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Review of Lecture 3



✤ Draw arbitrary graph with three point vertices

On-shell diagrams

Product of three point on-shell amplitudes



Recursion relations

✤ Recursion relations for    -loop integrand

✤ Examples:
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✤ Face variables

✤ Perfect orientation

Positive Grassmannian

Thus, the final relations involving the e�’s is encoded by the matrix C ⌘
✓
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c
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Notice that only certain combinations of edge-weights appear in the equations.

This happens for a very simple—and by now familiar—reason. Think of the GL(1)-

redundancy of each vertex as a gauge-group, with the variable of a directed edge

charged as a “bi-fundamental” of the GL(1)⇥GL(1) of the vertices it connects.

Since the configuration C must be invariant under these “gauge groups”, only gauge-

invariant combinations of the edge variables can appear. And just as we saw in the

previous subsection, these combinations are those familiar from lattice gauge theory

and can be viewed as encoding the flux though each closed loop in the graph—that

is, each of its faces. Fixing the orientation of each face to be clockwise, the flux

through it is given by the product of ↵
e

(↵�1

e

) for each aligned (anti-aligned) edge

along its boundary. For future convenience, we define the face variables f
i

to be

minus this product.

Applying this to the example above, we find:
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The boundary-measurements c
Aa

can then be expressed in terms of the faces by

c
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X
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Y
f2b�

(�f) , (4.61)

where b� is the ‘clockwise’ closure of �. (If there are any closed, directed loops, the

geometric series of faces enclosed should be summed.) The faces of course over-count

the degrees of freedom by one, and this is reflected by the fact that
Q
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with the property
Y

j

fj = �1Perfect orientation

✤ Back to on-shell diagrams

✤ Not unique, always exists at least one

✤ Two (k) incoming, two (n-k) outgoing

Thus, the final relations involving the e�’s is encoded by the matrix C ⌘
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Perfect orientation

White vertex: one in, two out
Black vertex: two in, one outcab = �
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Logarithmic form

✤ For any on-shell diagram

✤ Amplitude still given by BCFW: sum of on-shell diagrams

✤ New definition of amplitude wanted

R =

Z
df1
f1

df2
f2

. . .
dfm
fm

�(C · Z)

Mtree
1 Mtree

2 . . .Mtree
m

$

only dependence on kinematics

Unitarity
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Volume of polyhedron

✤ Study tree-level scattering amplitude

✤ BCFW recursion relations in momentum twistor space

(Hodges 2009)
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Fig. 2: Configurations contributing to the six-gluon amplitude A6(1
−, 2−, 3−, 4+, 5+, 6+).

Note that (a) and (c) are related by a flip and a conjugation. (b) vanishes for either

helicity configuration of the internal line.

This is shown in fig. 2. Note that for this helicity configuration, the middle graph

vanishes. Therefore, we are left with only two graphs to evaluate. Moreover, the two

graphs are related by a flip of indices composed with a conjugation. Therefore, only one

computation is needed.

Let us compute in detail the contribution coming from the first graph shown in

fig. 2(a). The contribution of this term is given by the product of two MHV amplitudes

times a propagator,

(
⟨2 3̂⟩3

⟨3̂ P̂ ⟩⟨P̂ 2⟩

)
1

t[2]2

(
⟨1 P̂ ⟩3

⟨P̂ 4̂⟩⟨4̂ 5⟩⟨5 6⟩⟨6 1⟩

)

. (2.6)

This formula can be simplified by noting that

λ
3̂

= λ3,

λ
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= λ4 −
t[2]2

⟨3 2⟩[2 4]
λ3,

⟨• P̂ ⟩ = −
⟨•|2 + 3|4]

[P̂ 4]
.

(2.7)

Using (2.7) it is straightforward to find (2.6)

⟨1|2 + 3|4]3

[2 3][3 4]⟨5 6⟩⟨6 1⟩t[3]2 ⟨5|3 + 4|2]
. (2.8)
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✤ Study tree-level scattering amplitude

✤ BCFW recursion relations in momentum twistor space
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Volume of polyhedron

✤ Study tree-level scattering amplitude

✤ BCFW recursion relations in momentum twistor space

(Hodges 2009)
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✤ Study tree-level scattering amplitude

✤ BCFW recursion relations in momentum twistor space
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h1356i3

h1235ih1256ih2356ih1236i

Volume of
tetrahedron

in momentum
twistor space!

Each face
labeled by
habcdi

spurious plane



Volume of polyhedron

✤ Study tree-level scattering amplitude

✤ BCFW recursion relations in momentum twistor space

(Hodges 2009)

A6(1
�2�3�4+5+6+)

h1345i3

h1234ih1245ih2345ih1235i
h1356i3

h1235ih1256ih2356ih1236i

Each face
labeled by
habcdi
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Amplitude is a 
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polyhedron



“Conjecture”

Amplitudes are volumes
of some regions in some space



“Conjecture”

Amplitudes are volumes
of some regions in some space

Must be related to
positive Grassmannian



Strategy

✤ Simple intuitive geometric ideas

✤ Use suitable mathematical language to describe them

✤ Generalize to more complicated (non-intuitive) cases



Inside of the triangle



✤ Let us consider three points in a projective plane

Inside of the triangle

Z1

Z2

Z3

Zj ⇠ tZj

We can 
also fix 

Zj =

0

@
⇤
⇤
⇤

1

A

Zj =

0

@
1
aj
bj

1

A



Inside of the triangle

✤ Point inside the triangle

✤ Point inside the triangle
Z1

Z2

Z3
Y

Zj ⇠ tZj

We can 
also fix 

Y = c1Z1 + c2Z2 + c3Z3 c1, c2, c3 > 0

Projecte: one of      can be fixed to 1cj

Zj =

0

@
⇤
⇤
⇤

1

A

Zj =

0

@
1
aj
bj

1

A



Inside of the triangle

✤ Point inside the triangle

Z1

Z2

Z3
Y

On the boundary
c3 = 0

Y = c1Z1 + c2Z2 + c3Z3



Inside of the triangle

✤ Point inside the triangle

Z1

Z2

Z3
Y

On the boundary
Y = c1Z1 + c2Z2 + c3Z3

c1 = 0



Inside of the triangle

✤ Point inside the triangle

Z1

Z2

Z3
Y

On the boundary
Y = c1Z1 + c2Z2 + c3Z3

c2 = 0



Inside of the triangle

✤ Point inside the triangle

Z1

Z2

Z3
Y

On the boundary
Y = c1Z1 + c2Z2 + c3Z3

c2 = c3 = 0



Logarithmic form

✤ Point inside the triangle

✤ Form with logarithmic singularities on boundaries
Z1

Z2

Z3
Y

Y = Z1 + c2Z2 + c3Z3

⌦ =
dc2
c2

dc3
c3



Logarithmic form

✤ Point inside the triangle

✤ Form with logarithmic singularities on boundaries
Z1

Z2

Z3
Y

Y = Z1 + c2Z2 + c3Z3

⌦ =
dc2
c2

dc3
c3

c3 = 0

! dc2
c2



Logarithmic form

✤ Point inside the triangle

✤ Form with logarithmic singularities on boundaries
Z1

Z2

Z3
Y

Y = Z1 + c2Z2 + c3Z3

⌦ =
dc2
c2

dc3
c3

! dc3
c3

c2 = 0



Logarithmic form

✤ Point inside the triangle

✤ Form with logarithmic singularities on boundaries
Z1

Z2

Z3
Y

Y = Z1 + c2Z2 + c3Z3

⌦ =
dc2
c2

dc3
c3

! dc3
c3

c2 = c3 = 0

! 1



Logarithmic form

✤ Point inside the triangle

✤ Form with logarithmic singularities on boundaries

✤ Other boundaries can correspond to 

Z1

Z2

Z3
Y

Y = Z1 + c2Z2 + c3Z3

⌦ =
dc2
c2

dc3
c3

! dc3
c3

c2 = c3 = 0

! 1

c2, c3 ! 1



Logarithmic form

✤ Form with logarithmic singularities on boundaries

✤ Solve for            from 

⌦ =
dc2
c2

dc3
c3

Y = Z1 + c2Z2 + c3Z3c2, c3

c2 =
hY 13i
hY 23i

hX1X2X3i = ✏abcX
a
1X

b
2X

c
3

c3 =
hY 12i
hY 23i

dc2 dc3 =
hY d2Y ih123i2

hY 23i3

d2Y = dc2 dc3 Z2Z3



Logarithmic form

✤ Form with logarithmic singularities on boundaries

✤ Solve for            from 

⌦ =
dc2
c2

dc3
c3

Y = Z1 + c2Z2 + c3Z3c2, c3

hX1X2X3i = ✏abcX
a
1X

b
2X

c
3

d2Y = dc2 dc3 Z2Z3

⌦ =
hY d2Y ih123i2

hY 12ihY 23ihY 31i
Projective in all

variables



Polygon



Point inside the polygon

✤ Consider a point inside a polygon in projective plane

✤ Convex polygon: condition on points 

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = c1Z1 + c2Z2 + . . . cnZn

cj > 0

interior of the polygon

Zi

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A
������

⇤ ⇤ ⇤
⇤ ⇤ ⇤
⇤ ⇤ ⇤

������
> 0

All main minors positive



✤ Consider a point inside a polygon in projective plane

Point inside the polygon

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = C · Z

Space of all points
inside convex polygon

Y = c1Z1 + c2Z2 + . . . cnZn

C =
�
c1 c2 c3 . . . cn

�
2 G+(1, n)

More formally:

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A 2 M+(3, n)



✤ Form with logarithmic singularities on boundaries

Logarithmic form

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = c1Z1 + c2Z2 + . . . cnZn

First guess

⌦ =
dc1
c1

dc2
c2

. . .
dcn
cn



✤ Form with logarithmic singularities on boundaries

Logarithmic form

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = c1Z1 + c2Z2 + . . . cnZn

First guess

⌦ =
dc1
c1

dc2
c2

. . .
dcn
cn

Space of all Y is only two-dimensional
Two-form with n poles

⌦ ⇠ dc1 dc2 N(c1, c2)

D(c1, c2)



✤ Easiest way how to write the form is to triangulate

Logarithmic form

Z1

Z2

Z3
Z4

Z5

Z6

Y



✤ Easiest way how to write the form is to triangulate

Logarithmic form

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = Z1 + c2Z2 + c3Z3

⌦1 =
dc2
c2

dc3
c3

Y = Z1 + c3Z3 + c4Z4

Y = Z1 + c4Z4 + c5Z5

Y = Z1 + c5Z5 + c6Z6

⌦2 =
dc3
c3

dc4
c4

⌦3 =
dc4
c4

dc5
c5

⌦4 =
dc5
c5

dc6
c6

How to sum them?
c2, c3 � 0

c5, c6 � 0

c3, c4 � 0

c4, c5 � 0



✤ Easiest way how to write the form is to triangulate

Logarithmic form

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = Z1 + c2Z2 + c3Z3

Y = Z1 + c3Z3 + c4Z4

Y = Z1 + c4Z4 + c5Z5

Y = Z1 + c5Z5 + c6Z6⌦1 =
hY d2Y ih123i2

hY 12ihY 23ihY 31i

⌦2 =
hY d2Y ih134i2

hY 13ihY 34ihY 41i

⌦3 =
hY d2Y ih145i2

hY 14ihY 45ihY 51i

⌦4 =
hY d2Y ih156i2

hY 15ihY 56ihY 61i

Write in projective
form



Logarithmic form

✤ Now it makes sense to sum them

✤ Boundaries of the polygon are 

⌦ =
hY d2Y ih123i2

hY 12ihY 23ihY 31i+
hY d2Y ih134i2

hY 13ihY 34ihY 41i+
hY d2Y ih145i2

hY 14ihY 45ihY 51i+
hY d2Y ih156i2

hY 15ihY 56ihY 61i

hY i i+ 1i = 0✤ Consider a point inside a polygon in projective plane

Point inside the polygon

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = C · Z

Space of all points
inside convex polygon

Y = c1Z1 + c2Z2 + . . . cnZn

C =
�
c1 c2 c3 . . . cn

�
2 G+(1, n)

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A 2 M + (3, n)

More formally:



Logarithmic form

✤ Now it makes sense to sum them

✤ Boundaries of the polygon are 

⌦ =
hY d2Y ih123i2

hY 12ihY 23ihY 31i+
hY d2Y ih134i2

hY 13ihY 34ihY 41i+
hY d2Y ih145i2

hY 14ihY 45ihY 51i+
hY d2Y ih156i2

hY 15ihY 56ihY 61i

hY i i+ 1i = 0✤ Consider a point inside a polygon in projective plane

Point inside the polygon

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = C · Z

Space of all points
inside convex polygon

Y = c1Z1 + c2Z2 + . . . cnZn

C =
�
c1 c2 c3 . . . cn

�
2 G+(1, n)

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A 2 M + (3, n)

More formally:

Spurious poles
Cancel in the sum



Logarithmic form

✤ Now it makes sense to sum them

✤ Boundaries of the polygon are 

⌦ =
hY d2Y ih123i2

hY 12ihY 23ihY 31i+
hY d2Y ih134i2

hY 13ihY 34ihY 41i+
hY d2Y ih145i2

hY 14ihY 45ihY 51i+
hY d2Y ih156i2

hY 15ihY 56ihY 61i

hY i i+ 1i = 0✤ Consider a point inside a polygon in projective plane

Point inside the polygon

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = C · Z

Space of all points
inside convex polygon

Y = c1Z1 + c2Z2 + . . . cnZn

C =
�
c1 c2 c3 . . . cn

�
2 G+(1, n)

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A 2 M + (3, n)

More formally:

⌦ =
hY d2Y iN (Y, Zj)

hY 12ihY 23ihY 34ihY 45ihY 56ihY 61i



✤ The numerator has special properties

✤ These conditions fix the numerator without triangulation

Numerator of the form

⌦ =
hY d2Y iN (Y, Zj)

hY 12ihY 23ihY 34ihY 45ihY 56ihY 61i

✤ Consider a point inside a polygon in projective plane

Point inside the polygon

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = C · Z

Space of all points
inside convex polygon

Y = c1Z1 + c2Z2 + . . . cnZn

C =
�
c1 c2 c3 . . . cn

�
2 G+(1, n)

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A 2 M + (3, n)

More formally:

0 0
Denominator generates pole
Numerator must vanish at this point



Similarities with on-shell diagrams

✤ Notice some similarities with recursion relations and 
on-shell diagrams✤ Consider a point inside a polygon in projective plane

Point inside the polygon

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = C · Z

Space of all points
inside convex polygon

Y = c1Z1 + c2Z2 + . . . cnZn

C =
�
c1 c2 c3 . . . cn

�
2 G+(1, n)

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A 2 M + (3, n)

More formally:

C =
�
1 0 0 c4 c5 0

�
2 G+(1, 6)

⌦ =
dc4
c4

dc5
c5

⌦ =
hY d2Y ih145i2

hY 14ihY 45ihY 51i

Y = C · Z �(C · Z)

looks similar

On-shell diagrams: 
supersymmetric, no Y



From Y to supersymmetry

✤ Let us take the form for the triangle

✤ Rewrite external Z:

✤ Also define 

⌦ =
hY d2Y ih123i2

hY 12ihY 23ihY 31i

Zj =

0

B@
z(1)j

z(2)j

(� · ⌘j)

1

CA

zj 2 P2

⌘Aj

�A
A = 1, 2

bosonic

auxiliary

ferimionic

Y0 =

0

@
0
0
1

1

A Consider
Effectively set: Y = Y0

Z
⌦ �(Y � Y0)



From Y to supersymmetry

h123i !

�������

z(1)1 z(1)2 z(1)3

z(2)1 z(2)2 z(2)3

(� · ⌘1) (� · ⌘2) (� · ⌘3)

�������
=

h12i(� · ⌘3)
+h23i(� · ⌘1)
+h31i(� · ⌘2)

Zj =

0

B@
z(1)j

z(2)j

(� · ⌘j)

1

CA

hY 23i !

�������

0 z(1)2 z(1)3

0 z(2)2 z(2)3

1 (� · ⌘2) (� · ⌘3)

�������
= h23i

hY 12i !

�������

0 z(1)1 z(1)2

0 z(2)1 z(2)2

1 (� · ⌘1) (� · ⌘2)

�������
= h12i

hY 31i !

�������

0 z(1)3 z(1)1

0 z(2)3 z(2)1

1 (� · ⌘3) (� · ⌘1)

�������
= h31i hiji = ✏abz

a
i z

b
j

Calculate:

where new invariants are

Old variables



From Y to supersymmetry

✤ We plug them into the form for triangle:

✤ Final step: integrate over     :

hY d2Y ih123i2

hY 12ihY 23ihY 31i ! (h12i(� · ⌘3) + h23i(� · ⌘1) + h31i(� · ⌘2))2

h12ih23ih31i

Z
d2�

Z
⌦ �(Y � Y0) =

(h12i⌘3 + h23i⌘1 + h31i⌘2)2

h12ih23ih31i

�



From Y to supersymmetry

✤ We plug them into the form for triangle:

✤ Final step: integrate over     :

hY d2Y ih123i2

hY 12ihY 23ihY 31i ! (h12i(� · ⌘3) + h23i(� · ⌘1) + h31i(� · ⌘2))2

h12ih23ih31i

Z
d2�

Z
⌦ �(Y � Y0) =

(h12i⌘3 + h23i⌘1 + h31i⌘2)2

h12ih23ih31i

�

This remind the
Yangian invariant:

(h1234i⌘5 + h2345i⌘1 + h3451i⌘2 + h4512i⌘3 + h5123i⌘4)4

h1234ih2345ih3451ih4512ih5123i



From Y to supersymmetry

✤ We plug them into the form for triangle:

✤ Final step: integrate over     :

hY d2Y ih123i2

hY 12ihY 23ihY 31i ! (h12i(� · ⌘3) + h23i(� · ⌘1) + h31i(� · ⌘2))2

h12ih23ih31i

Z
d2�

Z
⌦ �(Y � Y0) =

(h12i⌘3 + h23i⌘1 + h31i⌘2)2

h12ih23ih31i

�

Yangian: SL(4|4) ! SL(2|2)



Repeating exercise

✤ We can repeat the exercise: 

Inside of the triangle

✤ Point inside the triangle

✤ Point inside the triangle
Z1

Z2

Z3
Y

Zj ⇠ tZj

We can 
also fix 

Y = c1Z1 + c2Z2 + c3Z3 c1, c2, c3 > 0

Projecte: one of      can be fixed to 1cj

Zj =

0

@
⇤
⇤
⇤

1

A

Zj =

0

@
1
aj
bj

1

A
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that recover the complete hyperbolic structure. A case-by-case analysis shows that this ex-
ample admits an index structure, thus the index IT exists. This example appears in [HRS,
Example 7.7]. We thank H. Segerman for a detailed analysis of this example.

2.4. On the topological invariance of the index. Physics predicts that when defined,
the 3D index IT depends only on the underlying 3-manifold M . Recall that [HRS] prove
that every hyperbolic 3-manifold M that satisfies

(2.9) H1(M,Z/2) → H1(M, ∂M,Z/2) is the zero map

(eg. a hyperbolic link complement) admits an ideal triangulation with a strict angle struc-
ture, and conversely if M has an ideal triangulation with a strict angle structure, then M is
irreducible, atoroidal and every boundary component of M is a torus [LT08].

A simple way to construct a topological invariant using the index, would be a map

M "→ {IT | T ∈ SM}

where M is a cusped hyperbolic 3-manifold with at least one cusp and SM is the set of ideal
triangulations of M that support an index structure. The latter is a nonempty (generally
infinite) set by [HRS], assuming that M satisfies (2.9). If we want a finite set, we can use
the subset SEP

M of ideal triangulations T of M which are a refinement of the Epstein-Penner
cell-decomposition of M . Again, [HRS] implies that SEP

M is nonempty assuming (2.9). But
really, we would prefer a single 3D index for a cusped manifold M , rather than a finite
collection of 3D indices.

It is known that every two combinatorial ideal triangulations of a 3-manifold are related
by a sequence of 2-3 moves [Mat87, Mat07, Pie88]. Thus, topological invariance of the 3D
index follows from invariance under 2-3 moves.

Consider two ideal triangulations T and T̃ with N and N+1 tetrahedra related by a 2−3
move shown in Figure 1.

Figure 1. A 2–3 move: a bipyramid split into N tetrahedra for T and N + 1 tetrahedra for

T̃ .

Proposition 2.13. If T̃ admits a strict angle structure structure, so does T and IT̃ = IT .

For the next proposition, a special index structure on T is given in Definition 6.2.

Z1 Z2

Z3

Z4Z5

Y

Point inside triangle Point inside simplex

(h12i⌘3 + h23i⌘1 + h31i⌘2)2

h12ih23ih31i
(h1234i⌘5 + h2345i⌘1 + h3451i⌘2 + h4512i⌘3 + h5123i⌘4)4

h1234ih2345ih3451ih4512ih5123i



Amplituhedron



✤ Inside of polygon:

✤ Form with logarithmic singularities on boundaries 

✤ Kinematics

Polygon

Y = C · Z C =
�
⇤ ⇤ . . . ⇤

�
2 G+(1, n)

Z =
�
Z1 Z2 . . . Zn

�
2 M+(3, n)

⌦

Zj =

✓
zj

(� · ⌘j)

◆
Y0 =

0

@
0
0
1

1

A A =

Z
d2�

Z
⌦ �(Y � Y0)

Final result



✤ Inside of polygon:

✤ Form with logarithmic singularities on boundaries 

✤ Kinematics

Tree-level amplitudes

Y = C · Z

⌦

Final result

C =

0

B@
⇤ ⇤ . . . ⇤
...

...
...

...
⇤ ⇤ . . . ⇤

1

CA 2 G+(k, n)

Z =
�
Z1 Z2 . . . Zn

�
2 M+(k + 4, n)

Zj =

0

BBB@

zj
(�1 · ⌘j)

...
(�k · ⌘j)

1

CCCA
Y0 =

✓
O4⇥4

1k⇥k

◆
A =

Z
d4�1 . . . d

4�k

Z
⌦ �(Y � Y0)

An,kTree-level amplitude in N=4 SYM



Loop amplitudes

✤ Generalization to loops

C =

0

B@
⇤ ⇤ . . . ⇤
...

...
...

...
⇤ ⇤ . . . ⇤

1

CA C =

0

BBB@

C
D1
...
D`

1

CCCA

Y = C · Z

0

BBB@

C
Di1
...

Dim

1

CCCA
2 G+(k + 2m,n)

such
that for all 

Integrand of amplitudes in planar N=4 SYM 

0  m  `

I`�loop

n,k



Triangulation
1/9/16, 5:58 PM
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M`�loop

n,k

⌦

logarithmic
singularities

space specified
by a set of 

inequalities



Triangulation

triangulate in 
terms of “simplices”

⌦0 ⇠ dx

x

for each

Set of regions:
cover the whole space
each region specified by

fj 2 (0,1)

sum
them

1/9/16, 5:58 PM
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space specified
by a set of 
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⌦

logarithmic
singularities

M`�loop

n,k



Triangulation

triangulate in 
terms of “simplices”

⌦0 ⇠ dx

x

for each

Set of regions:
cover the whole space
each region specified by

fj 2 (0,1)

sum
them

1/9/16, 5:58 PM

Page 1 of 1https://upload.wikimedia.org/wikipedia/commons/e/e0/5-simplex_t1_A4.svg

space specified
by a set of 

inequalities

⌦

logarithmic
singularities

M`�loop

n,k

One explicit example:
4pt scattering to all loops



High school problem gg ! gg



✤ Positive quadrant 

High school problem gg ! gg



✤ Positive quadrant 

✤ Vectors

High school problem gg ! gg

~a1 =

✓
x1

y1

◆
~b1 =

✓
z1
w1

◆

Vol (1) =

dx1

x1

dy1

y1

dz1

z1

dw1

w1
=



✤ Change of variables

High school problem

`⇤ =
[12]

[24]
�1

e�4

x1 =
`

2

(`� `

⇤)2
=

hAB41i
hAB13i

y1 =
(`+ k1)2

(`� `⇤)2
=

hAB12i
hAB13i

z1 =
(`+ k1 + k2)2

(`� `⇤)2
=

hAB23i
hAB13i

w1 =
(`� k4)2

(`� `⇤)2
=

hAB34i
hAB13i

where

Exactly the same expressions
true for all loops



✤ Positive quadrant 

✤ Vectors

High school problem gg ! gg

~a1 =

✓
x1

y1

◆
~b1 =

✓
z1
w1

◆

Vol (1) =

dx1

x1

dy1

y1

dz1

z1

dw1

w1
=



✤ Positive quadrant 

✤ Vectors

High school problem gg ! gg

~a2 =

✓
x2

y2

◆
~b2 =

✓
z2
w2

◆
~a1 =

✓
x1

y1

◆
~b1 =

✓
z1
w1

◆

⇥
[Vol (1)]

2
=

dx1

x1

dy1

y1

dz1

z1

dw1

w1

dx2

x2

dy2

y2

dz2

z2

dw2

w2
=



High school problem

✤ Positive quadrant 

✤ Vectors

gg ! gg

~a2 =

✓
x2

y2

◆
~b2 =

✓
z2
w2

◆
~a1 =

✓
x1

y1

◆
~b1 =

✓
z1
w1

◆

✤ Impose: (~a2 � ~a1) · (~b2 �~b1)  0

�

� > 90o

Subset of configurations allowed: triangulate



High school problem

✤ Positive quadrant 

✤ Vectors

gg ! gg

~a2 =

✓
x2

y2

◆
~b2 =

✓
z2
w2

◆
~a1 =

✓
x1

y1

◆
~b1 =

✓
z1
w1

◆

�

Vol (2) =

dx1

x1

dy1

y1

dz1

z1

dw1

w1

dx2

x2

dy2

y2

dz2

z2

dw2

w2

"
~a1 ·~b2 + ~a2 ·~b1

(~a2 � ~a1) · (~b2 �~

b1)

#



High school problem

✤ Positive quadrant 

✤ Vectors

gg ! gg

~a2 =

✓
x2

y2

◆
~b2 =

✓
z2
w2

◆
~a1 =

✓
x1

y1

◆
~b1 =

✓
z1
w1

◆

Vol (2) =

�



High school problem

✤ Positive quadrant 

✤ Vectors

gg ! gg

(~a1 � ~a2) · (~b1 �~b2)  0

(~a1 � ~a3) · (~b1 �~b3)  0

(~a2 � ~a3) · (~b2 �~b3)  0

~a1,~a2,~a3 ~b1,~b2,~b3

✤ Conditions

Vol (3) =



High school problem

✤ Positive quadrant 

✤ Vectors

gg ! gg

✤ Conditions

~b1,~b2, . . . ,~b`~a1,~a2, . . . ,~a`

(~ai � ~aj) · (~bi �~bj)  0

i, jfor all pairs
Vol (`) = . . . . . .

Let me know if you solve it!



Why true?

✤ No QFT proof because it is not QFT but geometry

✤ It is correct: the result satisfies locality and unitarity

✤ Also check against results in the literature



Amplituhedron
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Physics vs geometry

✤ Dynamical particle interactions in 4-dimensions

✤ Static geometry in high                                       
dimensional space



At the intersection

✤ Fascinating connection between fields which have

Predictions of 
particle collisions 
for experiments

✓
⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤

◆
2 G+(2, 5)

Combinatorics
Algebraic geometry

never interacted so far



Amplitudes

✤ This is one of the directions in fast developing field

✤ Scattering equations, BCJ duality, string amplitudes, 
supergravity finiteness, hexagon bootstrap, cluster 
polylogarithms, LHC calculations,….. 
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See you there!



Thank you for your attention




