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• String Cosmology: a broad & fast-growing subject, impossible to give a 
comprehensive review in 4 lectures!

• Focus on Inflation in String Theory, leaving many interesting topics (de Sitter 
vacua, big bang singularity, alternatives to inflation, …) for another occasion. 

• Some key issues require inputs from a quantum theory of gravity, and can be 
addressed with our present knowledge of string theory in a concrete way.

• Many excellent reviews on this subject (see INSPIRE). I have also some hand-
written lecture notes for previous schools (e.g., Asian Winter School, 08 & 11; 
Florence String School, 09; Summer Institute, Mount Fuji, 10; IFT-Madrid, 14). 
Email me if you are interested.

• Baumann & McAllister, ``Inflation and String Theory”, Cambridge U. Press.



Why String Cosmology?



Cosmology
String 

Theory

Why String Cosmology?



Cosmology
String 

Theory

Mature, data rich, looking for a 
fundamental completion

Why String Cosmology?



Cosmology
String 

Theory

Mature, data rich, looking for a 
fundamental completion

Elegant, fundamental theory in search 
of experimental supports

Why String Cosmology?



Outline

• Lecture 1: Motivations for Inflation in String Theory; Some inflationary 
basics; General discussions of realizing inflation in string theory. 

• Lecture 2: Small-field inflation in String Theory (e.g., D-brane inflation) 

• Lecture 3: Large field inflation in String Theory (e.g., Axion Mondromy) 

• Lecture 4: Fencing in the Swampland (and the Weak Gravity Conjecture)



Lecture 1



• Remarkably successful effective theory! (c.f., LG theory of 
superconductivity; Fermi’s theory of the weak interaction):

• Solves the flatness and horizon problems.

• Provides a first principle mechanism to generate large-scale 
structure and CMB fluctuations.

• Generic predictions (nearly scale-invariant, adiabatic, 
Gaussian primordial spectrum) in good agreement with data.

Starobinsky; Guth; Linde; Albrecht, Steinhardt; …

Inflationary Universe



• Standard Model of Cosmology fits data exceedingly well:

• Near future experiments (e.g., PLANCK, BICEP/KECK, ACT, 
PolarBeaR, SPT, SPIDER, QUEIT, Clover, EBEX, QUaD, LiteBIRD, 
& CMBS4) can test its predictions with higher precision.

Starobinsky; Guth; Linde; Albrecht, Steinhardt; …

Planck Collaboration: The Planck mission
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Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that
are well fit by a simple six-parameter⇤CDM theoretical model (the model plotted is the one labelled [Planck+WP+highL] in Planck Collaboration
XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points
also include cosmic variance. The horizontal axis is logarithmic up to ` = 50, and linear beyond. The vertical scale is `(`+ 1)Cl/2⇡. The measured
spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better
the low-` region.
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Fig. 20. The temperature angular power spectrum of the CMB, esti-
mated from the SMICA Planck map. The model plotted is the one la-
belled [Planck+WP+highL] in Planck Collaboration XVI (2013). The
shaded area around the best-fit curve represents cosmic variance, in-
cluding the sky cut used. The error bars on individual points do not in-
clude cosmic variance. The horizontal axis is logarithmic up to ` = 50,
and linear beyond. The vertical scale is `(` + 1)Cl/2⇡. The binning
scheme is the same as in Fig. 19.

8.1.1. Main catalogue

The Planck Catalogue of Compact Sources (PCCS, Planck
Collaboration XXVIII (2013)) is a list of compact sources de-

tected by Planck over the entire sky, and which therefore con-
tains both Galactic and extragalactic objects. No polarization in-
formation is provided for the sources at this time. The PCCS
di↵ers from the ERCSC in its extraction philosophy: more e↵ort
has been made on the completeness of the catalogue, without re-
ducing notably the reliability of the detected sources, whereas
the ERCSC was built in the spirit of releasing a reliable catalog
suitable for quick follow-up (in particular with the short-lived
Herschel telescope). The greater amount of data, di↵erent selec-
tion process and the improvements in the calibration and map-
making processing (references) help the PCCS to improve the
performance (in depth and numbers) with respect to the previ-
ous ERCSC.

The sources were extracted from the 2013 Planck frequency
maps (Sect. 6), which include data acquired over more than two
sky coverages. This implies that the flux densities of most of
the sources are an average of three or more di↵erent observa-
tions over a period of 15.5 months. The Mexican Hat Wavelet
algorithm (López-Caniego et al. 2006) has been selected as the
baseline method for the production of the PCCS. However, one
additional methods, MTXF (González-Nuevo et al. 2006) was
implemented in order to support the validation and characteriza-
tion of the PCCS.

The source selection for the PCCS is made on the basis of
Signal-to-Noise Ratio (SNR). However, the properties of the
background in the Planck maps vary substantially depending on
frequency and part of the sky. Up to 217 GHz, the CMB is the
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Planck Collaboration: The Planck mission

Fig. 14. The SMICA CMB map (with 3 % of the sky replaced by a constrained Gaussian realization).

Fig. 15. Spatial distribution of the noise RMS on a color scale of 25 µK
for the SMICA CMB map. It has been estimated from the noise map
obtained by running SMICA through the half-ring maps and taking the
half-di↵erence. The average noise RMS is 17 µK. SMICA does not
produce CMB values in the blanked pixels. They are replaced by a con-
strained Gaussian realization.

for bandpowers at ` < 50, using the cleanest 87 % of the sky. We
supplement this ‘low-`’ temperature likelihood with the pixel-
based polarization likelihood at large-scales (` < 23) from the
WMAP 9-year data release (Bennett et al. 2012). These need to
be corrected for the dust contamination, for which we use the
WMAP procedure. However, we have checked that switching
to a correction based on the 353 GHz Planck polarization data,
the parameters extracted from the likelihood are changed by less
than 1�.

At smaller scales, 50 < ` < 2500, we compute the power
spectra of the multi-frequency Planck temperature maps, and
their associated covariance matrices, using the 100, 143, and

Fig. 16. Angular spectra for the SMICA CMB products, evaluated over
the confidence mask, and after removing the beam window function:
spectrum of the CMB map (dark blue), spectrum of the noise in that
map from the half-rings (magenta), their di↵erence (grey) and a binned
version of it (red).

217 GHz channels, and cross-spectra between these channels11.
Given the limited frequency range used in this part of the analy-
sis, the Galaxy is more conservatively masked to avoid contam-
ination by Galactic dust, retaining 58 % of the sky at 100 GHz,
and 37 % at 143 and 217 GHz.

11 interband calibration uncertainties have been estimated by compar-
ing directly the cross spectra and found to be within 2.4 and 3.4⇥10�3

respectively for 100 and 217 GHz with respect to 143 GHz
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• Suppose we accept that (i) inflation solves the key problems in 
standard hot BB cosmology and (ii) provides the seed for 
structure formation.  Are we done?

Why String Inflation?



• Suppose we accept that (i) inflation solves the key problems in 
standard hot BB cosmology and (ii) provides the seed for 
structure formation.  Are we done?

• Goal of these lectures is to show that:

Why String Inflation?

Inflation is sensitive to UV physics 

                           or (state more positively)

Observational Cosmology (via inflation) is a 
powerful window into Planck scale physics!



• Condition for inflation:

• Define the slow-roll parameters:

• Inflation is usually realized by a scalar field with a flat potential:

UV Sensitivity of Inflation

ä

a
> 0⇥ Ḣ + H2 > 0⇥ � Ḣ

H2
< 1
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1.4 The Physics of Inflation

We have shown that a given FRW background with time-dependent Hubble parameter H(t)

corresponds to cosmic acceleration if and only if

" ⌘ � Ḣ

H2
< 1 . (1.4.36)

For this condition to be sustained for a su�ciently long time, requires

|⌘| ⌘ |"̇|
H"

⌧ 1 , (1.4.37)

i.e. the fractional change of " per Hubble time is small. In this section, we discuss what

microscopic physics can lead to these conditions.

1.4.1 False Vacuum Inflation

The first version of inflation considered a universe dominated by the constant energy density

of a metastable false vacuum. This leads to an exponentially expanding de Sitter space with

H = const., and hence " = ⌘ = 0. However, classically, false vacuum inflation never ends.

Quantum-mechanically, tunnelling from the false vacuum to the true vacuum ends inflation

locally, but the post-inflationary universe looks nothing like our universe. The universe is either

empty or much too inhomogeneous. This is the graceful exit problem of old inflation. Any

successful inflationary mechanism has to include a way of ending inflation and successfully

reheating the universe. We will have to work a bit harder.

1.4.2 Slow-Roll Inflation

Consider a scalar field �, the inflaton, minimally coupled to Einstein gravity10

S =

Z

d4x
p

�g

"

M2
pl

2
R � 1

2
gµ⌫@µ�@⌫� � V (�)

#

, (1.4.38)

where R is the four-dimensional Ricci scalar derived from the metric gµ⌫ and V (�) is so far an

arbitrary function:

10In principle, we could imagine a non-minimal coupling between the inflaton and the graviton, however, in

practice, non-minimally coupled theories can be transformed to minimally coupled form by a field redefinition.

Similarly, we could entertain the possibility that the Einstein-Hilbert part of the action is modified at high

energies. However, the simplest examples for this UV-modification of gravity, so-called f(R) theories, can again

be transformed into a minimally coupled scalar field with potential V (�).

�V � M2
P

2

�
V �

V

⇥2
<< 1

|⇥V | � |M2
P

�
V

��

V

⇥
| << 1

�H ⇥ � Ḣ
H2 , �H << 1 inflation occurs

⇥H ⇥ ˙�H
1+�H

, ⇥H << 1 inflation lasts

∃ linear map: (ϵH, ηH) → (ϵV, ηV)



• The slow-roll conditions are highly sensitive to UV physics!

• Consider the inflationary Lagrangian which contains:

• Eta Problem: why is the inflaton so light? 

• Quantum corrections tend to drive m to the cutoff Λ>> H.

• SUSY not helpful here: SUSY is broken with m3/2 ~ H, so m𝜑 → H

UV Sensitivity of Inflation

L � 1
2
m2⇥2, V �� = m2 + . . .

V = 3H2M2
P

⇥ � =
m2

3H2 |𝜂| << 1 if m <<H



• UV completion of GR typically involves new dofs with M < MP

• In String Theory, these include the string and KK states: 

• If the inflaton has O(1) couplings to these heavy dofs ξ, 
integrating them out yields: 

• If before considering ξ, we have

Higher Dimensional Operators

�L� =
O�(�)
M��4

with O some allowed operator in the � QFT

1 Lecture 1

MKK < Ms < MP (1)

L' =
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2
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• If this dimension-6 Planck suppressed operator arises:

• The above Planck-scale sensitivity is general, and applies to 
any model of inflation.

• Models with interesting next-generation observables such as 
large, distinctive non-Gaussianity (e.g. [Chen, Huang, Kachru, GS]) 
and gravity waves are even more UV sensitive!

Higher Dimensional Operators

1 Lecture 1

MKK < Ms < MP (1)
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2

(@')2 � V (') (2)
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(3)

�⌘ = 2c

✓
MP

M

◆2

>> 1 for M << MP and Wilson coe�cient c ⇠ O(1) (4)
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Towards Inflation in String Theory



• Given its UV sensitivity, natural to search for inflation in string 
theory.

• For inflation, we need (at least) a scalar (the inflaton) which

• drives ä >0 for ≳ 60 e-folds

• then reheats the universe

• Scalars are plentiful (too plentiful!) in string theory, e.g., a CY 
compactification comes w/ many Kahler moduli (size), complex 
structure moduli (shape), axio-dilaton, D-brane scalars, …

• Scalars w/ GN -strength coupling & m ≳ 30 TeV decay ≳ 1 sec 
(recall Γ~M3/MP

2) and spoil BBN.

• If present today, these moduli lead to 5-th force.

Moduli Problem



• This problem is generic for string theory: need moduli 
stabilization mechanism to give moduli masses ≳ 30 TeV to not 
ruin late time cosmology. 

• Flux compactification provides a class of vacua where many/
most/all moduli are stabilized (more in Lecture 2).

• Realizing inflation in string theory introduces new subtleties:

• inflaton is one of the moduli

• giving other moduli masses 30 TeV < m < H solves the 
moduli problem but they are dynamical during inflation!

Moduli Problem
1 Lecture 1

MKK < Ms < MP (1)

L' =

1

2

(@')2 � V (') (2)

�L' = c V (')
'2

M2
(3)

�⌘ = 2c

✓
MP

M

◆2

>> 1 for M << MP and Wilson coe�cient c ⇠ O(1) (4)

�� ⇠ H

2⇡
(5)

2

contribute to inflationary dynamics &  
curvature/entropy perturbations!



• Inflationary physics tied to moduli stabilization:

Moduli Stabilization

mass

H

φ

χi

H

φ

χi

mass

hard to arrange,
easier to study,

signatures straightforward

easier to arrange,
harder to study,

rich signatures (e.g., Non-Gaussianity)



• Single Field Inflation: after integrating out χi, the EFT contains 
only 1 scalar φ with m< H and V(φ) satisfying ϵV, |ηV| << 1.

• Challenge: Integrate over Planck-scale dofs ξ  already gives 
substantial corrections to 𝓛(φ) (in particular ηV), and here …

• Moduli masses m << MP (or even m<<MKK if stabilized in 4D 
theory), integrating out χi can give a large correction to 𝓛(φ)!

• One must understand moduli stabilization in detail

• Corrections (gs, α’, warping, backreaction, …) to the EFT, 
often ignored in other contexts, can be crucial.

Moduli Stabilization & Inflation



• A complete and reliable dimensional reduction, almost always beyond 
the leading order, is needed.

• This strongly motivates us to develop tools to compute the 4D 
EFT arising from string compactifications!

• Will see examples illustrating this point in the coming lectures.

Effective Action of String Compactification

proposed symmetry of the low-energy e↵ective action should admit a UV-completion. Hence, large-

field inflation should be formulated in a theory that has access to information about approximate

symmetries at the Planck scale. Let us remark that in e↵ective field theory in general, UV-completion

of an assumed low-energy symmetry is rarely an urgent question. The present situation is di↵erent

because we do not know whether all reasonable e↵ective actions can in fact arise as low-energy

limits of string theory, and indeed it has been conjectured that many e↵ective theories do not admit

UV-completion in string theory [109–111]. Therefore, it is important to verify that any proposed

symmetry of Planck-scale physics can be realized in string theory.

To construct an inflationary model with detectable gravitational waves, we are therefore inter-

ested in finding, in string theory, a configuration that has both a large kinematic range, and a

potential protected by a shift symmetry that is approximately preserved by the full string theory.

29 Inflation in String Theory

29.1 From String Compactifications to the Inflaton Action

String Compactification

Inflationary 
Lagrangians

4d Lagrangians

Observables

branes
fluxes

moduli

geometry of M6

potential V(φ)

Figure 35: From 10d Compactification Data to 4d Action.

29.1.1 Elements of String Compactifications

It is a famous fact that the quantum theory of strings is naturally defined in more than four spacetime

dimensions, with four-dimensional physics emerging upon compactification of the additional spatial

dimensions. For concreteness, we will focus on compactifications of the critical ten-dimensional type

IIB string theory on six-dimensional Calabi-Yau spaces.26

The vast number of distinct compactifications in this class are distinguished by their topology,

geometry, and discrete data such as quantized fluxes and wrapped D-branes. A central task in

string theory model-building is to understand in detail how the ten-dimensional sources determine

26Readers unfamiliar with this terminology may find a useful Stringlish-to-English dictionary in [112].
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Inflationary Basics



• An equivalent way of stating the condition for inflation is:

• A shrinking comoving horizon solves the flatness & horizon 
problems.

Inflation
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1.2 The Horizon Problem 9

1.2.2 Causal Structure

The radial propagation of light is characterized by the following two-dimensional line element

ds2 = a2(⌧)
⇥

�d⌧2 + dr2
⇤

. (1.2.5)

Just like in Minkowski space, the null geodesics of photons (ds2 ⌘ 0) are straight lines at ±45�

angles in the ⌧ -r plane

r(⌧) = ±⌧ + const. (1.2.6)

The maximal distance a photon (and hence any particle) can travel between an initial time ti
and later time t > ti is

�r = �⌧ ⌘ ⌧ � ⌧i =

Z t

ti

dt0

a(t0)
, (1.2.7)

i.e. the maximal distance travelled is equal to the amount of conformal time elapsed during the

interval �t = t � ti. The initial time is often taken to be the ‘origin of the universe’, ti ⌘ 0,

defined formally by the initial singularity6 ai ⌘ a(ti = 0) ⌘ 0. We then get

�rmax(t) =

Z t

0

dt0

a(t0)
= ⌧(t) � ⌧(0) . (1.2.8)

We call this the comoving (particle) horizon.

The integral defining conformal time may be re-written in the following illuminating way

⌧ ⌘
Z

dt

a(t)
=

Z

(aH)�1 d ln a . (1.2.9)

This shows that the elapsed conformal time depends on the evolution of the comoving Hubble

radius (aH)�1. For example, for a universe dominated by a fluid with equation of state w ⌘ p/⇢,

we find that this evolves as

(aH)�1 / a
1
2
(1+3w) . (1.2.10)

Note the dependence of the exponent on the combination (1 + 3w). All familiar matter sources

satisfy the strong energy condition (SEC), 1+3w > 0, so it was reasonable for post-Hubble physi-

cists to assume that the comoving Hubble radius increases as the universe expands. Performing

the integral in (1.2.9) gives

⌧ / 2
(1+3w) a

1
2
(1+3w) , (1.2.11)

up to an irrelevant integration constant. For conventional matter sources the initial singularity

is therefore at ⌧i = 0,7

⌧i / a
1
2
(1+3w)

i = 0 , for w > �1
3 , (1.2.12)

and the comoving horizon (1.2.8) is finite,

�rmax(t) / a(t)
1
2
(1+3w) , for w > �1

3 . (1.2.13)

6Of course, the concept of a classical spacetime (and hence the FRW metric) has broken down by that time.

We will get back to that below.
7Of course, the actual value of ⌧i is a matter of definition. The invariant statement is that for conventional

matter sources the integral in (1.2.8) is dominated by the upper limit and receives vanishing contributions from

early times.

Flatness problem
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10 1. Classical Dynamics of Inflation

1.2.3 Shock in the CMB

A moment’s thought will convince the reader that the finiteness of the conformal time elapsed

between ti = 0 and the time of CMB decoupling trec implies a serious problem: most spots

in the CMB have non-overlapping past light-cones and hence never were in causal contact (see

fig. 1.1). Why aren’t there order-one fluctuations in the CMB temperature?

Past Light-Cone

Recombination

Particle Horizon

Conformal Time

Last-Scattering Surface

Big Bang Singularity

⌧rec

⌧0

⌧i = 0

Figure 1.1: Conformal diagram for the standard FRW cosmology.

CMB correlations. Let us compute the angle subtended by the comoving horizon at recombination.
This is defined as the ratio of the comoving particle horizon at recombination and the comoving angular
diameter distance from us (an observer at redshift z = 0) to recombination (z ' 1090) (cf. fig. 1.1)

✓hor =
dhor

d
A

. (1.2.14)

A fundamental quantity is the comoving distance between redshifts z1 and z2

⌧2 � ⌧1 =

Z

z2

z1

dz

H(z)
⌘ I(z1, z2) . (1.2.15)

The comoving particle horizon at recombination is

dhor = ⌧rec � ⌧
i

⇡ I(zrec, 1) . (1.2.16)

In a flat universe, the comoving angular diameter distance from us to recombination is

d
A

= ⌧0 � ⌧rec = I(0, zrec) . (1.2.17)

The angular scale of the horizon at recombination therefore is

✓hor ⌘ dhor

d
A

=
I(zrec, 1)

I(0, zrec)
. (1.2.18)

Using

H(z) = H0

q

⌦
m

(1 + z)3 + ⌦
�

(1 + z)4 + ⌦⇤ , (1.2.19)

Horizon problem
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Figure 1.2: Conformal diagram for inflationary cosmology.

This implies that there was much more conformal time between the singularity and decoupling

than we had thought! Fig. 1.2 shows the new conformal diagram. The past light cones of widely

separated points in the CMB now had time to intersect before the time ⌧ = 0. In inflationary

cosmology, ⌧ = 0 isn’t the initial singularity, but instead becomes the time of reheating. There

is time both before and after ⌧ = 0.

A decreasing comoving horizon means that large scales entering the present universe were

inside the horizon before inflation (see fig. 1.3). Causal physics before inflation therefore had

time to establish spatial homogeneity. With a period of inflation, the uniformity of the CMB is

not a mystery anymore.

1.3.2 Solution of the Flatness Problem⇤

In foonote 3, I advertised that any solution to the horizon problem also solves the other Big

Bang puzzles. Let me therefore demonstrate that a shrinking Hubble sphere indeed solves the

flatness problem.

Consider adding spatial curvature to the Friedmann equation (1.2.2),

H2 =
⇢

3M2
pl

� k

a2
. (1.3.25)

Dividing both sides by the Hubble parameter, we can write this as

1 � ⌦(a) =
�k

(aH)2
, (1.3.26)

Horizon problem



• A shrinking comoving horizon also leads to a prediction!

• The inflaton φ governs ϱ and the end of inflation (clock):

Cosmological Perturbations

2 Quantum Fluctuations during Inflation

2.1 Motivation

In this chapter and the next, we discuss the primordial origin of the temperature variations in

the CMB. The main goal will be to show how quantum fluctuations in quasi-de Sitter space

produce a spectrum of fluctuations that accurately matches the observations.

The reason why inflation inevitably produces fluctuations is simple: as we have seen in the pre-

vious chapter, the inflaton evolution �(t) governs the energy density of the early universe ⇢(t)

and hence controls the end of inflation. Essentially, � plays the role of a local clock reading

o↵ the amount of inflationary expansion remaining. Because microscopic clocks are quantum-

mechanical objects with necessarily some variance (by the uncertainty principle), the inflaton

will have spatially varying fluctuations ��(t,x) ⌘ �(t,x) � �̄(t). These fluctuations imply that

di↵erent regions of space inflate by di↵erent amounts. In other words, there will be local di↵er-

ences in the time when inflation end �t(x). Moreover, these di↵erences in the local expansion

histories lead to di↵erences in the local densities after inflation. In quantum theory, local fluctua-

tions in �⇢(t,x) and hence ultimately in the CMB temperature �T (x) are therefore unavoidable.

The main purpose of this chapter is to compute this e↵ect. It is worth remarking that the the-

ory wasn’t engineered to produce the CMB fluctuations, but their origin is instead a natural

consequence of treating inflation quantum mechanically.

reheating

inflation

end

Figure 2.1: Quantum fluctuations ��(t,x) around the classical background evolution �̄(t). Regions
acquiring a negative frozen fluctuations �� remain potential-dominated longer than regions with positive
��. Di↵erent parts of the universe therefore undergo slightly di↵erent evolutions. After inflation, this
induces relative density fluctuations �⇢(t,x).
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⇒ fluctuations in ϱ and T 



• Cosmological perturbations amount to linearizing fluctuations:

and linearizing the EOMs. A linear treatment is justified 
because observed fluctuations are small (e.g., ΔT/T ~ 10-5).
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time
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k�1

reheatingINFLATION

[ln a]

Figure 1.3: Solution of the horizon problem. Scales of cosmological interest were larger than the
Hubble radius until a ⇠ 10�5 (where today is at a(t0) ⌘ 1). However, at very early times, before
inflation operated, all scales of interest were smaller than the Hubble radius and therefore susceptible to
microphysical processing. Similarly, at very late times, the scales of cosmological interest are back within
the Hubble radius.

where

⌦(a) ⌘ ⇢(a)

⇢crit(a)
, ⇢crit ⌘ 3M2

plH
2 . (1.3.27)

The deviation of the normalized density parameter ⌦ from unity is a measure of the curvature

of the universe. From observations we know that today |1 � ⌦(a0)| . 0.01. However, if there

was some amount of spatial curvature in the early universe, we have to worry that it will grow

with time. Conversely, in order to explain the flatness of the universe today, we have to explain

a much more extreme flatness at early times, e.g. |1 � ⌦(aGUT)| . 10�55. From eq. (1.3.26)

we see that the time evolution of the curvature parameter |1 � ⌦(a)| again relates to the time

evolution of the comoving Hubble radius (aH)�1. Whenever (aH)�1 is an increasing function

of time, curvature grows. In contrast, during inflation, when (aH)�1 decreases, the universe is

driven towards flatness. This solves the flatness problem. The solution ⌦ = 1 is an attractor

during inflation.

Exercise. Show that

d⌦

d ln a
= (1 + 3w)⌦(⌦ � 1) . (1.3.28)

This makes it apparent that ⌦ = 1 is an unstable fixed point if the strong energy condition is satisfied,
but becomes an attractor during inflation.

1.3.3 Conditions for Inflation

Decreasing comoving horizon. I like the shrinking Hubble sphere as the fundamental definition

of inflation since it most directly relates to the horizon problem and is key for the inflationary

mechanism of generating fluctuations.

However, before we move to a description of the physics that can lead to a shrinking Hubble

sphere, we show that this definition of inflation is equivalent to other popular ways of describing
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• Homogeneity and isotropy fixes the form of the background.

• Perturbations no longer preserve homogeneity.

• Be careful to distinguish between real and fake perturbations

• Example 1: ϱ(t,x) = ϱ(t), but we can introduce fake 
perturbations by a change of coordinates:

• Example 2: By choosing the hypersurface of constant time to 
coincide w/ surface of constant energy density:

Gauge Choice
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• Physical dofs are the gauge invariant combinations of matter 
field + metric perturbations.

• How many scalar perturbations dof?

• Naively 5: 

• Coordinate transf. removes 2: 

• Einstein constraint equation removes another 2.

• The only remaining gauge invariant combination of scalar dofs 
leads to density perturbation.

Gauge Invariant Perturbations
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• An efficient approach is to

1. Choose a good gauge

2. Expand the action 

• Fix time & space reparametrizations by using comoving gauge:

where R is a scalar, hij is transverse-traceless, i.e., ∇i hij =hi
i =0

• We refer to R as the curvature perturbation as comoving spatial 
slices φ=constant have                     ; hij ~ tensor perturbation.

Comoving Gauge
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• Expanding the action (see e.g., Maldacena, ’02):

we find the 2nd order action for our (classical) variable R

• Define the canonically normalized field (Mukhanov variable);

• Transforming to conformal time adt = d𝜏:

Curvature Perturbations
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• Now,                is background (model) dependent

• So we have a scalar w/ a time-dependent mass:

with

• Given a homogeneous background solution, one obtains m(𝜏):

• Mukhanov-Sasaki equation:
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• The scalar power spectrum is one of the key outputs of inflation:

• Not the only observables:

Connecting Theory with Observations

Planck Collaboration: The Planck mission
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Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that
are well fit by a simple six-parameter⇤CDM theoretical model (the model plotted is the one labelled [Planck+WP+highL] in Planck Collaboration
XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points
also include cosmic variance. The horizontal axis is logarithmic up to ` = 50, and linear beyond. The vertical scale is `(`+ 1)Cl/2⇡. The measured
spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better
the low-` region.
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Fig. 20. The temperature angular power spectrum of the CMB, esti-
mated from the SMICA Planck map. The model plotted is the one la-
belled [Planck+WP+highL] in Planck Collaboration XVI (2013). The
shaded area around the best-fit curve represents cosmic variance, in-
cluding the sky cut used. The error bars on individual points do not in-
clude cosmic variance. The horizontal axis is logarithmic up to ` = 50,
and linear beyond. The vertical scale is `(` + 1)Cl/2⇡. The binning
scheme is the same as in Fig. 19.

8.1.1. Main catalogue

The Planck Catalogue of Compact Sources (PCCS, Planck
Collaboration XXVIII (2013)) is a list of compact sources de-

tected by Planck over the entire sky, and which therefore con-
tains both Galactic and extragalactic objects. No polarization in-
formation is provided for the sources at this time. The PCCS
di↵ers from the ERCSC in its extraction philosophy: more e↵ort
has been made on the completeness of the catalogue, without re-
ducing notably the reliability of the detected sources, whereas
the ERCSC was built in the spirit of releasing a reliable catalog
suitable for quick follow-up (in particular with the short-lived
Herschel telescope). The greater amount of data, di↵erent selec-
tion process and the improvements in the calibration and map-
making processing (references) help the PCCS to improve the
performance (in depth and numbers) with respect to the previ-
ous ERCSC.

The sources were extracted from the 2013 Planck frequency
maps (Sect. 6), which include data acquired over more than two
sky coverages. This implies that the flux densities of most of
the sources are an average of three or more di↵erent observa-
tions over a period of 15.5 months. The Mexican Hat Wavelet
algorithm (López-Caniego et al. 2006) has been selected as the
baseline method for the production of the PCCS. However, one
additional methods, MTXF (González-Nuevo et al. 2006) was
implemented in order to support the validation and characteriza-
tion of the PCCS.

The source selection for the PCCS is made on the basis of
Signal-to-Noise Ratio (SNR). However, the properties of the
background in the Planck maps vary substantially depending on
frequency and part of the sky. Up to 217 GHz, the CMB is the
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• Quantize the fluctuations by promoting:

• Power spectrum is given by:

• Dimensionless power spectrum

• Spectral index: parametrizing deviation from scale invariance

Power Spectrum & Spectral Index

⇠R(r) = hR(~x),R(~x+ ~r)i (26)

PR(k) ⌘
Z

d3r⇠R(r)e
�i~k·~r

(27)

hRkRk0i = (2⇡)3�3(~k +

~k0)PR(k) (28)

hR~k1
R~k2

R~k3
i 6= 0 (29)

hhij(~k)hij(~k0)i (30)

R00
k �

2

⌧
(1� ⌘H + 2✏H)R0

k + k2Rk = 0 (31)

Rk = C1⌧
⌫H(1)

⌫ (�k⌧) + C2⌧
⌫H(2)

⌫ (�k⌧) where ⌫ =

3

2

+ 2✏H � ⌘H (32)

⌧⌫H(1,2)
⌫ ⇠ e⌥ik⌧

(33)

⌧⌫H(1)
⌫ (�k⌧) ! constant (34)

R(t, ~x) ⇠
Z

d3k

(2⇡)3

h
↵(k)⌧⌫H(1)

⌫ (�k⌧) + c.c.
i

(35)

↵(k) ! a(k), ↵⇤
(k) ! a†(k),

h
a(~k), a†(~k0)

i
= (2⇡)3�3(~k +

~k0) (36)

PR(k) =
H2

2k3
H2

'̇2
|k=aH (37)

�

2
R(k) =

k3

2⇡2
PR(k) (38)

4

⇠R(r) = hR(~x),R(~x+ ~r)i (26)

PR(k) ⌘
Z

d3r⇠R(r)e
�i~k·~r

(27)

hRkRk0i = (2⇡)3�3(~k +

~k0)PR(k) (28)

hR~k1
R~k2

R~k3
i 6= 0 (29)

hhij(~k)hij(~k0)i (30)

R00
k �

2

⌧
(1� ⌘H + 2✏H)R0

k + k2Rk = 0 (31)

Rk = C1⌧
⌫H(1)

⌫ (�k⌧) + C2⌧
⌫H(2)

⌫ (�k⌧) where ⌫ =

3

2

+ 2✏H � ⌘H (32)

⌧⌫H(1,2)
⌫ ⇠ e⌥ik⌧

(33)

⌧⌫H(1)
⌫ (�k⌧) ! constant (34)

R(t, ~x) ⇠
Z

d3k

(2⇡)3

h
↵(k)⌧⌫H(1)

⌫ (�k⌧) + c.c.
i

(35)

↵(k) ! a(k), ↵⇤
(k) ! a†(k),

h
a(~k), a†(~k0)

i
= (2⇡)3�3(~k +

~k0) (36)

PR(k) =
H2

2k3
H2

'̇2
|k=aH (37)

�

2
R(k) =

k3

2⇡2
PR(k) (38)

4

�

2
R(k) = A(k0)

✓
k

k0

◆ns�1

d

dlnk
�

2
R(k) = ns � 1 (39)

ns � 1 = 2⌘H � 4✏H = 2⌘V � 6✏V (40)

5

�

2
R(k) = A(k0)

✓
k

k0

◆ns�1

d

dlnk
�

2
R(k) = ns � 1 (39)

ns � 1 = 2⌘H � 4✏H = 2⌘V � 6✏V (40)

5

�

2
R(k) = A(k0)

✓
k

k0

◆ns�1

d

dlnk
�

2
R(k) = ns � 1 (39)

ns � 1 = 2⌘H � 4✏H = 2⌘V � 6✏V (40)

5

Homework:

28 2. Quantum Fluctuations during Inflation

The reason for this particular choice of normalization will become clear momentarily.

The two time-independent integration constants a±
k

in (2.2.27) are
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0
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= (a�
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)⇤ , (2.2.30)

where the relation between a+
k

and a�
k

follows from the reality of v. Note that the constants a±
k

may depend on the direction of the wave vector k.

Finally, Fourier transforming (2.2.27) gives
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where the second line is manifestly real, since a+
k

= (a�
k

)⇤.

2.3 Quantum Origin of Cosmological Perturbations

Our task now is to quantize the field v. This is not much more complicated than quantizing

the simple harmonic oscillator in quantum mechanics, except for a small subtlety in the vacuum

choice arising from the time-dependence of the oscillator frequencies !k(⌧).6

2.3.1 Canonical Quantization

The canonical quantization procedure proceeds in the standard way: the field v and its canon-

ically conjugate momentum ⇡ ⌘ v0 are promoted to quantum operators v̂ and ⇡̂, which satisfy

the standard equal-time commutation relations7

[v̂(⌧,x), ⇡̂(⌧,y)] = i�(x � y) , (2.3.33)

and

[v̂(⌧,x), v̂(⌧,y)] = [⇡̂(⌧,x), ⇡̂(⌧,y)] = 0 . (2.3.34)

It follows from (2.2.22) that the commutation relation (2.3.33) holds at all times if it holds at

any one time. The Hamiltonian is
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The constants of integration a±
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in the mode expansion of v become operators â±
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, so that the

field operator v̂ is expanded as
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Substituting (2.3.36) into (2.3.33) and (2.3.34) implies

[â�
k

, â+
k

0 ] = �(k � k0) and [â�
k

, â�
k

0 ] = [â+
k

, â+
k

0 ] = 0 . (2.3.37)

6For a nice treatment of quantum field theory in curved backgrounds I strongly recommend: V. Mukhanov

and S. Winitzki, Introduction to Quantum E↵ects in Gravity.
7Here, we defined ~ ⌘ 1.



• Is there a dS/CFT? [Strominger]

• Unlike AdS/CFT, challenge for dS/CFT include:

• no explicit string constructions (and candidate CFT)

• no boundary

• no SUSY

• Pragmatic approach: some observables are fixed by symmetries

• Take as working assumption:

• Inflation is not exact dS but slightly perturbed:

• The slow-roll parameters should have their analogues in CFT.

Holography?
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• The holographic direction is time:

• Introduce µ=Ha (holographic scale)

• The coupling constant g in the CFT is determined by 𝜑:

• Beta function:

Anomalous dimension:

Holography?
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• Back to inflationary perturbations:

• Expand 𝚿dS in terms of source ϕ (justified as δρ/ρ~10-5)

• Holographic dictionary [Maldacena, ’02]:

• verified for power spectrum [van der Schaar] taking into account RG flow; 3-
pt function more subtle, checked only for special kinematic limit or ε<<η 
[Schalm, Shiu, van der Aalst], [Skenderis et al];[Trivedi et al]….

Holographic Dictionary
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4.1 Relating correlation functions to expectation values

Before we can go on to derive the power spectrum of inflationary perturbations from

deformed CFT correlators we need to know how to relate expectation values in the dS bulk

to CFT correlators. This was explained in [19] and we will briefly review that result here.

CFT vacuum correlation functions can be deduced from the de Sitter bulk following

the same procedure as in AdS; calculating the action and functionally differentiating with

respect to the boundary fields that act as sources in the CFT (2.12). Specifically for CFT

2-pt functions of operators O with scaling dimension ∆ this implies

⟨O∆(x)O∆(y)⟩ =
δ2ΨdS [φ]

δφ(x)δφ(y)

∣

∣

∣

∣

φ=0

. (4.1)

At the same time it should be clear that the spectrum of scalar field fluctuations in de

Sitter space that we calculated is related to the (equal time) expectation value |φk|2 =
∫

d3k′⟨φk⃗φk⃗′⟩. A scalar field expectation value can be expressed, up to a delta function, as

a functional integral of φ2
k weighted by the norm of the scalar field wave functional squared.

The scalar field wave functional can be approximated by the classical action in de Sitter (in

the semi-classical limit). This leads to the following formal expression for the expectation

value of scalar field perturbations as
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From these expressions one can find a direct relation between de Sitter expectation values

in the bulk and CFT 2-pt functions. By definition (4.1) one can formally express the wave

functional (or generating functional) ΨdS in terms of the 2-pt function and higher order

(connected) n-point functions

ΨdS [φ] = e
1
2
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Plugging this expression into the expression for the expectation value (4.2), neglecting the

higher order n-point functions, we obtain

⟨φkφ−k⟩ =
∫

Dφφ2 e
∫

d3k
∫

d3k′ φkφk′ Re⟨OkOk′⟩ . (4.4)

By changing the path integral variable (without changing the measure) we can isolate the

dependence on the 2-pt correlation function. Defining

φ̃k⃗ ≡ i
√

2Re ⟨OkO−k⟩φk⃗ , (4.5)

we obtain the following expression for the expectation value

⟨φkφ−k⟩ =
−1

2Re ⟨OkO−k⟩

∫

Dφ̃ φ̃2 e−
1
2

∫

d3k
∫

d3k′φ̃kφ̃k′ . (4.6)

Now that we have disentangled the path integral from the correlation function it should be

clear that the path integral is going to give just a number. In that case this leaves us with
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• Particle physicists compute in-out amplitude, say for the LHC:

• Cosmologists compute in-in expectation values aka “Cosmological Collider” 

• Sketch of calculations: Expand the action in the comoving gauge: 

• HW: Compute NG for general single-field inflation [Chen, Huang, Kachru, GS]

Non-Gaussianity

86 5. Primordial Non-Gaussianity

5.3.1 The in-in Formalism

The problem of computing correlation functions in cosmology di↵ers in important ways from the

corresponding analysis of quantum field theory applied to particle physics. In particle physics

the central object is the S-matrix describing the transition probability for a state |ini in the far

past to become some state |outi in the far future,

hout| S|ini = hout(+1)|in(�1)i . (5.3.25)

Imposing asymptotic conditions at very early and very late times makes sense in this case,

since in Minkowski space, states are assumed to be non-interacting in the far past and the far

future when the scattering particles are far from the interaction region. The asymptotic states

relevant for particle physics experiments are therefore taken to be vacuum states of the free

Hamiltonian H0.

Figure 5.3: Particle physicists compute in-out transition amplitudes.

In cosmology, however, we are interested in expectation values of products of operators at

a fixed time. Special care has to be taken to define the time-dependence of operators in the

interacting theory. Boundary conditions are not imposed on the fields at both very early and

very late times, but only at very early times, when their wavelengths are much smaller than the

horizon. In this limit the interaction picture fields should have the same form as in Minkowski

space13. This leads to the definition of the Bunch-Davies vacuum—the free vacuum in Minkowski

space. In this section, we describe the in-in formalism to compute cosmological correlation

functions as expectation values of two |ini states.

Figure 5.4: Cosmologists compute in-in expectation values.

Preview. In presentations of the in-in formalism it is easy not to see the forest for the trees.

Let me therefore give a brief summary of the qualitative ideas behind the formalism, before

jumping into the technical details:

Our goal is to compute n-point functions of cosmological perturbations such as the primordial

curvature perturbation ⇣ or the gravitational wave polarization modes h⇥ and h+. We collec-

tively denote these fluctuations by the field  = {⇣, h⇥, h+} and consider expectation values of

13This is a consequence of the equivalence principle.
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• Consider                                                 with

• NG <Rk1Rk2Rk3> fully worked out in [Chen, Huang, Kachru, GS]                                          

• Slow-roll inflation corresponds to P(x,ϕ)=X-V(ϕ) but generally:

• Detectable NG if X>>Λ ⇒ UV completion needed!

• DBI Inflation [Silverstein, Tong]:

• Distintive shapes:

Non-Gaussianity

94 5. Primordial Non-Gaussianity

exists in string theory. In Dirac-Born-Infeld (DBI) inflation,

P (X, �) =
⇤4

f(�)

r

1 � f(�)
X

⇤4
� V (�) , (5.3.80)

the form of the action is protected by a higher-dimensional boost symmetry. This symmetry

protects eq. (7.4.11) from radiative corrections and allows a predictive inflationary model with

large non-Gaussianity. It would be interesting to explore if there are other examples of P (X)

theories that are radiatively stable. In the next subsection, we will allow ourselves a bit of artistic

freedom and study the phenomenology of general P (X) theories, while ignoring the serious issues

they face in explaining radiative stability. However, I emphasize that the problem of radiative

stability should not be treated lightly. It is an important requirement of any satisfactory theory.

Non-Gaussianity in P (X) Theories

We consider theories whose action can be written in the following form

S =

Z

d4x
p

�g



1

2
R + P (X, �)

�

. (5.3.81)

We expand both the inflaton and the metric in small fluctuations, i.e. �(x, t) = �̄(t) + '(x, t)

and gµ⌫ = ḡµ⌫ + �gµ⌫ . We could now go ahead and solve the metric fluctuations in the Einstein

constraint equations in terms of the matter fluctuations '. After some hard work, we would

arrive at an action for a single scalar degree of freedom. However, this is unnecessarily hard work

in the case we are interested in. Large non-Gaussianities only arise from the higher-derivative

inflaton self-interactions, while the e↵ects of mixing with gravity are subdominant. At leading

order, we will therefore arrive at the correct result by simply ignoring the mixing with metric

fluctuations and computing the action for inflaton perturbations ' in an unperturbed spacetime

ḡµ⌫ . In this decoupling limit, gµ⌫ ! ḡµ⌫ , we find X ⌘ X̄ + �X, where

X̄ =
1

2
˙̄�2 and �X = ˙̄�'̇ � 1

2
(@µ')2 . (5.3.82)

Defining21 ' ⌘ ˙̄�⇡ and ignoring (slow-roll suppressed) derivatives of ˙̄�, we get

�X = 2X̄



⇡̇ � 1

2
(@µ⇡)2

�

. (5.3.83)

We used this in a Taylor expansion of P (X),

P (X) = P (X̄) + P,X̄�X +
1

2
P,X̄X̄(�X)2 +

1

6
P,X̄X̄X̄(�X)3 + · · · (5.3.84)

In terms of the (rescaled) inflaton fluctuations ⇡ this becomes

P = X̄P,X̄(@µ⇡)2 + 2X̄2P,X̄X̄

⇥

⇡̇2 � ⇡̇(@µ⇡)2 + · · ·
⇤

+
4

3
X̄3P,X̄X̄X̄

⇥

⇡̇3 + · · ·
⇤

(5.3.85)

The background equations of motion relate the first coe�cient to the Hubble expansion param-

eter, X̄P,X̄ = M2
plḢ, while the remaining parameters are free, M4

n ⌘ X̄n dnP
dX̄n . Up to cubic order

we hence get the following Lagrangian

L = M2
plḢ(@µ⇡)2 + 2M2

2

⇥

⇡̇2 � ⇡̇(@µ⇡)2
⇤

+
4

3
M4

3 ⇡̇3 . (5.3.86)

A few comments are in order:
21The perturbation ⇡ is related to ⇣ by a simple rescaling, ⇣ = �H⇡.
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plḢ(@µ⇡)2 + 2M2

2

⇥

⇡̇2 � ⇡̇(@µ⇡)2
⇤

+
4

3
M4

3 ⇡̇3 . (5.3.86)

A few comments are in order:
21The perturbation ⇡ is related to ⇣ by a simple rescaling, ⇣ = �H⇡.

5.3 Quantum Non-Gaussianities 93

Higher Derivatives and Radiative Stability

What kind of high-energy e↵ects could deform slow-roll inflation in such a way as to produce

large non-Gaussianity without disrupting the inflationary background solution? In e↵ective field

theory the e↵ects of high-energy physics are encoded in high-dimension operators for the inflaton

Lagrangian (see Chapters 6 and 7).19 Non-derivative operators such as �n/⇤n�4 form part of the

inflaton potential and are therefore strongly constrained by the background (see previous sec-

tion). In other words, the existence of a slow-roll phase requires the non-Gaussianity associated

with these operators to be small.20 This naturally leads us to consider higher-derivative opera-

tors of the form (@µ�)2n/⇤4n�4. These operators don’t a↵ect the background, but in principle

they could lead to strong interactions. Let us consider the leading correction to the slow-roll

Lagrangian

L = Ls.r. +
(@µ�)4

8⇤4
. (5.3.74)

We split the inflaton field into background �̄(t) and fluctuations '(x, t). For ˙̄� ⌧ ⇤2, we can

ignore the correction to the quadratic Lagrangian for ',

L2 ⇡ �1

2
(@µ')2 . (5.3.75)

We get the cubic Lagrangian for ' by evaluating one of the legs of the interaction (@�)4 on the

background ˙̄�,

L3 = �
˙̄�

2⇤4
'̇(@µ')2 . (5.3.76)

As before, we estimate the size of the non-Gaussianity in the quick and dirty way,

fNL ⇠ 1

⇣

L3

L2
⇠ 1

⇣

˙̄� '̇

⇤4
. (5.3.77)

Using '̇ ⇠ H' and ⇣ = H
˙̄�
', we get

fNL ⇠
˙̄�2

⇤4
. (5.3.78)

We therefore find that we only get significant non-Gaussianity when ˙̄� > ⇤2, in which case we

can’t trust our derivative expansion. In other words, for ˙̄� > ⇤2 there is no reason to truncate

the expansion at finite order as we did in (5.3.74). Instead, operators of arbitrary dimensions

become important in this limit,

P (X, �) =
X

cn(�)
Xn

⇤4n�4
, where X ⌘ �1

2
(@µ�)2 . (5.3.79)

As an e↵ective-field theory, eq. (7.4.10) makes little sense when X > ⇤4. All of the coe�cients

cn are radiatively unstable. Hence, if we want to use a theory like (7.4.10) to generate large non-

Gaussianity, we require a UV-completion. Interestingly, an example for such a UV-completion

19In addition, there could be high-energy modifications to the vacuum state. These e↵ects require a separate

discussion.
20A possibility to get large non-Gaussianities is to have additional light fields (i.e. fields with mass smaller

than H) during inflation. These new degrees of freedom are not constrained by the slow-roll requirements and if

their fluctuations are somehow converted into curvature perturbations, these can be much less Gaussian than in

single-field slow-roll inflation. We discuss this possibility in the next section.
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