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Three main messaqges

o The extended BMS charge algebra (supertranslations and
DYF(5?) super-Lorentz transformations) is realized withouk
center at the past and future of null wa::mi&v (at spatial and
tinmelike infinity). The asymptotic symmetry group at spatial
Lm{imi&v therefore includes the extended BMS group.

o The extended BMS asymptotic symmetry algebra leads to a
unique definition of the quantized angular momentum, which
differs from many existing classical prescriptions.

o The extended BMS charge algebra admits a natural extension
to (A)dS: the A-BMS algebroid. It is the asymplotic symmetry
group of AL(A)AS spacetimes with “lealy boundary conditions”:
without intrinsic boundary conditions (except a boundary
gauge fixing condition that does not constraint the Cauchy
probiem) but wikth external boumd&rj conditions.




O, L&gk&hiv\g review




Flat case A = 0.

Gauge fixed approach :
Bondi / Newman-Unti coordinates
Formalism: Lagrangian (metric)

Bondi / Newman-Unkl
equivaiehﬁ: to each other
[Barnich, Lambert, 2011]

Hamilkonian/Lagrangian
equivod.eni: to each other




Superﬂramsta%mms
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o The associated Noether charge is the Bondi mass
aspect m(u,xA) integrated over the celestial sphere

o The 4 lowest harmonics are the Eranslations
associabed with Momenta.

o Super&ramsi&&iams Eransikions are associaked with
disgiaaemem& mMemory and are caused bj any null
radiation exiting null infinity

[Bondi, Metziner, van der Burqg, Sachs, 1962] [Strominger, Zhiboedov, 2014 ]




Super-Lorentz
Eransformations

%uDARAau - (—%(7 +u)DoRA + 0(1)0,. + (R4

r

o Associated Noether charge: Bondi angular momentum aspect N (u,x*) integrated
over the celestial sphere after renormalization of radial divergence

o The & lowest harmonics are associated with the Lorentz charges: angular
momentum and center-of-mass charge (orbital angular momentum).

o Lorentz transformations are asymptotic symmetries. Super-Lorentz
transformations are asymptotic symmetries only after renormalization,

o Superro&a&éahs RA = e*Popd and superboos&s R4 = 48050

o Super-Lorentz tramsitions are cosmic events, But super-Lorentz charges are non-
Erivial already for standard asymptotically flat spacetimes.

[Barnich, Troessaert] [Campiglia, Laddha] [G.C., Floruccl, Ruzziconi]
[Strominger, Zhiboedov] [Ho\wl&ing,‘?errjﬁ&romimaer][ﬁlomagan, Nichols]




Leading, subleading, sub”N-leading

Supertranslation

transformation charge

Lectures on the Infrared Structure of Gravity and Gauge Theory
Andrew Strominger

N&
Leading %(flo
BMS %
triangle

Displacement Fourier Leading soft
memory effect transform graviton theorem An Infinite Set of Ward Identities for Adiabatic Modes in Cosmology

Kurt Hinterbichler®, Lam Hui® and Justin Khoury®

S L t N < =N
uper-Lorentz 5(1\/) - Oy

transformation Over~N-leading Sub”N-leading
transformation
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Overleading/Subleading Subleading soft Over~N-leading gyg.:lgag!"ggh{lss..u.h!eadlng SubAN-leading soft

Refraction mem "
efraction memory BMS graviton theorem memory graviton theorem
square square

Spin and center-of- Sub”N-leading memory
mass memory

Superboost transitions, refraction memory and super-Lorentz charge algebra Infinite towers of supertranslation and superrotation memories
Geoffrey Compére, Adrien Fiorucci, Romain Ruzziconi Geoffrey Compére




1. Centerless BMS charge at
timelike and spatial infinity -
Centerless BMS current ad.gegra

at null nfiniky




Grauge theories:
Definitions in the Lagrangian formalism

o e l= Tooimeg
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Algorithmic derivation of the infinitesimal surface
charge:
Contribution from the Lagrangian

o Action principle Ei"" Presymplectic potential
OL i ’ i &

o Sjm[ﬁi.et‘::&ic skructure
w[51<I>i, 52(13i; (I)Z] — 51@[52(137;; (I)Z] % (52@[51(1)7:; (I)Z]
o Infinitesimal surface charqge

w[0r®", 6®"; ®'] = dky\[0P; ®] + EOM

[Lee, Wald, 1990:][1327', Wald, 1994 ]

50 =1 — dE 60 ] — 1)




Algorithmic derivation of the infinitesimal surface
charge:
Contributions from the Lagrangian and boundary terms

o AﬁEE‘O 4 F»'T'EA'\CE«F?LQ EOM Presymplectic potential 05 = / d"zL|®] + / d"zLp|V]
TR v
OL = = SO0l RO Ol © =0, —dOg
S lecki Coiick. Omlj gauge ithvariant
d jmp L strudture [armtrip?:iom
W[élq)i, 52(I)i; (I)l] = 51@[52(1)i; (I)Z] = 52@[51(I)i; (I)l] W =uwys — dCUB
o Infinitesimal surface charqge
w[0\ D, 6®"; D] = dky[6P; ®] + EOM ky = EL[0®; @] — wp[6,V; 0; U]
5P =0 = dky[6D; ] =0 O de= ) 0 —0=—dk =0

[Shzey\deri,s,?qPQdLmLErLou,zocsj [&.C., Marolf, 2005 [Harlow, Wu, 2020][Freidel, Geiller, Pranzetti, 2020]




Flat BMS surface charge algebra

(radial divergence
SMT{&CQ charges dkg™* 065 6] = wren,tot[0¢, 30 ¢]) Ao subtracted after
renormalization)

FHE ] = / K [50; 0] = / 2Ad%)ru (Kg™)™ 003 9]

oo oo

JHE [¢] = SHE (9] + =04 [69; 9],

1
flat 2 BC
HEM 0] = - / 420 l4f]\[+2Y Na+ 6V 494(CpcC )1

fla 1 1 | 1 i ,, i
= 0610 = 7o dzﬂ laf (NAB + §qABR[q]) 3Cap — 204 fUp)6q""

y 1 -
—fDalp)dq"? — ZDCDC’chBOqAB] .

Barnich-Troessaert bracicek {He¢[o], Hy[9]}+ = Oy He[9] + Ex[0c 9, 4.

{Hg™ (0], Hy™ o]} = Hy, (6] + KEY (9]

X«

Nown-trivial thoc:ji.e.

1 1 ) 1
Kﬂat — dQQ ~ D A : - JBC D _ )
£1; 52[¢] 167G /sgo 2f1 AfoD R[q] + 20 f1iDpDcDpYs (1+2)

[Barnich, Troessaert, 2011] [G.C,, Fioruccl, Ruzziconi, 201¥%




Flat BMS surface charge algebra

ab the corners ?

G, /'V—l_
R, ;J +

Algebra of BMS fluxes? R IR




Nown-radiakive asymptlotic bouv\c&arj
condiktions ak the corwners

Minkowski in an o\rbiimr:j super-Lorentz and
supertranslation frame:

R 1
ds® = —Edu2 — 2dpdu + (p*qap + pCYE + gcgaBCngAB)dxAde + DP OV dazAdu

where
[L1D,®Dp® — D,Dpd]""

CV&C ¢,C — U+C VaC_|_C(0)’
apl®,C] = ( JNap + Cag —9D4DpC + qapDC.

g v b
gAB = qup =€~ 0AG 0BG Yy

This is the 44 analogue of 3d metric: | ds® = O(¢)du’® — 2dudr + 2 [E(gb) = g@b@(gb)} dudg + r2d¢?

We therefore impose as bou&\ciarj conditions ak Fmsﬁ:/fu?:ure of seri:

Cap = (u+Cy)NRE—2D 4 DpCy+qapD¥ DpCy+o(uP)

NAB = NAB 1L o(u=1) as u — o0

vac

The supertranslation frame can then be fixed if needed by a boundary

condition at spatial im{im&y [Barnich, Troessaert, 2011, 2016]
[&.C,, Fiorucci, Ruzziconi, 201% ]




Ambiguity shift in the charges

FHE (6] = SH{™[0] + Z{*[0¢: 0],

This leads in particular to an ambiguity in the definition of angular
momentum (discussed later). This ambiguity can be fixed by requesting
the BMS algebra to be realized without anomaly (&Fiatd"d&pamdamﬁ
center) at the corwners.

Under the standard Dirac bracket,

With hindsight we define the shift

1 1 1
—fCApNAB 4 _YAC, pD-CPC + gYAaA(Cg(Jg) .

d20
2 2

flat —
AHry)lo] = /S 167G

2
oo

[&.C., Fiorucci, Ruzziconi, 2020




Final BMS charges

_ 1
M =M + 2CapNc

_ d20 _ _
flat . J A
He(ry)|¢] = /szo 162G ATV +2YNa .

N B.T. W 1 3
Na=NEL wd M + ZCABDCCBC + EaA((LgC(JBC ).

o The BMS algebra is realized without central extension
at the corners (spatial infinity, timelike infinity)

o The BMS charges cai therefore be cii,reaﬁj quahﬁz.etci

o ALL BMS charges are identically zero for Minkowski
i an arbitrary BMS frame

The charge prescription differs from [Barnich, Troessaert, 2011] [Wald,Zoupas, 1999]

It agrees with [Pasterski, Strominger, Zhiboedov, 2014-2018 [ Hawking, Perry, Strominger,
2015 whewn NZE =9 ke shift with the vacuum news NS necessary to allow
super-Lorentz to be represented without anomaly,




BMS4 flux asymptotic symmetry algebra

Supermomem&a

Su,per-LorehF:z.

Sktandard bracieet:

{Pr,,Pr,} =0, {M.Pn}=Pym). {M I} =Ty

where

[Campiglia, Peraza, 2020
[&.C., Fiorucci, Ruzziconi, 2020
Since charges are conserved at spatial infinity,

(after renormalizakion)

(&omsis&amﬁj with its role i the subleading soft graviton theorem)




2. The quamﬁiz@.cs{
anqular momentum




The a-ambiquous angular momentum

There exists a one parameter family of Lorentz and supertranslation
covariant definitions that are consistent with the standard BMS algebra:

3 [B.T]

_ ‘—."i 1 3 "% ‘,;
o 1 _ e — T T BC | 2 BCy
ji( ) — __fEADaDni (NA _ac CABDCCBC) Na = Ny — udpl + 4CABDCC + 32(9A BcC”Y)
S’

[&.C., Oliveri, Seraj, 2019]
Su[perf:mv\staﬁons actk as

. 1
5T,YCAB = (T + gDAYA) Cuap+ LyCuap — §D0YCCAB —2DsDBT + v2oBAT,

_ _ T
Ny — NA+3%DAT+ ZBAm,

The standard BMS commutator is obejed for ahy aak ’Ji 5ij.(°‘) = Prr, D9, 04T

A formula invariant under supertranstations can be written down by adding a
supertranslation frame term (C- dependen&). See Ashtelear’s talle,

1 = Q

2 ? -
j@_(a) il 7{ e*Popn; (NA 3 Tm(?AC_ — —CCABDcC'BC> og@ =T
S

2 4G

[Javadinezhad Kol,Porrati,201% [ Keller, Wang, Yau,201%]
[Ashtekar,De Lorenzo, Khera,2019 [ &.C., Oliveri, Seraj, 2019]

Here, I simply fix the supertranslation frame at past retarded time such that
@ — 0




The a-ambiquous angular momentum

There exists a one parameter family of Lorentz and supertranslation
covariant definitions that are consistent with the standard BMS algebra:

[&.C., Oliveri, Seraj, 2019]

Definitions used in the Literature:

"Thorne, 1950 Dray-Streubel, x4 ]
a =1 [Ashtekar, Sktreubel, S‘?

“Wald,Zoupas, 1999][‘?&&\1‘05@.]
 Barnich, roassaer&][ktahagan, Nm:hoLs][KeLLer,WaMS,Yau]

: ’ o G 32 4@
«7'1':—(75 =E€ijkl; - J’*]I Al)+0( ’)

Lamd&u-l.u{sk:,&z.]
@ =3 [Damour]

Bohga, Poisson]

a =0 [Pasterski, Strominger, Zhiboedov, 2015]
[&.C., Florucci, Ruzziconi, 2020]




The a—ambiquous angular momentum

There exists a one parameter family of Lorentz and supertranslation
covariant definitions that are consistent with the standard BMS algebra:

[&.C., Oliveri, Seraj, 2019]

Definitions used in the Literature:

"Thorne, 19%0 ][ Dray-Streubel, 4]
a =1 [Ashtekar, Sktreubel, S?
“Wald,Zoupas, 1999][‘?@\1‘05@.]

Al &
7 o o r(2)4C
Ji= =g 5wl T ) =

Barnich, Troessaert][Flanagan, Ni{:hoLs][KeLLer,Wang,‘/&u]

R e

Landausliifshitz]
@ =3 [Damour]
Bohga, Poisson]

| 'S&rnge_,z.hboedav, oy g
a =0 [Pasterski, Strominger, Zhiboedov, 2015]

[G.C., Floruccl, Ruzziconi, 2020




The qua\mﬁaad angular momentum (the unique J
compatible with quantized enhanced symmetry)

There exists a one parameter Afo\m::tv of Lorentz and supertranslation
covariant definitions that are consistent with the standard BMS algebra:

[&.C., Oliveri, Seraj, 2019]

Definitions used in the Literature:

Thorhe, 19%0][ Dra S?—S&reubet 54
a =1 [Ashtekar, Streubel,
“Wald,Zoupas, 1999]{‘?@.&\1‘05@.]

Barnich, roessaer&]{ﬁianagan, Nu:hoLs][KeLLer,Wav\g,‘/au]

Lamdau-Lu{sknEz]

@ =3 [Damour]
Bohga, Poisson]

, 'S&rv\ge,z,hboedav, o g —
a =0 [Pasterski, Strominger, Zhiboedov, 2015]

[G.C., Floruccl, Ruzziconi, 2020




3. Extension of the
BMS group to (A)dS




Question

@ Three-dimensional case :

Asymptotically flat :
BMS; = Diff(S') x Vect(S)

[Ashtekar-Bicak-Schmidt '96]

Asymptotically AdSs :
Diff(S') x Diff(S')

[Brown-Henneaux '86]

[Barnich-Compére '07]

@ Four-dimensional case :

Asymptotically flat :
BMS, = Diff(5?) x T

[Bondi-van der Burg-Metzner '62]

Asymptotically AdSs :

2772
[Sachs '62]
[Barnich-Troessaert, '11][Campiglia-Laddha, '15]




Universal BMS skructure (

AdS case A < 0. Flat case A = 0. dS case A > 0.

Bouv\darj skructure: codimension 2

“Bouv\ciarv gauqge fixing”: Fixing a and a measure

ds? = sign(A)du? + qapdz?dx® V4q




A dictionary exists between distinct bulle gauges

AdS case A < 0. Flat case A = 0. dS case A > 0.

Fefferman-Graham Starobins ey

0 a 0 a
géb)7T é gc(zb)7T :




Definitions

Starobinsky/
Fefferman-Graham Bondi gauge
(SF&) gauqe

(0, %) (uaria}
Yoo 0o 07 9rr = O, grA —
. 2l det(gAB)
YGop — A p2 Oy ( d =




The dickionary bebtween Bondi and
SEo\rObmswv/ ﬁe.f?e_rmam-@raham gauge
has been worked ouk

o One can solve the large radius
expansion of Einstein’s equations in
both qauges

o A diffeomorphism exists between the
two gauges whein A#0

o The (2-covariant) map between the free
fields in each gauge can be formulated

[Poole, Skenderis, Taylor, 201%]
[G.C., Floruccel, Ruzziconi, 2019




Solution space (AL(AYLSL)

SFG gauge Bondi gauge

ds® = ewzdu2 — 2e?Pdudr + gap(dz? — UAdu)(dz? — UBdu)

r

. 1 1 _
gAB =7’2QAB+7'CAB+DAB+;EAB+T_2FAB+©(7' %)

1 1
Tn = 25 — 0+ = p a9y + 9% +pal) +O(p?)

_JA 1 AB _
=l =507 0utan = duln V. [Blanchet-Damour]

[FG theorem] §

: [ @y
+ UM u, x ) +UA(U :rB)

. . 1 1
Blu,r, 2) = Bolu, 2) + p3 [ — §C4BC'AB] = [ — EC’ABCDAB]
1

3
5= 206 — DD+ (CVC] + OG).

e2Pop2 _ r(l+ DAU(;“)

o A oM
_ 2o [2 <R[q] + CABCAB) +2D 20" By + 40A/300A%30] ——+o(r™)

V_A
r 3

A ‘
FCap = e [(au — 1)gap + 2DaU% — D° quAB].




Hutograpkw flelds A +#0

SFG gauge Bondi gauge
(21 boundary split)
A

564/3003’&2 Y qap(deg 0 du)(de — U du)

1. ,
M®™ =M+ 75O + D(CepCP),

3 b , Md O\DE’ ]\/vg\) =Ny — %DB(NAB — %IC—XB) — g()A(%R[q] _ %C'GDCGD),
| OM &rv S Jap =—8a — % [au(.]VAB - %ICAB) - %(ZABCCD(]V('D - %ICCD)]
— + %(DADBI — %qABD(,'DCl)
_—
— (DD Crye ~ 2aanD°DCop)
3 g’-%)‘.‘"b&t&“@@. LO&M (S +Cuap [%GCDC"'D + %R[q}} .

o 3w, A avey | A AB
(du+§l)]u +ED Wh +ﬂCABJ =0.

A
(Ou+ DONYY = 0,M® — 2D Jap = 0.




Why the Bondi mass differs
ﬂfrc.:)m (AYAS and Minkowski?

M®* —M+ (0 + 1) (CepC©P),

N NA——D (N4B—§ZCAB)——

2A

(a) Asymptotically locally dS, case. (b) Asymptotically locally AdS, case.




More holographic fields for A =0
Bondi gauqe

i\
—3—6450du2 + gap(dz? — Uitdu)(dz® — UL du)

SFG gauge

M, Na,Cap,Dap,Eap, Fap, -

Conskrainks

8uqap = lgap +2DaUpy — D°Uqas

Gl = _éNABN P %DADBNAB - éDADAﬁe

1 1
OuN4 = Do M + 1—DA(NBCCBG) — ZNBCDACBO

6
1 v 1 Y
— 4 DB(CPNac = NPCac) — ;DpDP D Cyc

1 1
+ ZDBDADCCBG + ZCABDBR.

infinite number of
boundary ODEs /
flux-balance Laws

see [Barnich,Troessart, 2012]




Bouv\d&rv gauqge condition:
Definition of A-BMS

o Can atwavs be reached

o Does hot constraint the Cauchy prabi.em




Symmelry generators
Preserving SFG gauge: DYF(S2)xWeyl

£ =T,
é—A _ YA + IA, [A _ _an/ d/r'(emgAB),

g = det(gap)

r 1
§" = —5(DAY" =20 + DAI* = 05U + 597" 0ug),

Preserving further bc;:»u,mdar:j gauqe:
e 3 | R

~lak syw::e&ime Limik: i




(Soft) Algebra / Algebroid

) , 1 |
f=Y"0ufo + §f1DAY;)A — (14 2),

y ., A
VA = Y1BaBY2A - gflqABanQ — (1 2).

The structure constants of the A-BMS
algebra are field-dependent.

In the flat Limit, the structure constants
are field-independent and reproduce the
generalized BMS alqgebra.




D

d

ol

o

A-BMS: Surface charqes

dké,ren [5(15 (75] = Wren [55(13 (5¢ Qb]

Charqges are finite thanks to renormalization
Charges are nheither conserved or inteqrable [EEE
Charges associated with Weyl are zero

They obej the surface charge algebra

[¢] = 0H¢[p] + ¢[00 4],




Completeness of A-BMS

Number of flux-balance Laws: d-1

5 L 3 Apayay A AB
(0u+§l)]\[ —|—ED NA —1—%0,43,] =0.

A
A, + DONN _ 9, MW _ ZDBJ, 5 =0.
A 2

Number of qgenerators: d-1 : £ , YA

Number of charqges: d-1 : M®, N

In comparison with DUL(S3) studied in [AnninosNg,Strominger,2011] the A-BMS groupoid is
the subset of DHF(S3) associated with non-trivial flux-balance laws / Ward identities




S:ijeLe«z:Eit structure and
(A)dS equivalent of Bondi shear/ews

Action with holographic counterterms

1

/ Bay/=g (Rlg) — 20) + —— [ da/PCK + 2 — tR]y). BN AR
H 167TG 7 ’

S 14
Kraus]

" 167G

Symplectic structure gets a contribution from the counterterm

oL
04

[Skenderis,Papadimitriou,200s]
[&.C. MarolfRo0%]

oL = 09, + dO, w =00 w = wpp(dg,09; 9] — dwpm[6y,07:7]

At the bou,mda\rj, the orthogonal component of the symplectic
structure is

A
det(90) = 3¢

—ip® —ZNY ]

A ¢
_%Ng " Jap+ %]\'[(A)QAB

[G.C., Florucci, Ruzziconi, 2019




Symplectic flux and the Cauchy problem

AdS case A < 0. Flat case A = 0. dS case A > 0.

In AdS, the Cauchy problem requires an
additional boumdarv condikion
(standard or “Leadaf”)




Example of “leaky” boundary condition

Glued
at the
bcwuv\darj

(identification of
codimension 2
boundary metrics)

L = dap

AdS case A < 0. AdS case A < 0.

Fix the initial data of both ALSS,
Then the Cauchy problem of the first AdS is well-defined.

Related example: [Almheiri, Hartman, Maldacena, Shaghoulian, Tajdini, 2019




~Lak space renormalizabion: corner
(codimension 2) contributions
~lak Limik:

@ren [6¢ ¢] |f =

dud?Q [ 3

1 1
- TFs ABy | *(nAB | 1 AB\scr o 1y, 4B
16rc | 22w VAR (NitF + 5 1lala )8Can — Dialln)dq ]

0L,

s AB
+O.qABOq +O(A),

Divergence is cured by adding a corner term to the action

/ d%x du L, :/ d2;l?LC—/ d2;l:LC. Lo = dLC’
7 az, as_ V4

We define the corner presymplectic potential as

0Lc
0gAB

And the corner presymplectic form as

6qAB> + 9,08, (hon-standard)

Q¢ =d*z6f, WS (81948, 02q4B;qaB) = 0105 (02q4B; qaB) — (1 < 2).

Our new prescription:




With our prescription for taking into account the
corner boundary term, the divergence is cancelled

(:j€4 A /‘ ‘
Lclgap.T.q) = %CABC g{ GﬁlIQABqACqBDOUQCD-

It can be written in a covariant way in terms of the boundary
foliakion and measure




~lak Limaik

o Solukion space admilks a swootkh Limik

o The asymptotic symmetry group A-BMS
reduces to (generalized) BMS group

o After adding the corner term, the symplectic
skructure admilks a smookh Limit

This is exac:&tg the renormalized
Sjm[pte«a&w skructure discussed earlier




Conclusions

o The extended BMS algebra is realized without anomaly ot the past of future null
infiniby, The asymptotic symmetry group at spatial infinity therefore includes
the extended BMS group.

o The definition of extended BMS generators leads to a unique definition of the
quoantized anqular momentum, which differs from many existing prescriptions.

© The flat BMS group admits a natural extension to (A)dS: the A-BMS grouploid).
It is the asymptotic symmetry group of Lealey AL(AYLS spacetimes without any
boundary condition except a boundary gauge fixing condition (determined by a
foliation and a measure) that does not constraint the Cauchy problem.

© The A-BMS. algebra is realized by the Dirac bracket of surface charges. There is
a 1-1 map between the number of symmetries and number of flux-balance laws.

© The flat Limit of the A-BMS4 surface charge algebra reproduces the BMS4
surface charge algebra provided a covariant corner term (a kinetic term for
the mebric on the celestial sphere.) is included in the variakional principle and,
accordingly, in the symplectic structure.




Corner term conkribukion
to the Dirac bracket in (AYAS

C
wren,tot'] = wrenl] + dwo .

Ak (065 6)| | = wren gonl0c0,00:.9]| .
k{,ren[ ¢¢]f Wren,t t[&qb, (b(ﬁ] Vi

FHEENS ) = SHYBS(9] + P06+ [ 00 o Seqan. S,
S

oo

1k leads ko a nown-ktrivial 2*«1:0&3&:4.@.

{HABMS[g], HABMS[g]}, o0

= 6, HAPMS (] 4+ 22PMS[5.6: 9] + / , d*QwS [6yqaB, 0cqaB]

o0

= H[%?)?]EAS 4] +/ d*QwS [0y qap. 5cqaB).
S

N——
- A-BMS, tot
Kex “laas]

2
oo




