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Motivation

Trnka’s Lectures!
Scattering Amplitudes of 4D N =4 SYM

give new insight of physics

How about ABJM scattering amplitudes?
(3D N =6 Chern-Simons Matter Theory)



Basics
Scattering Amplitudes of ABJM Theory   [Bargheer Loebbert Meneghelli 10]

- Scattering of matters (On shell super-fields)  

(U(N) �U(N))G � SU(4)R

φ : (N, N̄, 4) , ψ : (N, N̄, 4̄) + (c.c)

Φ(p, η) = φ4 + ηIψI +
1
2εIJKη

IηJφK +
1
6εIJKη

IηJηKψ4

Φ̄(p, η) = ψ̄4 + ηIφ̄I +
1
2εIJKη

IηJψ̄K
+
1
6εIJKη

IηJηKφ̄4

(note. 4D N = 4 SYM : Φ = A+ + ηIχI +
1
2η

JηJφIJ +
1
6εIJKLη

IηJηKχL + η1η2η3η4A�)

i denotes {λi, ηi} � Λi

- 3D spinor helicity

pαβ = pμ(σμ)αβ = λαλβ

Â2k(Φ̄1a1ā1 ,Φ2
b̄2
b2 , Φ̄3

a3
ā3 , . . . ,Φ2k

b̄2k
b2k) =

�

σ�Sk, σ̄�S̄k! 1

A2k(1, σ1, σ̄1, . . . , σ̄k�1, σk) ! δb̄σ1ā1 · · · δb̄σkāøσ1
δaøσ1
bσ1

· · · δa1bσk

(pi + pj)2 = ��ij�2 with �ij� � εαβ(λi)α(λj)β

pαβ̇ = pμ(σμ)αβ̇ = λαλ̃β̇



Grassmannian
Orthogonal Grassmannian Formulation  [Lee 11]

 - ABJM scattering amplitudes are given by

C =

�

����

c11 c12 · · · · · · c12k
c21 c22 · · · · · · c22k
...

... . . . ...
ck1 ck2 · · · · · · c2k2k

�

����

2k

k

# of free variables = 2k2 � k2 � k(k + 1)
2 � (2k � 3) =

(k � 2)(k � 3)
2 (e.g. 4,6-point, no free variable)

[Arkani-Hamed Cachazo Cheung Kaplan 09]

L2k(Λ) =

� dk�2kC
vol[GL(k)]

δk(k+1)/2(C · CT)δ2kB (C · λ)δ3kF (C · η)
M1M2 · · ·Mk�1Mk

C � gC where g � GL(k)



Orthogonal Grassmannian
U-gauge   [Berkovits Cherkis  04, Chin Lee YY  15]

C =

�

����

1 1 u12 �u12 · · · · · · u1k �u1k
�u12 u12 1 1 · · · · · · u2k �u2k
...

...
...

... . . . ...
...

�u1k u1k �u2k u2k · · · · · · 1 1

�

����

C · g · CT = 0
2k�

i=1
Cmi · λi = wm + umnvn = 0

1.

2.

ûmn(z) = u�
mn +

1
2(k � 4)!z

p1···pk�4εmnp1···pk�4rsūrs� u�
mn =

1
R �wmwn� , ūmn� = � 1

R �vmvn� with R �
�wpvp�

2

wα
m = λα2m + λα2m�1

vmα = λα2m � λα2m�1

g = diag (�1, 1, . . . , �1, 1)� �� �
2k

OG(k, 2k) � SO(2k)/U(k)

C =

�

����

1 0 · · · 0 c11 · · · c1k
0 1 · · · 0 c21 · · · c2k
...
... . . . 0

... . . . ...
0 0 · · · 1 ck1 · · · ckk

�

����



8-Point Amplitude

Mi(z) = aiz2 + biz + ciwith

- 8-point amplitude reduces to a contour integral of ‘z’ 

- Contour description from on-shell diagram   [Huang Wen  13]

( ûmn(z) = u�
mn +

z
2εmnpqū

pq
� )

A �� = �-�%�-�)�y
��(�3)�y��(�4)

�

C

�G�]
��� �L

���
��(�D�M�]

�� + �E�M�]+ �F�M)
�0 ��(�])�0 ��(�])�0 ��(�])�0 ��(�])

A8 = δ3(P)δ6(Q)(1 + π)J
�

F(2)
Δ21Δ23Δ24

+
F(4)

Δ41Δ42Δ43

�
, J = 2( 2R )4

Δ21 = � 26
R4 p

2
234 p2678 Δ23 = � 26

R4 p
2
345 p2781

F(2) = �K22J21(5J236J247) +
3
4L

2
(1
2
3J4)2(5L2627)

M2(z) = 0 and M4(z) = 0 (or M1(z) = 0 and M3(z) = 0)

Δ24 = Δ42



Soft Theorem

Soft Graviton & Photon   [Weinberg  65, Cachazo Strominger 14, Casali  14]

- IR divergence of the theory
- Universal behavior of scattering amplitudes
- Symmetries of the theory(gauge,Lorentz,SSB,BMS,…)   

- Soft limit :  a graviton(photon) approaches vanishing momentum 

Mn+1(p1, · · · , pn, q)|q�0 = ( S(0) + S(1) + S(2))Mn(p1, · · · , pn) + O(q2) soft graviton (q � 0, εμν)

S(0) =
n�

a=1

εμνpμa pνa
q · pa

, S(1) = �i
n�

a=1

εμνpμa (qρJρνa )

q · pa
, S(2) = �12

n�

a=1

εμν(qρJρμa )(qσJσνa )

q · pa

Weingberg Cachazo,Strominger Cachazo,Strominger



ABJM Soft Theorem
ABJM Soft Theorem & Proof   [Chin Lee YY  15]

A2k+2(1, 2, · · · , 2k, ε2p2k+1, ε2p2k+2)
��
ε�0 =

�
1
ε2 S

(0) +
1
εS

(1)
�

A2k(1, 2, · · · , 2k) .

- Double Soft Theorem

- Proof 
3D recursion relation    [Gang Huang Koh Lee Lipstein  10]

S(0) =
1

2!1, 2k"

�
δ3(øθk+1)
α+β+

#
δ3(θk+1)
α�β�

�

S(1) =
1

2!1, 2k"α+β+

�
1
2εIJK

øθI
k+1

øθJ
k+1ξK+ + δ3(øθk+1)

�
β+R2k+2,1 # α+R2k+1,2k

��

+
1

2!1, 2k"α�β�

�
1
2εIJKθ

I
k+1θ

J
k+1ξ

K
� + δ3(θk+1)

�
β�R2k+2,1 + α�R2k+1,2k

��

α± =
�1, 2k + 1� ± �1, 2k + 2�

�1, 2k�

β± =
�2k, 2k + 1� ± �2k, 2k + 2�

�1, 2k�

λ̂2k = cλ2k + sλ2k+1 , η̂2k = cη2k + sη2k+1
λ̂2k+1 = sλ2k + cλ2k+1 , η̂2k+1 = sη2k + cη2k+1

c = cosh(θ), s = sinh(θ)with
1
p2f

� 1
p21

ξ+ = �α+η2k + β+η1

Ri,j = ηi
�

�ηj



Conclusion & Future Works
We develop the systematic tool for higher point ABJM amplitudes

F(2) & F(4) are rather complicated.  
         Simplification? or New notations?

10-point and higher-point amplitudes              
          Should we solve the Mi(zk)=0 ??  (Scattering Equations & CHY formula)

Doubles soft theorem for ABJM amplitudes 

Physical understanding of the soft theorem (Strominger, BMS symmetry)

Grassmannian proof 

ABJM loop amplitudes (now 4-point 2,4-loop, 6-point 2-loop)

Amplituheron for ABJM ??



Thank you!


