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an instance ofthe rich connections between

mathmatics Sgpmetry & number theory)
and theoretical physics
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I very brief
CY manifolds mostly

A classical
2 Arithmetic of CY manifolds discussion

black hole solutions

3 The attractor mechanism
ofIBsuperstrings

arithmetic and
modularity



1 CALABi-YAU MANIFBLDS

Mathematical objects of interest:

algebraic varieties with artain special properties
-

setof solutions of ③
calabi - You manifolds

P(y,x) =0,1 =Al
I
polynomials with complexcoefficients &



~
metric-25K

CY manifolds:compactKahler with c =0
↑

Thistalk:concerned with d =3 admit a Ricci-flat
metric

⑤ It is a theorem that I up to a constant
13,01 - form of which is holomorphic d=0

13,8) (0,3)
hidimH =dimH =1

(3,0)
qH

HP =H(3,8 +H12 +
H"12) +H18,3)

HP(X,E)



·CY manifolds have parameters X
e

4 they come in families

complex structure

Kahler structure

moduli spaces have interesting geometry



complex structure parameters ->coefficients of P

Xy:P(4,x) =0

XeExe-- A

↳
Xi:P(4!x) =0

Kahler structure:"Lze"with respectto the metric



Examples:very many
· **[5]ey *x- 54X,XXXXr (X,, -, Xy)G44
4 c =0

· We have in mind a particular example:
Verrill 1996 Hulek & Vervill 2005

-I

(xi)(ii) - 4 =0 when (x,--,xr) G PY ((πX:=031

why this example?
exhibits interesting arithmetic properties
which have an interpretation in BA solutions
of string theory



2 ARITHMETIC OFCALABi-YAU VARIETIES

Let by be a family of algebraic varieties it

Xy is a hypersurface with defining polynomial 4(y, X)

Let 4 -> 1

questions:

->how many solutions ofPIX,4 =0 are there over

Sie XiG

* how does thisnumber vary with ?



TOO H-PD

eg in number theory
us millenium problems BSD - conjecture
related to estimates of these countings
fr elliptic curves



One learns a lot however by"reducing modp"
where p is a prime number, that is,

by working over finite fields #pt, R =1,2,---

(,+,x)
" field with
pk elements

I simplest:Ip -> integers word p

# ->
Ip2 #p[x) =4a +b,ab- Fp, aFa square in #pl)

Leg 2, 3 not squares
in #j



So let4EFp:

The fundamental quantities of interest are

4)=number of solutions of P1.3) =0 over Fp"

Generating function - zeta function

Nr) (13x1,p;y) =E is
A

e
1

3
depends on both peI

properties in Weil conjectures
·proven by Dwork, Deligne, Grothendick)



"Simple"case: a point

Nk =1 * k

EFNT=IET = -log1-T

=X - T I i
point

Herk: Spint(p-) = p->P

enterthe nation of
L functions

=Ens - Se (S)
n=1
-

-



CY

Example: Elliptic curve Es dim 1

31T =T Up
=H+P-N,

p I prime of bad reduction

E associated to a modular form

Taniyama-Shimura conjecture

proof:Wl,Snrad, Diamond, Taylor
↑



D
11 II

L-function: 1 (p-3 = I a
n =1

an e n-th soft of a modular form of weight 2
I built of T. (N) < SL12,2)
from the

ap-
conductor: its prime factors -primes of bad reductions

No IN): ab
- SL(2,2) stc =0 modN

L d

weight modular frm g(t) of 4rIN):for 1, 7t NoIN)

q(4) =(c+d)g(t)



For a smooth CY 3-fold X

Weyl onjectures:
RT] R3 (T) iT] ->I is a rational

3xT = function
(1 - T) Re(T) Rx(T) (l-p35)

-> deg Mi =b:

cy 361d:b, =0, b5 =0 = R1 =1 & R5 =1

degRs(T) =by;by =1 +++1 =4 1 parameter
↳" I"W" 4o examples

deyRp(5) =deyRulT)=h" (as h=h10=0)

br =b
nicest cases -> ReCT)=11-pish", RCT)=1-prith"



hi=150 b1 =1+1 +1 +) =4

Rs(T,y) =1 +ap(e)+bple)pr+ aple)pT +p4

aple) =1th"p +hp+p*-Nof points over p

2pbple) = 1th" pth"p"+p+Nice) - Nele)
↳# of points over Ip>

These can be computed!

P.Candelas,Re can be "quickly"computed for ye IP XD &
Dvan Straten

14 =0.1, . .

., p+1) for many primes P (04/2821)



Many questions arise !
certainly ready for substancial
experimentation.

->What are the properties ofa Dp?
=>Orecan construct (-functions

Il

h(S,2)
=HRs/p-S, e)-1
P

Whatare the properties ofthe L-function?

Modularity onjectures (

That is: is there an amabgue of the modularity
of elliptic curves for cy B-blds?

-> Langlands programme)



Again atthis time these are very hard

questions

modularity is not classical modularity exapt
in some special cans

- rigid CY(h =0):E. Fourea +N. Yui

R3 (T) =1 - apT +p>T2



necessary to
·What happens atsingularities ? properly

understand the

eg corricold singularities L- function

By gets a factor (1-9pT +pPTY

ap =p-th beff in ofexpansion of
the

eigenbrmg ofweight 4 of 4r(N)

mirror quintic:y =115 N =25

<similar statements for HV



In fact

AU motivation:"to find further examples of modular
(2005)

cy varieties, ie, of CY varieties which

7 are defined over the rationals and

!
whose L-series can be described

in terms of modular forms "

found modularityat old singularities

Later:

modularity atvalues of *where Xy*is smooth
/

(attractor varieties (



Recall:ap & by depend on t

While at this time it is hard to say
in general what the properties of ap&bp

are
(and there are many conjecturest

interesting things happen
for special values of 4



3 THEATTRACTOR MECHANISM PART 1

(Fervava, Kallosh, strominger 95,...... Greg Mosie 98----.)

Physics:supersymmetric black hole solutions
ofpergravity

E10 dimensional generalisations of
Einstein's equations for gravity

t

Maxwell equations for electromagnetism



4 dim spherically symmetric, asymptotically
Slat, charged BH parametriced by a

10 dim radial coordinator

space-time I I

↳dim CY Xyss at each pointof the BH

18 dim
BH metric (r) I &

Metric-----------------
d I CY metric which

depends on -Dr)



18 dim space:a CY, Xairs, at each point of
space-time (BH)

-> CY with

complex

X
e *

"I ! with r

structure
raries

---g
>

horizon (r =0) ro flat 4-dim
space-time r ->0

4(r) -> - 0

cordinate singularity ericallysmmetric BH

(M1r-es

&
· surface separating interior ds?24Irdt+ gehrdxY X =(x,y,h)I
& etwior ofthe BH

·last surface visible wom
in finity



Type IB SWGRAis gravity with extra
will) gage fields 160 of them)

So, the BA has electric & magnetic charge
qu a,b =0, -- ,h(X)& =

b
P
-- these are integers

let:4
= =p"X-4B eHY(X, E)

&charge vector
Ka, B) basis of HP(X, E)



Black hole sections which preserve supermmmetry
need to satisfymedifferential eas
for hir) & yer), the attracter equations

These equations representa non-linear dynamical system
on the Dstructure modulispace with flow parameter = 1r



The attractor equations say that for a solution with

Anri,2), the D-structure Parameters
flow to a value 4x=4(r=0) independent of the

starting value yo
=

4 (r=x)

95:Ferrara-Kallesh

=
+Stromingged
-...3

&

98:6. More
y evolves - conjectureson the⑤

smoothly to a YA I
fixed point ex

④ withmetic nature of
at r=0 attractor varieties & ex



The D-structure atan attractor paint y=4xis it

4 =p"Ga-qa" =H****)

in 4(,1) =p(1,2) =0

-> one can solve the attractor egs for changes i
so 4x is an attractor point but the result

generically is that i is not integral



rank I attractors

Recall:oh defines a line in HP(X,z)

Consider
A

Re 22 Vxly) -plane spanned
9

↑ - Im over I by Red & Eme
- Vip(e) moves with y

> H*
↓

OTOH:Inside HP(X,R) we have a lattice of rectors

↑ < 4P(X,z) which are fixed

rank 1 A.P: st Vicle) contains the line 4
mee



rank a attractors
at an attractor point of rank 2
there are two vectors in HP(X,2)

T Im" H

4, 42 st 4,2 EH**H)

as y varies the plans Vicky) moves and at a

rank 2 attractor point 4 =4x the plans Vile)-

bincidwith the plane generated by P, & 4
nee

RARE, very difficult to find a cy
which has rank 2 attractor paints



i

Aline which passes through
↑

⑧

the origin in general will not
Viele)

pass through another lattice point

unless the slope is rational. .

Not too hard to find st
Vile) sincides with i

For rank 2 attractors we have a plane and itis then much
-

harder to find so it oincides with Vickel
-

I some progress. P.Candelas +XD +M.Elmi+D van Straten
↳ Bonisk+Akhmm+Scheidegger+ zagier

P.Candelas + XD+JMcGovern+ PKunsala in progress ... (



Geometrically:at y =y*
V =HA H

10,3)
is a lattice plans in HP(X, 2)

The vt=HqH" is orthogonal to V
lunder the natural symplectic producton 3-brms)
and it is also a lattic plane in HP(X,E(

This amounts to a

·% splitting ofthe Hodge structucture ofHN,R)

Hodge conjecture ->splitting has a geometrical origin



So, how do we find attractor varieties
with rank I attractor points?

↑

again, very hard!

However: the splitting becomes apparent in the
arithmetic structure of X

.. arithmetic strategy!



3 PartI The attractor mechanism
is the arithmetic ofcymanifolds

At 4 =4x

-Frob"(,)
RIT) =det (A-T Frobp)

factors
=(1- p45 +p+4(1 - BT +pTY over

H**H' H3,8 *H93 P

More over:expect a, 8 to be cefts of modular forms
Crate & Serve injectures (



Arithmetic strategy:
make tables of 2015, 4) for many p&4
and look for persistent factorisations ofRs

P

into two quadrics ↑
factorisations occuring when
ex is a root of a polynomial
with integer seffs

IP. Candelas, ND, AThorne, Dustraten
4. Candelas, XD, Dustraten 2412021)



P =19
-



We find that for the Amanifold there is

always a factorisation when (P Candelas, ND, MElmi
& DrStraten)

·74 +1 =0 -

and
· 42- 66411 =0:47

=33/8N

For P =19 (say)

y =

-I =1 I YI =4,5

(17 =5)



p = 19

' smooth/sing. singularity R(T )

1 singular 1 (1� pT )(1� 20T + p3T 2)

2 smooth 1 + 4pT + 2pT 2 + 4p4T 3 + p6T 4

3 smooth 1� 8T + 242pT 2 � 8p3T 3 + p6T 4

4 smooth (1 + 4pT + p3T 2)(1� 60T + p3T 2)

5 smooth (1 + 4pT + p3T 2)(1� 60T + p3T 2)

6 smooth 1 + 8T � 318pT 2 + 8p3T 3 + p6T 4

7 smooth 1� 44T � 238pT 2 � 44p3T 3 + p6T 4

8 smooth (1� 2pT + p3T 2)(1� 80T + p3T 2)

9 smooth (1 + 4pT + p3T 2)(1� 160T + p3T 2)

10 smooth 1 + 12T + 562pT 2 + 12p3T 3 + p6T 4

11 smooth (1 + 4pT + p3T 2)(1� 140T + p3T 2)

12 smooth 1 + 12T + 82pT 2 + 12p3T 3 + p6T 4

13 smooth 1 + 178T + 1082pT 2 + 178p3T 3 + p6T 4

14 smooth 1 + 12T � 158pT 2 + 12p3T 3 + p6T 4

15 smooth 1 + 42T � 2p2T 2 + 42p3T 3 + p6T 4

16 singular 1
25 (1� pT )(1 + 76T + p3T 2)

17 singular 1
9 (1� pT )(1� 20T + p3T 2)

18 smooth 1� 54T + 322pT 2 � 54p3T 3 + p6T 4

Table 1: The R-factors for ' 2 F19. Note the factorisations into two
quadrics for the five values ' = 4, 5, 8, 9, 11.

<latexit sha1_base64="PlbWNWJ4Bkn7RO8QFPBGJ+4mtYs="></latexit>

conifold

4t
> L

e-
>

y= - 117
>

conifold
conifold
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There is more information in the tables

there are modular forms

Rx() =(1 - p4pT+p3TY(1 - pT+4T2)

Serve's conjecture (generalizing Taniyama-Weil)
↳ "motives"of length two are modular
I
algebraically defined part of shomology

< proof:Dieulefait, Khare & Wintenberger, Kisin]



For y = -117

Sis &p are Fourier coefficients of a
modular form for to (14)

LMFDB

fz =I Gn9 weight 2 14.2.9.9

fx =3Bnq weight 4 14. 4.9.9



Similarly, for 4I

Gp & BP ->coeffs of modular forms
for 4, (34) <Nol34)

S(RE) - ( ) =(!?) mody4

fa - 34.2.b.a

f4 - 34.4.b. a



thehorizonBH G=-17

Changes (ie =k(4K, -151, -5,0) +e(0,8,2,1) k =1,2

Itwo parameter family ofBHs)
let v =i Ly-L-function associated

#
to f4

Then

A(x) =1444bVx+ /e-) 3 & BHentropy

Whatis the meaning of this?



-

Outlook

·What makes a cy variety an attractor variety?
Why is the HV example so special?

There must be a grometric reason for the
splitting of the Hodge ·Hodge conjecture)

-> Modularity of CY varieties?

= Mirrorsymmetry:((HV) -> ( (mirror of HV)

ey mirror map:tx =tfi) =5 +*
↳ A a <



I THANKS!


