(”""‘wﬁw

(oG -

W\O&M(MH‘X M Ua\\uu OL&C whure X‘(* 03 \\W\Oo{"'\
( aivador vonihior )



apg L bp (940%\«4 wn W

While of iy Time o i havd 1o 3
(N gmevel what fa grogesties of ap b,
ore (and thwe ap AUURS con cchu 1)

— |
wﬂcher[v\ko th, nas happen,

fot S@eoiaQ values of EQ



THE ATTZACTOZ T™MECHAVISM  PART 4
(Fedvane, ICallagh, Sivo mi ney? AT, o- v G“hﬁ Mogie 9% ,.,,,)

Phyaics s Supclsnmmdﬁlfc bladc hale lubh ond
of Hqpe T8 smpwv cquonnty

60 cHMMv(ona.Q anwuif}oms ol

€inytein'y ta\u\o\‘r(or\s Lor %Vcwi‘l‘j

+
Mokwell tquations for e(cd‘lomq%nc:ffsm



| : .
;ﬁm bs‘pllwucﬂﬂvb Sucw\mutvi(.. M‘QMﬂfoﬁm(\
aEn Wavond By parametyi sed by a v
"M (adid coordinals v p
3 one-Hime i
X
l bMm CY Xt((r) at Ladh pa AT of e BH
(O damn, | ‘
' |
melie = B4 mdwic (r) | O \

\ O ; & BT ""l”:“;’" —/

d<pondy on ‘Q(r)



(0 I YUY . o LY, XW), of eadn (oint 0{-
3 Pae- T (BH)

X ‘(1 X‘.e([j ~
— J cY with,
Cow\()(c,c
§Tra dture
Vavie
withe
J
hotizon (r=0) \ {at Y-dam
T 1 sﬁact-ﬁmc =
( dq“({‘) = | - — T (M‘”‘;’g)
o (X I nG hn ot ‘
LR 4 km S(.\‘M:vicﬂ\\vhs mmetyvic BH
: 5 —ulr)
Q. suifad. n(=fing intwiaf (PCREPCLUN TRk FARTE Ty

v vdwial of He BH

. (ast sarkea vinbl Wom
(N V\v\{fu



(e IB  SVGILA s ochp{frb. with, edfra
W) gt pelds  (ba of Fhem. ]

oty B Iwo e L wagnelc dwarge

n\
Q= “: ab =0, -, h (
P

T they ave }V\‘tcc%o(,s

kb PR 4@ € W0
C CL\O\VCAL \)Qd‘o(‘
(fo, @*) bong of H (X 2)



B(F\G(C ‘(\o(& PUARINS LJWW\ QIR VWM. Mgy qumdv\ﬁ

need o Scﬂ‘is&»x ’\’&\JE Of(ig\/ CL\&M\_’{M&T&Q %S
for dir) § (1), the atfyator equnati ony

Thes equalons frgtexat o non-Uinea clu%v\qw\;w!{ %ﬁm
on Th € shiw chwit padanl el suthh how Qowovmn ol 0</l¢



The attractof eO(uch/om Sty Hhat gor a Solution with

e 4 (K‘@.) ] the € shructure gy O.W\e:fc(A
Yoo 10 a volue We=W(=0) indagadomt af +he
SWﬁh% UO\I\NC K-eﬁc = LQ L= < )

48 Fivave +Gllosh

}” + SNOWVMKM
oq jﬂo@ AERREE
A%: G Mooie
B; Q:Jituefs jp Oor\\]e&wu on the
dmoomiy To oL , i
fixed Doivxt Qs X X owidh maiC Aafure o

qt‘ =0 q'H V‘D«CTOI UO\V\}'A-&% X te'&




Tha @-&NMC&AN oA O\Jdvﬁdof pgf\/\t %?\Qs 1) &{3

e~ 0 @0 & Wy

. 7\) (1
28 (\ P 1]“O

= ONZ can 30\\)(, H\c a{Nac0v 43 Vo( CN\W"Q{U i
st Yx W om aflvactor gont but fhe ctemlt

‘)\éz/vw\ﬁcm((\,\ (3 ’H‘\cxt M v\_o_{,: Mfca\(vd




Canlt 1 | atffactors

ecall: QA dhingo o Lime in W(X2)
/ l/_\ \]rz (¢) = plane sganned
ARREFSEA aver R boy el kTmg

> N (@) woues wnL‘/\LQ

Tayde H (X, R) we haw o laffie of wecrors
< {'(X,2) wmch are [ixed

omk 1 AP ¢ st Vale) confans e Une

AV " Y ) W S



rank 2 |atitactoys

at an affrador @oinG of rank &
~r S Theatt W&(‘fwo‘ vedors in HJ(X,ZZ,)

< t (39) 93
fi== B

EH @®f
/ T
Y VoWt the wlane Vgly) moveo  amd ot o

W%
(ot T aftrador @oint WY, the glone \/nz(%)
Winwdia wi th The plan Wo\*?d? by &

RARE  vuvw Mffinlt 1o wnd a CY
' WA has yami 2 atlfaifoy goints



A Ung whaidh gaades fhvauah.
the Ofi A iwn oymaval will _hat
90\&) H/\\[(MOQL\. anothet Gtlice ()OJV\'k
wnlaas the slage s  rafionaf .

Not oo hawvd 10 (nd Q it
Vole) @inudy with

Tor Yomk 2 mﬁmd'oh we L\M A

howder fo Rad @ st onwdio with Ngle)

= Vple)

=

GW\a s H/\(,v\’ WA,

K one (WO o&us P lomdelas +XQ +NAEm: +Dvan § lyaden

P Canddlas + KD + JNcGovernt P luaials m proqress - )



Geomeiﬁca\\gct at ‘Q T ‘Q*

(7,9) (9,3 .

V=H @H ' isalatfic plane in 430X 2)

1 L) .
Than VL= H( \)69 H(“) 1) Or“Wc“cneQ to V

(wndew the natnred sgmabidic gradud an 3-lvmg)
omd 15 alio o (affiu glane in B3 (x,2)

Tms amounts To «

ol e Sp\i’d‘inuﬁ ol Hw ﬁOd%& Sﬂucﬁv\c}w( ol Hﬁﬁ\,l]

Hodoxk Ooa'de,d'um > So\a’ﬂ‘inac hao a 'xamdf(ca\( Olitéfw



how do we §ind offractor varietics
with. vank 2 affractor goints 7

the Splljrfimd» hecomw qo()owwaG in He
avidumetic struduic of K

arithimedc syt Y ’



Part T The atNador meuacmsw
b o avithimelic sC o v (ol dy

At ‘-e':‘{x

- (- pd T+ 1Y (1-B8 T+’ T7)

Mote ove : exped o 8 fo be  wefy of wodulow bumy

(Tale & Scrie %"SQC“’"";’ )



ANH/\W\QﬁC S(YOQLUQOZI :

malee fables of Rs (T 4) fof many p &y

omd ol ot pe(si3+cn+ S—O\OLorl'Qo\Jﬁom ol &,
Into tuwo O\U\o\dvfcs ’y

Lactor safiany occurinae when
Qx 13 & fool of & @lpnomial
withe inte Al WS

(?.Candulas, X0, AThornt, DvSfVo\{‘CV\
P Candeln) (XD D vifralen  0Y(10L] ]



H of Sodof | ~Tians into dwo
Oeinics e Y Oawie Qun O thne
Fe ¥ EP €379

)

800

I
1200

I
1600

— hnofL ‘”‘SN‘“"\

[

WY ’\\AIMJ\L

29 o0 o @ [

1 - com9 e o6ED @ CHUIMEIBY WD @ 0D 00000 O @

400 800 1200 1600

atodol @inds lor thwy

I
2000

I
2400

I
2800

I
3200

+ o fand Yumb two
Wl\j

2000 2400 2800 3200




We Sind that Lor the BV moni fold  fhere i5

alwayy o Lacdor yation whew (P Cudiln XD, M Elm
"- DVSWOTCV\)

o F¢t|I=O0
F-Cleel=0  Rr=3IIEeVip]



Conifold
Con, S—O'CJ

© smooth /sing. singularity R(T)

1 singular 1 (1 —pT)(1 — 20T + p>T?)

2 smooth 1+ 4pT + 2pT? + 4p*T3 + poT*

3 smooth 1 — 8T + 242pT? — 8p3T3 + pbT*

4 smooth (1 + 4pT + p3T?)(1 — 60T + p>T?)

5 smooth (1 + 4pT + p3T?)(1 — 60T + p>T?)

6 smooth 1+ 8T — 318pT? + 8p3T3 + pST

7 smooth 1 — 44T — 238pT? — 44p3T3 4 poT*

8 smooth (1 —2pT + p3T?)(1 — 80T + p>T?)

9 smooth (1 + 4pT + p3T?)(1 — 160T + p>T?)

10 smooth 1+ 127 + 562pT? + 12p3T3 4 pT*

11 | smooth (14 4pT + p>T?)(1 — 140T + p3T?)

12 smooth 1+ 127 + 82pT? + 12p3T3 + poT4

13 smooth 1+ 1787 + 1082pT? + 178p3T3 + pST4

14 smooth 1+ 127 — 158pT? + 12p3T3 4 poT*

15 | smooth 1+ 42T — 2pT? + 42p3T3 + pbT*

16 | singular 3% (1 —pT)(1 + 76T + p>T?)

17 | singular 5 (1 —pT)(1 - 20T + p>T?)

18 | smooth 1 — 54T + 322pT? — 54p3T3 + poT*
Table 1: The R-factors for ¢ € Fig. Note the factorisations into two

quadrics for the five values o = 4,5,8,9,11.
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