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Description of loaded equations

The theory of mixed type equations is one of the principal parts
of the general theory of partial differential equations. The
interest for these kinds of equations arises intensively due to
both theoretical and practical uses of their applications. The
first fundamental results in this direction were obtained in 1923
by F. Tricomi. The works of S.Gellerstedt, M.A.Lavrent’ev,
A.V.Bitsadze, F.I.Frankl, M.Protter, M.S.Salakhitdinov and
T.D.Djuraev have had a great impact in this theory, where
outstanding theoretical results were obtained and pointed out
important practical values.

The necessity of the consideration of the parabolic-hyperbolic
type equation was specified for the first time in 1956 by I.M.Gel’
fand. He gave an example connected to the movement of the
gas in a channel surrounded by a porous environment. The
movement of the gas inside the channel was described by the
equation, outside by the diffusion equation.
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Description of loaded equations

In the recent years, in connection with intensive research on
problems of optimal control of the agro economical system,
mathematical biology, long-term forecasting and regulating the
level of ground waters and soil moisture, it has become
necessary to investigate a new class of equations called
"loaded equations". Such equations were investigated for the
first time by A.Knezer(1914), L.Lichtenstein(1931),
N.N.Nazarova(1937). This terminology has been introduced by
A.M.Nakhushev(1976), where the most general definition of a
loaded equation is given and various loaded equations are
classified in detail, e.g., loaded differential, integral, integro-
differential, functional equations etc., and numerous
applications are described.

Umida Baltaeva OIST



Description of loaded equations

1. - Mixed equations of parabolic-hyperbolic, elliptic-hyperbolic
types:

- gas dynamics,

- electromagnetic fields,

- magneto hydrodynamics,

2 Many problems in mathematical physics and mathematical
biology,

- linearization of nonlinear equations,

- investigation of inverse problems,

- long-term forecasting and regulating the level of ground
waters and soil moisture

- problems optimal control agro ecosystems

reduced to boundary-value problems for the loaded partial
differential equations.
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Description of loaded equations

Definition (Loaded equation)
An equation

Au(x) = f(x) (0.1)

is called loaded in n-dimensional Euclidean domain €, if (part
of) the operator A depends on the restriction of the unknown
function u(x) defined on the closed subset Q of measure strictly
less than n.
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Description of loaded equations

Definition (Loaded equation)
An equation

Au(x) = f(x) (0.1)

is called loaded in n-dimensional Euclidean domain €, if (part
of) the operator A depends on the restriction of the unknown
function u(x) defined on the closed subset Q of measure strictly
less than n.

Definition (Loaded differential equation)

A loaded equation is called a loaded differential equation in the
domain Q C R”, if it contains at least one derivative of the
unknown solution u(x) defined on the manifold Q of nonzero
measure.
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Description of loaded equations

Class of researchers confirming the actuality of loaded
differential equations is a phenomena in complex evolutionary
systems with memory essentially depending on the prehistory
of this system and these phenomena are described by the
following loaded integro-differential equations of elliptic type [1]

Axu(x,t)+ /ZktfalJXT)d =0,

parabolic type

t
ou(x,t) ou(x, )
P — aut, t)+/k0(t,7) XD gr,
0

where Ax— Laplace operators at x = (x1, X2, X3), ko(t,7),
ki(x,T) are given real-valued functions, j = 1,2,...,n
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Description of loaded equations

The following loaded partial differential equation

t
0?u  ,0%u 5 02 t—n\ ou(x,n)
o~ Doxz = MGG 5 x> / P <_ 0 ) an dn,

is found in the theory of wave propagation in dispersive
environments [1], where u(x, t) is the density, ¢, is the speed,
m is the mass, and g is the time of relaxation.

The following loaded equation of the first order [3]

B
dp Oy 1
Sy ae = (=) [r-metx tndn——

[0}

B
o~ G(y) / (. £, m)cl

(67

is the equation modeling the movement of vehicles on the
highway, where ¢(x, t, y) is the density of the car in the points
x € [a,b] C R having a speed, mis the mass, 7 is the time of

relaxation, and p and G are the given values; moreover, the
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Description of loaded equations

As know from [1] non-local problem for the integro - differential
equations are directly relevant to the problem for such as calling
"loaded differential”, "loaded integro-differential" equations.

At the Mc Kendrick and Von Foerster equation

du(a,t) 0du(a,t) B
92 51 +c(a t)u(a, t) =0,

close population sufficiently well described. u(0, t) =
/

[ k(x,tu(x,t)dx, 0 <t<T, u(a0)=17(0),0<a<i.
0
In the case when from population in each time ¢, removed
singular ages aj, a», ...an, equation can be write in the form of
ou(a, t) 0ou(a, t)
St o at+Zc,at (aj,t) =0,

which is relative to the "loaded dlfferentlal equation" in the form
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Description of loaded equations

The following equation arises in problems of some
mathematical models, in problems of particle transfer in the
plane-parallel geometry

10w(2) Z@w(z)
c 0z3 2 024

|
+o(z1)w(z) = ”3(221) / w(2)dz + f(2),
=1
where w(z) = w(z1, 20, z3) is the density grain in point z; at time
z3 > 0 flying with speed ¢ under angle 6, cos § = z», to straight
line z3, zo = 0. Moreover the functions o(z;), os(z1) and f(z)
are given. Also the loaded equation will be the stationary
unispeed equation of transport (we can see [3])

0.2 = 4 [ 8zy.Oele.2)d + Fy.2)
l¢1=1
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Nonlocal problems and their relation to loaded equations

Let us consider the following analogue of the Darboux problem
for the loaded equation of hyperbolic type

0 ! o
Ix (Uxx — Uyy — AU) — NZ aj(x) Dy u(x,0) =0, (1)
i=1

where Dg, p(x) is integro-differential operator (in the sense of
Riemann-Liouville):

t)at
s:gn(x a)f \x(p(t\Ha’ a <0,
Do) = oy do @)
sign(x — a)%Dg;[a]_1gp(x), a > 0.

Assume, that o, < ap_1 <... < a3 = a < 1 and coefficients
a; = aj(x) € C'[0,1], \, u— are given real parameters.
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Nonlocal problems and their relation to loaded equations

1. Let D ¢ R? — be a domain, bounded at y < 0 by the
characteristics AC, BC of equation (1) and the segment AB of
the axis y = 0.

Darboux problem. Find a solution u(x, y) to equation (1),
which is regular in the domain D, continuous in D, and has
continuous derivatives uy, uy,, up to ABU AC, and satisfies the
boundary value conditions

Uy(X,¥) 45 = v(x), 0 < x <1, (3)

ou(x,y)

U(X’y)|AC:w1(X)> on ) (4)

= wZ(X)7 0 S X S
AC

N =

where n — is the inner normal, v(x), ¥1(x), Y2(x) — are
real-valued functions.
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Nonlocal problems and their relation to loaded equations

Theorem (General representation of solutions)
Any reqular solution of equation (1) is represented in the form

u(x,y) = z(x,y) + w(x), ()
where z(x,y) is a solution of the equation
0
ax (P~ Zyy = AZ) =0, (6)
and w(x) is the solution of the following ordinary differential
equation
n
W' (X) = AW (x) — ) aiDgw( “Z a;D5! z( (7)
i=1
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Nonlocal problems and their relation to loaded equations
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Nonlocal problems and their relation to loaded equations

Invoking that the function aeV™  be~V™ 4 ¢ satisfies
equation (6), we can assume without loss of generality that

w(0) = w'(0) = w’(0) = 0. (8)
when studying the Darboux problem.
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Nonlocal problems and their relation to loaded equations

Invoking that the function aeV™  be~V™ 4 ¢ satisfies
equation (6), we can assume without loss of generality that

w(0) = w'(0) = w’(0) = 0. (8)
when studying the Darboux problem.

The solution to the Cauchy problem for equation (7) with the
conditions (8) has the form

/thZa, )DC 2(t, 0)clt . (9)

where
X

P(x,t) = g{cos(ﬁ(x —t))—1+np / cos(VA(s — 1)) — 1)R(x, s; j1)c

t
(10)
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Nonlocal problems and their relation to loaded equations

If ai(x) =1,ai(x)=0,and A = -3 (M/Z)% has the form

W(X):/T(x, t)z(t,0)dt,
0

where
1

T(x, 1) = S (*2‘); e V50 <e%/§(x-’> -3(5) x-0- 1) .
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Nonlocal problems and their relation to loaded equations

By virtue of the representation (7), the D problem is reduced to
the D* problem of finding a solution z(x, y) of equation (6),
which is regular in the domain with the conditions

zy(X,¥)|ap = v(X), 0 < x <1

)

N —

0 1
Zlac = vi(x) ~ W), G| = valx) — W), 0<x<

where w(x) is defined by (9)
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Extension of the Tricomi problem

Let Q4 € R? be a bounded domain enclosed by the segments
AB, BBy, AAg, Ag By of straight lines
y=0, x=1, x=0, y = h, respectively when y > 0. 2, isa
characteristic triangle bounded by the segment AB the axis OX
and two characteristics

AC:x+y=0, BC:x—y=1

of the wave equation for y < 0.
We introduce the following notation:

I={(x,y):0<x<1, y=0}, Q=QUQU/,

J={(x,y):0<y<h x=0}, b={(x,y):0<y<h, x=1}.
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Extension of the Tricomi problem

We consider the following linear loaded equation of mixed
parabolic-hyperbolic type

1—sgn 14 sgn
iy = o Pty — P Uy~ Mu(©(x).0) =0, (1)
where Mu(©(x),0) = 1Dy u(x,0) in Qy,
Mu(©(x),0) = ueDgiu(€,0), € = x — y, in g, w1, pp are given
real parameters, Dy} ( Dgé) are the Riemann-Liouville fractional
integro-differential operator of order «; (5).
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Extension of the Tricomi problem

c
Figure 1

We denote by Ex(ex,0)(k =1,...n),0 < €1 < ... < ep < 1given
points of the segment AB, and

e ={(x,¥) ek <X < eks1, ¥y =0}, k=0,1,....n.



Extension of the Tricomi problem

Problem T;. Find a function u(x, y), satisfying the following
conditions:

1) u(x, y) € C(Q), has continuous derivatives and the
derivatives of the first order are continuously glued together
over all points of the segment AB, except, possibly, points

A Ei, .. E, B

2) u(x,y) is a regular solution to equation (1) in the domain Q;
3) takes the given values

U(va)‘x:o :901(}/)7 U(Xay)‘x:1 :902(}/)7 0 <y< hv (2)

u(x, y)la,a,,, = k(x), foreven k; (3)
u(x,y)lg,s,., = ¥k(x), forodd k; (4)

where p1(y), v2(¥), vk(x), (k =0,1,...,n) are the given
sufficiently smooth functions.
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Extension of the Tricomi problem

From condition 1) in problem T; it follows that

u(x,+0) = u(x,—0) = 7(x), (x,0) € I, (5)

UY(X7+0):UY(X7_0):U(X)7 (X,O)E Ik7 (6)

where 7(x) and v(x) are smooth functions.
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Extension of the Tricomi problem

Let n be an even number. Asgeirsson principle:

U(eok, 0) = T(e2k) = ok ( ) + Pok_ (€2k2+ 1> _

n

1
—d)n <2> - azk, k - 1,2, ceey E (7)

U(eak+1,0) = T(e2k41) = Yok (62k+1 ) +

eoq + 1 1 n—2
+w2k+1 <2k+;> - ¢n <2> = aZk-Hv k= 07 1 PIEE) ) .
(8)
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Extension of the Tricomi problem

The solution to the Cauchy problem for equation (1) in Q2, with
the conditions (5) and (6), has the form:

1
u(x.y) = 5 lrlx+y) +rx - y) / &) de+
x+y
xX—y
+2 | (x—y -9 Dr(e)ak. (©)
x+y
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Extension of the Tricomi problem

From (9) taking into account (3), we obtain the following
functional relation from the domain Q5 to lo:

#/(2x) - v(2x) + /D@ (€)dE = b ().
i.e.
H2 3 / X
T(X) V(X)+ /Dl d£:w2k(§>7xel2k7k:0717"')

(10

— NI

Similarly, applying (9) to (4), we get the following functional
relation from the domain Qy to by atk =1,...,n/2.:

, X +1
04000 + ' (1= D% 0 = vacr (50 ) K€ fer
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Extension of the Tricomi problem

Now, passing to the limit as y — +0 in equation (1), with taking
into account 1) condition of the problem T, (5) and (6), we
obtain the integro-differential relation between 7(x) and v(x),
transferred from the domain Q4 to Ik:

7 (x) — v(x) — u1 D§ir(x) = 0. (12)
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Extension of the Tricomi problem

Theorem

If the functions u(x,y) € C(Q) N Cx5(Q1) N C?(Rw), and ux, uy
glue together over all points of the segment AB, except,
possibly, points A, Eq, ..., En, B, and where can only have
discontinuities of the first kind, and satisfy conditions

Oé,'<1, Bi<1a,u17)u220’

then the solution u(x, y) of problem Ty is unique in the domain
Q.
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Extension of the Tricomi problem

Theorem

Let pk(y) € C(Jk) N C'(Jk), ¥r(x) € C(Ik) N C'(lk),
©1(0) = ¢o(0) and, moreover, if n is an odd number, assume
that

x&TOUy(X,O) = 90/1 (0)7 (13)

then there exists a unique solution to the problem Ty in the
domain Q.
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Extension of the Tricomi problem

Eliminating from the system of equations (10), (12), and (11),
(12) the functions v(x), we get the following problems

7(x) — 7'(x) — i Digr(x) + L2 / Djir(tydt = —uty (%),

7_(521() = a, 7—(52k+1) = aok41, k = Oa 1)"'7 n/27
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Extension of the Tricomi problem

(%) + 7'(%) — 1 Doy (%) — %(1 — X) Dl m(X) = okt <X;_ 1 ) 7

T(e2k—1) = @2k—1, T(c2k) = @2k, K =1,2,...,n/2,
(15)
where
7(0) = ¢1(0) = 90(0), 7(1) = ¥2(0).

Umida Baltaeva OIST



Extension of the Tricomi problem

From here, by considering the properties of the integral
operators for a; < 0 and g; < 0 we get the following
integro-differential equation

'(x) — 7'(x) — / Ki(x, t)r(t)dt = —ob (g) ) (16)
0

P00+ 700~ [ Rilx, tr(t)at = vy <“2”> (17)

0
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Extension of the Tricomi problem

where
1 iz
K; t) = 1 <0,8i<0
1(X7 ) r(—Oé,)(X — t)ai+1 2|—(1 — 6/)( — t)/Bi’ ap < 751 <V,
Ki(x,t) = L pz(1 = x) a; < 0,8 <0.

M(—an)(x — )yt 2r(- B)(X—f)ﬁ"“’
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Extension of the Tricomi problem

From (14) and (15), by considering the properties of the integral
operators for 0 < aj < 1 and 0 < 3; < 1 we get the following
integro-differential equation

700 =700~ [ Kt (00t = ~vhe (5) -
0

—a 1-8;
“F —a)?1 O+ a2 ©) (18)

(x) + 7' (x) + / R1 (x, )7’ (t)dt = 15 (X;L 1 ) -
0
—aj _ —Bi
() - PR o)

where Ki(x.t) and Ki(x,t) are defined as above
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Extension of the Tricomi problem

At first, we investigate the integro-differential equation (16) with
the conditions of the problem (14). To this end, we introduce
the notation

Fi(x) = —¢2k /K1 (x, )T (20)
so that equation (4.4) can be written in the form
' (x) — 7'(x) = —F(x).

Hence, if we solved the latter equation, we have

X

7(x) = / (et — 1) Fy(t)dt + c1 + cze”, (21)

€2k
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Extension of the Tricomi problem

Hence, with the preceding notation and after a few
transformations, we have:

€2k+1 X

7(x) — / Kus (X, t)T(t)dt:/(eX_t—1)w§k (é) dt+

0 €2k
€2k+1

_ a2k \(@f2k+1—t _
Jemeen, (g,

g2k _ geoki

€2k

Ay (eX — e2k+1) — apy (X — e
+
g2k _ €2kt

+ eok < X < €1, (22)
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Extension of the Tricomi problem

where

e~ — e
@2k — @€2k+1

Kii(x,t) = K (X, t; eax) + Ki(eak+1, tieak), 0 <t < ex,

e* — e
ek — @€2k+1

Kit(x,t) = K{(x, t; 1) + Ki(e2k+1, 1), eax <t < X,

e — e |
Ki1(x,t) = m’ﬂ (eaks1, 1), X <t < eppyr,
X
K{(x,t;€) = / (7% —1) Ki(s, t)ds.
§
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Extension of the Tricomi problem

Thus, it follows from the uniqueness of the problem, and from
the theory of Fredholm integral equations of the second kind,
that equation (22), taking account of conditions of Theorem 2,
has a unique solution, which has the form:

(x) = d(x) + / Rus(x, t)(1)dt, (23)
0

where Ry1(x, t) is the resolvent of the kernel Ky1(x, t), and its
solution 7(x) is continuous in I, has continuous derivatives and
the derivatives of the first order are continuously glued together
over all points of the segment I, except, possibly, points

A, Eq, ..., En, B, in which 7/(x) can only have discontinuities of
the first kind.
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Extension of the Tricomi problem

Similarly, we have

7(X) — 7kK11(x, Hr(t)dt = — /X (71— )by 4 (;) at+
0

€2k—1
€2k

—X _ g—c2k—1)(g(c2xk—1) _ { t
+ / e e )(e )WQH <2> dt-+

e €2k-1 — @€k

€2k—1

ak_1(e7 — e 2) — ay (e — e~ @-1)
< x < e
+ P E— y €2k—1 S X S €2k
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Extension of the Tricomi problem

Analogously, taking into account the uniqueness of the problem
Ty and the theory of integral equation, solving the integral
equation we have:

(x) = B(x) + / B (x, )3(1)at, (24)
0

where R; 1(x, t) is the resolvent of the kernel Ki1(x, t), and the

functions ®(x), K11(x, t) depend on the properties of these
functions established as above.
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