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Review of Lecture 1



Spinor helicity variables

✤ Rewrite the four component momentum

✤ Little group scaling 

✤ Invariants

pµ1 = �µ
aȧ �1a

e�1ȧ

h12i ⌘ ✏ab�1a�2b [12] ⌘ ✏ȧḃ
e�1ȧ

e�2ḃ

s12 = h12i[12]

� ! t�

e� ! 1

t
e�

p ! p



Three point amplitudes

✤ Three point kinematics 

✤ Two solutions: 

p21 = p22 = p23 = 0 p1 + p2 + p3 = 0

h12i = h23i = h13i = 0

�1 ⇠ �2 ⇠ �3

[12] = [23] = [13] = 0

e�1 ⇠ e�2 ⇠ e�3

No solution for real momenta(��+)

ha bi4

h12ih23ih31i

(+ +�)

[ab]4

[12][23][31]
Yang-Mills amplitudes



Tree-level amplitudes

✤ Locality and unitarity

✤ On-shell constructibility: amplitude fixed by poles

✤ Color decomposition

M ���!
P 2=0

ML
1

P 2
MR

M =
X

�

Tr(T �1T �2T �3 . . . T �n)A(123 . . . n)



Recursion relations



Tree level amplitudes

✤ Tree-level amplitude is a rational function of kinematics

✤ Only poles, no branch cuts

✤ Gauge invariant object: use spinor helicity variables

momenta
polarization vectors

Pj =
X

k

pk

Feynman propagators

A =
X

(Feyn. diag) =
NQ
j P

2
j



Momentum shift

✤ Let us shift two external momenta

✤ Momentum is conserved, stays on-shell

✤ This corresponds to shifting 

e�2 ! e�2 + ze�1

�1 ! �1 � z�2

(�1 � z�2)e�1 + �2(e�2 + ze�1) = �1
e�1 + �2

e�2

e�1 ! e�1

�2 ! �2

p1, p2, ✏1, ✏2



Shifted amplitude

✤ On-shell tree-level amplitude with shifted kinematics

✤ Analytic structure

✤ Location of poles: 

An(z) = A(p̂1(z), p̂2(z), p3, . . . , pn)

Pj(z) = Pj

Pj(z) = Pj � z�2
e�1 p1 2 Pj

p2 2 Pj

if

if

otherwise

Pj(z) = Pj + z�2
e�1

An(z) =
N(z)Q
j Pj(z)2



Shifted amplitude

✤ On the pole if 

✤ Shifted amplitude: 

p1 2 Pj

Pj(z)
2 = P 2

j � 2zh1|Pj |2] = 0

An(z) =
N(z)Q
j Pj(z)2

location of poles

z =
P 2
j

2h1|Pj |2]
⌘ zj



Residue theorem

✤ Shifted amplitude

✤ Let us consider the contour integral

✤ Original amplitude 

✤ Residue theorem: 

Z
dz

z
An(z) = 0

An = An(z = 0)

An(z) =
N(z)Q

k(z � zk)

An +
X

k

Res

✓
An(z)

z

◆ �����
z=zk

= 0

No pole at z ! 1

Residue at 
z = 0



Residue theorem

✤ Unitarity of shifted tree-level amplitude

An = �
X

k

Res

✓
An(z)

z

◆ �����
z=zk

Residue on the pole 

An(z) ������!
Pj(z)2=0

AL(z)
1

Pj(z)2
AR(z)

Pj(z)
2 = 0



Residue theorem

✤ Unitarity of shifted tree-level amplitude

An = �
X

k

Res

✓
An(z)

z

◆ �����
z=zk

Residue on the pole Pj(z)
2 = 2h1|Pj |2](zj � z) = 0

zj =
P 2
j

2h1|Pj |2]

An(z) ���!
z=zj

AL(zj)
1

2h1|Pj |2]
AR(zj)



Residue theorem

An = �
X

k

Res

✓
An(z)

z

◆ �����
z=zk

AL(zj)
1

2h1|Pj |2]
AR(zj)⇥

2h1|Pj |2]
P 2
j

= AL(zj)
1

P 2
j

AR(zj)

An = �
X

j

AL(zj)
1

P 2
j

AR(zj)

Final formula

zj =
P 2
j

2h1|Pj |2]



BCFW recursion relations

An = �
X

j

AL(zj)
1

P 2
j

AR(zj) zj =
P 2
j

2h1|Pj |2]

2 2̂

Chosen such
that internal

line is on-shell

Sum over all distributions of legs keeping 1,2 on different sides 

(Britto, Cachazo, Feng, Witten, 2005)



j

BCFW recursion relations

An = �
X

j

AL(zj)
1

P 2
j

AR(zj) zj =
P 2
j

2h1|Pj |2]

2 2̂

j + 1

For ordered amplitudes A(123 . . . n)

Sum over all j = 3, 4, . . . n� 1

Also sum over
helicities of 

internal particle

(Britto, Cachazo, Feng, Witten, 2005)



Comment on applicability

✤ The crucial property is                      for 

✤ In Yang-Mills theory this is satisfied if 

✤ Same is true for Einstein gravity, and many others

✤ This means that amplitudes in these theories are fully 
specified by residues on their poles

An(z) ! 0 z ! 1

�1 ! �1 � z�2

e�2 ! e�2 + ze�1

Helicity +
Helicity -



Example 1: 4pt amplitude

✤ Let us consider amplitude of gluons

P+P�
Only one term 

contributes

A4(1
+2�3�4+)

1̂+ 2̂�

3�4+

�̂1 = �1 � z�2

ê�2 = e�2 + ze�1

z takes the value when
P is on-shell momentum

[1̂4]3

[1̂P ][4P ]

1

s23

h2̂3i3

h2̂P ih3P i



Example 1: 4pt amplitude

✤ Let us consider amplitude of gluons A4(1
+2�3�4+)

P 2 = h1̂4i[14] = 0

h1̂4i = h14i � zh24i = 0 z =
h14i
h24i

�̂1 = �1 � z�2 = �1 �
h14i
h24i�2 =

h12i
h24i�4

We can now rewrite

e�2 = e�2 + ze�1 =
[12]

[13]
e�3

Shouten identity

Use of momentum 
conservation



Example 1: 4pt amplitude

✤ Let us consider amplitude of gluons A4(1
+2�3�4+)

�̂1 =
h12i
h24i�4

P = �̂1
e�1 + �4

e�4 = �4

✓
h12i
h24i

e�1 + e�4

◆
Calculate on-shell momentum P

e�P =
h23i
h24i

e�3
�P = �4



Example 1: 4pt amplitude

✤ Let us consider amplitude of gluons

P+P�

A4(1
+2�3�4+)

1̂+ 2̂�

3�4+

[1̂4]3

[1̂P ][4P ]

h2̂3i3

h2̂P ih3P i

�̂1 =
h12i
h24i�4

ê�2 =
[12]

[13]
e�3

�P = �4

e�P =
h23i
h24i

e�3

1

s23



Example 1: 4pt amplitude

✤ Let us consider amplitude of gluons

P+P�

A4(1
+2�3�4+)

1̂+ 2̂�

3�4+ �̂1 =
h12i
h24i�4

ê�2 =
[12]

[13]
e�3

�P = �4

e�P =
h23i
h24i

e�3

=
h23i4

h12ih23ih34ih41i

[1̂4]3

[1̂P ][4P ]

1

s23

h2̂3i3

h2̂P ih3P i



Example 1: 4pt amplitude

✤ Let us consider amplitude of gluons

P+P�

A4(1
+2�3�4+)

1̂+ 2̂�

3�4+

One gauge invariant
object equivalent to

three Feynman diagrams



✤ Let us consider                                       and shift legs 3,4

 

Example 2: 6pt amplitude

A6(1
�2�3�4+5+6+)

4 4 4

3 3 3

(a) (b) (c)

1
56

1

2
1 2

6

5
5

6

2 __

_

_
_

_ _ _
_

+
++

+ +
+

++

__

+
+

+

Fig. 2: Configurations contributing to the six-gluon amplitude A6(1
−, 2−, 3−, 4+, 5+, 6+).

Note that (a) and (c) are related by a flip and a conjugation. (b) vanishes for either

helicity configuration of the internal line.

This is shown in fig. 2. Note that for this helicity configuration, the middle graph

vanishes. Therefore, we are left with only two graphs to evaluate. Moreover, the two

graphs are related by a flip of indices composed with a conjugation. Therefore, only one

computation is needed.

Let us compute in detail the contribution coming from the first graph shown in

fig. 2(a). The contribution of this term is given by the product of two MHV amplitudes

times a propagator,

(
⟨2 3̂⟩3

⟨3̂ P̂ ⟩⟨P̂ 2⟩

)
1

t[2]2

(
⟨1 P̂ ⟩3

⟨P̂ 4̂⟩⟨4̂ 5⟩⟨5 6⟩⟨6 1⟩

)

. (2.6)

This formula can be simplified by noting that

λ
3̂

= λ3,

λ
4̂

= λ4 −
t[2]2

⟨3 2⟩[2 4]
λ3,

⟨• P̂ ⟩ = −
⟨•|2 + 3|4]

[P̂ 4]
.

(2.7)

Using (2.7) it is straightforward to find (2.6)

⟨1|2 + 3|4]3

[2 3][3 4]⟨5 6⟩⟨6 1⟩t[3]2 ⟨5|3 + 4|2]
. (2.8)

7

h1|2 + 3|4]3

[23][34]h56ih61is234h5|3 + 4|2]
h1|2 + 3|4] = h12i[24] + h13i[34]

vs
220 Feynman

diagrams



✤ Let us consider                                       and shift legs 3,4

 

Example 2: 6pt amplitude

A6(1
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Fig. 2: Configurations contributing to the six-gluon amplitude A6(1
−, 2−, 3−, 4+, 5+, 6+).

Note that (a) and (c) are related by a flip and a conjugation. (b) vanishes for either

helicity configuration of the internal line.

This is shown in fig. 2. Note that for this helicity configuration, the middle graph

vanishes. Therefore, we are left with only two graphs to evaluate. Moreover, the two

graphs are related by a flip of indices composed with a conjugation. Therefore, only one

computation is needed.

Let us compute in detail the contribution coming from the first graph shown in

fig. 2(a). The contribution of this term is given by the product of two MHV amplitudes

times a propagator,

(
⟨2 3̂⟩3

⟨3̂ P̂ ⟩⟨P̂ 2⟩

)
1

t[2]2

(
⟨1 P̂ ⟩3

⟨P̂ 4̂⟩⟨4̂ 5⟩⟨5 6⟩⟨6 1⟩

)

. (2.6)

This formula can be simplified by noting that

λ
3̂

= λ3,

λ
4̂

= λ4 −
t[2]2

⟨3 2⟩[2 4]
λ3,

⟨• P̂ ⟩ = −
⟨•|2 + 3|4]

[P̂ 4]
.

(2.7)

Using (2.7) it is straightforward to find (2.6)

⟨1|2 + 3|4]3

[2 3][3 4]⟨5 6⟩⟨6 1⟩t[3]2 ⟨5|3 + 4|2]
. (2.8)

7

h1|2 + 3|4]3

[23][34]h56ih61is234h5|3 + 4|2] Spurious pole



Remark on BCFW

✤ Extremely efficient (3 vs 220 for 6pt, 20 vs 34300 for 8pt)

✤ Terms in BCFW recursion relations

✤ Amplitude = sum of these terms dictated by unitarity

✤ Note: not all factorization channels are present

Gauge invariant
Spurious poles

when 1,2 are on the same side



Unitarity methods



One-loop amplitudes

✤ Sum of Feynman diagrams

✤ Re-express as basis of canonical integrals

M1�loop =
X

j

Z
dI

j

dIj = d4` Ijwhere

M1�loop =
X

j

a
j

Z
dI(4)

j

+
X

j

b
j

Z
dI(3)

j

+
X

j

c
j

Z
dI(2)

j

+R

Box Triangle Bubble

Rational



✤ Box integral

✤ Triangle and box integrals

I =
d4` s

`2(`+ k1 + k2)2

One loop amplitudes
Singularities of loop integrals

I Example: box integral

1

2 3

4

I =
d4` st

`2(`+ k
1

)2(`+ k
1

+ k
2

)2(`� k
4

)2

I Examples of integrals with non-logarithmic singularities:

I =
d4`

(`2)2(`+ k
1

)2(`+ k
1

+ k
2

)2
, I =

d4`

`2(`+ k
1

)2(`+ k
2

)2(`+ k
3

)2

I At higher loops: multiple poles
! Special numerator needed to cancel them.

Poles at infinity

• Example: triangle integral

1

2

3

4
I =

d4` s

`2(`+ k
1

)2(`+ k
1

+ k
2

)2

I Triple cut: `2 = (`+ k
1

)2 = (`+ k
1

+ k
2

)2 = 0

I Solution: `� k
1

= ↵�
1

f�
2

I Residue on this cut: I =
d↵

↵

I Pole for ↵ ! 1 which implies ` ! 1.

Tadpoles and 
other integrals

Vanish in dim reg

1

2 3

4



✤ Box integral

✤ Triangle and box integrals

I =
d4` s

`2(`+ k1 + k2)2

One loop amplitudes
Singularities of loop integrals

I Example: box integral

1

2 3

4

I =
d4` st

`2(`+ k
1

)2(`+ k
1

+ k
2

)2(`� k
4

)2

I Examples of integrals with non-logarithmic singularities:

I =
d4`

(`2)2(`+ k
1

)2(`+ k
1

+ k
2

)2
, I =

d4`

`2(`+ k
1

)2(`+ k
2

)2(`+ k
3

)2

I At higher loops: multiple poles
! Special numerator needed to cancel them.

Poles at infinity

• Example: triangle integral

1

2

3

4
I =

d4` s

`2(`+ k
1

)2(`+ k
1

+ k
2

)2

I Triple cut: `2 = (`+ k
1

)2 = (`+ k
1

+ k
2

)2 = 0

I Solution: `� k
1

= ↵�
1

f�
2

I Residue on this cut: I =
d↵

↵

I Pole for ↵ ! 1 which implies ` ! 1.

Tadpoles and 
other integrals

Vanish in dim reg

1

2 3

4

UV divergent



(Super) Yang Mills amplitudes

✤ One-loop expansion in SYM theory

M =

X
Boxes +

X
Triangle +

X
Bubble + Rational

Pure Yang-Mills



(Super) Yang Mills amplitudes

✤ One-loop expansion in SYM theory

M =

X
Boxes +

X
Triangle +

X
Bubble + Rational

N=1 and N=2 Super Yang-Mills



(Super) Yang Mills amplitudes

✤ One-loop expansion in SYM theory

✤ Note that it is UV finite at 1-loop, but also all loops

M =

X
Boxes +

X
Triangle +

X
Bubble + Rational

N=4 Super Yang-Mills



One loop expansion

✤ One-loop expansion

M =

X

j

ajBoxesj +
X

j

bjTrianglej +
X

j

cjBubblej +Rational



One loop expansion

✤ One-loop expansion

M =

X

j

ajBoxesj +
X

j

bjTrianglej +
X

j

cjBubblej +Rational

How to calculate
these coefficients?

How to calculate
this function?



One loop expansion

✤ One-loop expansion

M =

X

j

ajBoxesj +
X

j

bjTrianglej +
X

j

cjBubblej +Rational

How to calculate
these coefficients?

How to calculate
this function?

Unitarity methods



One loop unitarity

✤ Analogue of tree-level unitarity at one-loop

✤ In general

M1�loop ���������!
`

2=(`+Q)2=0
Mtree

L

1

`2(`+Q)2
Mtree

R

Unitarity cut

Cut $ `2 = 0



One-loop unitarity

✤ Higher cuts 

`2 = (`+Q1)
2 = (`+Q2)

2 = 0

Triple cut Quadruple cut
`2 = (`+Q1)

2 = (`+Q2)
2 = (`+Q3)

2 = 0



Fixing coefficients

✤ Perform cut on both side of equation

✤ Example: Quadruple cut - only one box contributes

✤ All coefficients               can be obtained

M =

X

j

ajBoxesj +
X

j

bjTrianglej +
X

j

cjBubblej +Rational

Product of trees

Mtree
1 Mtree

2 Mtree
3 Mtree

4 = aj

aj , bj , cj

Linear combination of coefficients



Unitarity methods

✤ We can iterate both types of cuts

✤ Stop when all propagators are cut: maximal cut

 

Product of 3pt on-shell amplitudes

Which 3pt amplitude?
Default answer: sum over all possibilities

Wait until next lecture for more….

(Bern, Dixon, Kosower)



Unitarity methods

✤ Expansion of the amplitude

✤ Very successful method for loop amplitudes in 
different theories

✤ Practical problems:                                  

M`�loop =
X

j

a
j

Z
dI

j

Cuts give product
of trees

Linear combinations
of coefficients aj

Find basis of integrals
Solve (long) system of equations

(Bern, Dixon, Kosower)



Unitarity methods

✤ Results in susy theories and QCD

1 (i) 4

32

5

6

(h)

2

41

3

5

7 6

1 4(g)

2 3

5

(f)1

2 3

4

5

(e) 41

2 3

5

3

(d)

2

41

(a)

32

1 4 4(b)

32

1

2

4(c)1

3

Basis of integrals for 3-loop amplitudes 
in N=4 SYM and N=8 SUGRA Black Hat



Leading singularity

✤ Maximal cut: number of propagators cut 

✤ Number of degrees of freedom in loop momenta 

✤ For example: n=4 we can cut only                       times

✤ Residue depends on remaining degrees of freedom

P  3L+ n� 3

4L

3L+ 1 < 4L

This function has poles in ↵j

Calculate residue until all        are fixed

G(pk)

↵j

M Maxcut�����! F (↵j , pk)

Leading singularity

(Cachazo)



On-shell good, off-shell bad

✤ Feynman diagrams: off-shell objects

✤ Unitarity methods:

✤ Recursion relations

✤ Next direction: loosing manifest locality and unitarity

Off-shell objects

On-shell objects

Cut[M] = Cut[Basis of integrals]

M ⇠ ML MR

Locality
Unitarity

On-shell objects

Locality lost
Unitarity



Toy model: Planar N=4 SYM



New framework

✤ Motivation: find different formulation of amplitudes

✤ Looking for a different starting point

Lagrangians
Fields

Locality 
Unitarity



New framework

✤ Motivation: find different formulation of amplitudes

✤ Looking for a different starting point

Lagrangians
Fields

Locality 
Unitarity

Hidden
properties



New framework

✤ Motivation: find different formulation of amplitudes

✤ Looking for a different starting point

Lagrangians
Fields

Locality 
Unitarity

Hidden
properties

Geometric
picture



Toy model

✤ This is a great success; is there a deeper structure?

✤ Time-proven method: study a toy model first

Four-dimensional interacting theory

Close to the real world (QCD) as much as possible

Ability to generate plenty of explicit results

Wish list:



Planar N=4 Super Yang-Mills theory

✤ Conformal, convergent series

✤ Great toy model for QCD

✤ Past: new methods for amplitudes originated here

Tree-level amplitudes identical

Loop amplitudes simpler, structures similar

But, no confinement :(

(Brink-Scherk-Schwarz 1977)



Many faces of the theory

✤ Useful playground for many theoretical ideas

Integrability
Yangian

AdS/CFT
Strong coupling

Wilson loops
OPE expansion

Twistor string
Hexagon 
bootstrap

BDS ansatz



Amplitudes in N=4 SYM

✤ N=4 superfield

✤ Superamplitudes: 

✤ Planarity = single trace approx, ordered particles

� = G++ ⌘̃A�A+
1

2
⌘̃A⌘̃BSAB +

1

6
✏ABCD⌘̃A⌘̃B ⌘̃C�

D
+

1

24
✏ABCD⌘̃A⌘̃B ⌘̃C ⌘̃DG�

An =
n�2X

k=2

An,k

⌘̃4kComponent amplitudes with power 



Simple amplitudes

✤ Comparison: Feynman diagrams vs unitary methods
Number of 

graphs

87 vs 1

gg ! gg

1000 vs 2⇠



Dual variables

✤ Generally, each diagram has its own variables

✤ Planar limit: dual variables

No global loop momenta
Each diagram: its own labels

2

I
2

(`) ⌘ d

4

`

`

2(`+ p

2

+ p

3

)2
; I

3

(`) ⌘ d

4

` (p
1

+ p

2

)2

`

2(`+ p

2

)2(`� p

1

)2
;

I
4

(`) ⌘ d

4

` (p
1

+ p

2

)2(p
2

+ p

3

)2

`

2(`+ p

2

)2(`+ p

2

+ p

3

)2(`� p

1

)2
. (2)

While the bubble integration measure is not logarithmic,
it is known (see e.g. [8]) that the box can be written in
dlog-form, I

4

(↵)=dlog(↵
1

) ^ · · · ^ dlog(↵
4

), via:

↵

1

⌘`

2

/(` `

⇤)2, ↵

3

⌘(`+p

2

+p

3

)2/(` `

⇤)2,
↵

2

⌘(`+p

2

)2/(` `

⇤)2, ↵

4

⌘(` p

1

)2/(` `

⇤)2,
(3)

where `

⇤ ⌘ h23i
h31i�1

e
�

2

is one of the quad-cuts of the box.
Similarly, the triangle can also be written in dlog-form,
I
3

(↵)=dlog(↵
1

) ^ · · · ^ dlog(↵
4

), via:

↵

1

⌘`

2

, ↵

2

⌘(`+p

2

)2, ↵
3

⌘(` p

1

)2, ↵
4

⌘(` · `⇤), (4)

where `

⇤⌘�

1

e
�

2

.
Notice that while both the triangle and box integrals

are logarithmic, only the box is free of a pole at ` 7!1.
And while both integrals are UV-finite (unlike the bub-
ble), poles at infinity could possibly signal bad UV be-
havior. Although the absence of poles at infinity may
not be strictly necessary for finiteness, the amplitudes
for both N = 4 SYM and N =8 SUGRA are remarkably
free of such poles through at least two-loops.
There are many reasons to expect that loop amplitudes

which are logarithmic have uniform (maximal) transcen-
dentality; and integrands free of any poles at infinity are
almost certainly UV-finite. This makes it natural to to
ask whether these properties can be seen term-by-term
at the level of the integrand.

LOGARITHMIC FORM OF THE TWO-LOOP
FOUR-POINT AMPLITUDE IN N =4 AND N =8

Our experience with planar N = 4 SYM suggests that
the natural representation of the integrand which makes
logarithmic singularities manifest in terms of on-shell di-
agrams, which are not in general manifestly local term-
by-term. However at low loop-order, it has also been
possible to see logarithmic singularities explicitly in par-
ticularly nice local expansions [18, 19]. Since we don’t yet
have an on-shell reformulation of ‘the’ integrand beyond
the planar limit (which may or may not be clearly defined
for non-planar amplitudes) we will content ourselves here
with an investigation of the singularity structure starting
with known local expansions of two-loop amplitudes.
The four-point, two-loop amplitude in N =4 SYM and

N =8 SUGRA has been known for some time, [20]. It is
usually given in terms of two integrand topologies—one
planar, one non-planar—and can be written as follows:
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While the representation (5) is correct, it obscures

the fact that the amplitudes are ultimately logarithmic,
maximally transcendental, and free of any poles at
infinity. This is because the non-planar integral’s

measure, I(NP )

� , is not itself logarithmic. We will show
this explicitly below by successively taking residues until
a double-pole is encountered; but it is also evidenced
by the fact that its evaluation (using e.g. dimensional
regularization) is not of uniform transcendentality,
[21]. These unpleasantries are of course cancelled in
combination, but we would like to find an alternate
representation of (5) which makes this fact manifest
term-by-term. Before providing such a representation,
let us first show that the planar double-box integrand
can be put into dlog-form, and then describe how the
non-planar integrands can be modified in a way which
makes them manifestly logarithmic.
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Notice that while both the triangle and box integrals

are logarithmic, only the box is free of a pole at ` 7!1.
And while both integrals are UV-finite (unlike the bub-
ble), poles at infinity could possibly signal bad UV be-
havior. Although the absence of poles at infinity may
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free of such poles through at least two-loops.
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`1 = (x3 � y1) `2 = (y2 � x3)
etc

Global variables



Integrand

✤ Using these variables: define a single function

✤ Ideal object to study: rational function, no divergencies

✤ Standard wisdom: 

✤ Planar N=4 SYM: unique function

M =

Z
d

4
y1 . . . d

4
yL I(xi, yj)

Integrand

I ⇠ I +Total derivative



Dual conformal invariance (DCI)

✤ Tree-level amplitudes + integrand in planar N=4 SYM:                                           

✤ Dual variables

✤ Conformal symmetry in the dual space

✤ Superconformal symmetry + Dual -> Yangian

Dual conformal symmetry

pi = xi+1 � xi

X

i

xi = 0

(Drummond, Henn, Smirnov, Sokatchev 2006)

(Drummond-Henn-Plefka 2009)(Drummond, Henn, Korchemsky, Sokatchev 2008)



Momentum twistors

p
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p
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p
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x1 x5
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x2 x3

x4

Z1

Z2
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Z2
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Z5
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Dual Space−Time

p
1

Momentum Twistor Space

✤ New variables: points in P3

(Hodges 2009)

Cyclic ordering
crucial

Z =
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Momentum twistors

✤ Dual conformal: SL(4) on momentum twistors

✤ Dual conformal invariants: 

✤ Yangian invariants: 

[12345] =
(⌘1h2345i+ · · ·+ ⌘5h1234i)4

h1234ih2345ih3451ih4512ih5123i

h1234i = ✏abcdZ
a
1Z

b
2Z

c
3Z

d
4

where e⌘a =
ha� 1 a+ 1i⌘a + ha a� 1i⌘a+1 + ha+ 1 ai⌘a�1

ha a+ 1iha a� 1i

h1234i = h12ih23ih34i[23]



Momentum twistors

✤ Loop variable: pair of momentum twistors 

✤ Example:
` $ ZAZB

d4` st

`2(`+ k1)2(`+ k1 + k2)2(`� k4)21 2

34
hABd2AihABd2Bih1234i2

hAB12ihAB23ihAB34ihAB41i

AB

`2 =
hAB41i
hABih41i

where hiji = ✏abcdZ
a
i Z

b
j I

cd

Infinity twistor: breaking of DCI



DCI of trees and integrand

✤ In planar N=4 SYM

✤ Example of 6pt tree-level amplitude
Parke-Taylor amplitude

Yangian invariant (covariant)

M6 = [12345] + [34561] + [56123]

All terms include spurious
poles in momentum space

Tension between hidden 
symmetry and locality

R`�loop

n,k

=
I`�loop

n,k

Mtree

n,k=2



Thank you for attention!


