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Theorem (lwaki - Koike - T)

For the family of the Gauss hypergeometric differential equations, we obtain the
following results :

(1) They are realized as quantum curves for appropriate spectral curves.

(2) Voros coefficients are expressed as the difference values of the generating
function of free energies with respect to parameters.

(3) The explicit forms of Voros coefficients and free energies are obtained.

Remark: The confluence diagram for the family of the Gauss hypergeometric
differential equations is as follows:

Weber

(1.3)
( Gauss) N K(umm;r / \4 A(\ir)y
11,11 1,1,2 4
o N /

Bessel
(22)
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Purpose

Purpose of this talk

To generalize these results to confluent hypergeometric differential
equations associated with the 2-dimensional Garnier system.

Remark: The confluence diagram for the family of the hypergeometric
differential systems associated with the 2-dimensional Garnier system is
as follows ([OK]) :

(113) —

(1,1,1,1,1) — (1,1,1,2) / >< \

(122) —
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(1,2,2) equation

The (1,2,2) hypergeometric system with a small parameter & > 0 :

3 93 5 o2 0
xlh8713—(X1—/\0—)\1)ﬁ3712—(X2+>\0)7187X1+X2 Y =0, (1)

0? d
2 _ o 9 _
{h Ox10x2 2h8x1 1} v=0

In what follows, setting x; = x and x, = t (fixed), we consider

xh3d—3—(x—)\ —A)hzd—z—(tJrA)hiH Yv=0. (2
dx3 0 LT dx2 0/ dx -

We call (2) the (1,2,2) equation.
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Outline of our method

. . Forg > 0,n>1
Topological recursion &= -

32 EO1], [CEO © Wen(zi;---:2n)
y2_< _A> . ([EO1], [CEO])

= . correlation function

W

@ F,eC
. g-th free energy
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Outline of our method

. . Forg >0,n>1
Topological recursion

2 ([EO1], [CEQ]) ° Wen(z1,-..,2n)
y? — ( )\) 0 >

7 = > . correlation function

@ F,eC

. g-th free energy

Quantization
([EO1], [DM], l

[BE])
d? X2 v
2 _
L (2 e )]ty = 0
h2g+n—2
h) = ex Wy n(z1,. .., 2n
w(x, h) pL};N . /D /D (21 z):| »
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32 EO1], [CEO © Wen(zi;---:2n)
y2_< A) . ([EO1], [CEO]) .

T = > . correlation function
o @ F,eC
Quantization . g-th free energy
([EO1], [DM], Classical limit
[BE])
2 2
{n2%_(%_x+gh>}w(x,h) =0
h2g+n—2
h) = ex W n(z1,. .., 20
veet " L>§>1 n /D /D ol ) )] 2-2(x)
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Exact WKB analysis, |

Let us consider the following differential equation with a small parameter 7

d a3 d? d
P (xn ) o= [ 5+ pa)2 Sy 4 a0 =0
(3)
and its WKB solutions
Blx B) = exp ( JESY dx) | (4)
where
S(x,h) =h1S 1 (x) + So(x) + hSi(x) + - = > HSi(x) (5
jz-1
is a solution of
d? d
po(x)i® ( == S(x, ) + 35(x, h)—-S(x, 1) + S(x, h)?
(dx d ) (6)

+ p1(x)h? <:Z<S(x, h) + S(x, h)2> + fipa(x)S(x, h) + ps(x) = 0.
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Exact WKB analysis, |l

By substituting (5) into (6) and comparing like powers of both sides with
respect to A, we obtain

Po(x)S2 1 + p1(x)S21 + p2(x)S—1 + p3(x) = 0 (7)
and
m—1
(3po(x)S=1 + 2p1(x)S—1 + p2(x)) Sm1 + Z 5iS5iSc+3 Z Sm—j-15;
itjtk=m—1 =0
ij,k>0
d5_1 dSm d25m—1 .
+3P0(X)5mw + 3P0(X)5—1K + po(x) a2 T pi(x) jz:; Sm—jS;
dS,,
(8)

Eq. (7) has three solutions, and once we fix one of them, we can determine S, for

m > 0 uniquely and recursively by (8).
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Voros coefficients

Then, the Voros coefficient is defined by
vit=" /S(x,h)dx
¥
=[St — 1715400 = Sa(e)ase = D 17 [ Sntx)a
gl v

m=1

where v is a path from a singular point to a singular point.
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Asymptotic behaviors of characteristic roots

4
ﬁ Ao /\0 + 4\t _3/2—|—O(X ) (X—>OOO)7

X2  2x 8/t
A
Sa(x) = 1= T+ 0(x%) (x = c01), (10)
VE o AP H4AMt 5 .
_W_ﬂjLsi\/fX +O(X ) (X—>002).
)\o+t7\/>\§+t2—2)\ot—4)\1t+o( ) (x = 00)
X X
2(ho + A1) )
S = o+t VAZ+ t2 =2\t — 4\t LO0() (x— 00) (11)
2(ho + A1) v
Ao + A1 A1 — t
- X + )\0 T + O(X) (X — 02)
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Spectral curve

3 2
{xh3 —(x=Xo— M) hQ% —(t+ Ao)hix + r} ¢ =0. : The (1,2,2) eq.
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Spectral curve

Xrﬁdif(xfx f)\)f2d—27(t+>\)fi+t ¥ =0. : The (1,2,2)
dx3 0 AN AL o - 9
lh;’x%y,hao

P(x,y) =xy® —(x —do— M)y’ —(t+Xo)y+t=0 (12
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Spectral curve

X;f"i,(xf,\ f)\)h2d—27(t+>\)hi+t ¥ =0. : The (1,2,2) e
dx3 0 VT k2 07 dx o 'Y 9

Let us consider the following algebraic curve
Px,y) = x> = (x =X = A)y? = (t+do)y +t=0.  (12)

For z € P! we choose
(Ao A+ (t+Ao)z—t
2 1) ’ 13)

x = x(z)

y=y(z)=z

We call a pair (x(z),y(z)) a spectral curve and (13) the (1,2,2) curve.
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Topological recursion (cf. [EO1])

Let (x(z),y(z)) be a spectral curve. We first define

dx dz; dz
Wo1(z) = y(z)a(z)dz, Wo2(z1,22) = B(z1,22) = 2
Forg =0, n20and 2g —2+ n =0, we construct meromorphic differentials
We.n(z1,...,2,) on (P')" by the following recursive formulas.

Womiilanzi oz = 5 Toy B
g,n+1\£0,415---54n) — g = -
a : branch point = (}/(Z) }/(Z)) dX(Z)

X Wg—l,n+2(zazazla"'7 E 11+\I| 4 zl)Wg2,1+|J\(szJ)
g1+82=,

WS {L2, e n}
@ Branch points are zeros of dx(z) (assume that all branch points are simple);
@ Z is a local conjugate point of z near a branch point (i.e. x(2) = x(2));
® z :(Z,'l,...,Z,',) for | = {I.]_7...,I.,—} - {1,...,”}.
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Free energy

We define F; = W, o, called free energies, by the following ([EO1], [CEO]):

1
Fe=5=% 2. Reo@Wal) (522)

a : branch point

where ®(z) is any function satisfying %(z) =y(z) %(z).

Remark: The free energies Fy and F; for g = 0 and 1 are also defined, but
in a different manner. For the (1,2,2) curve Fy is given by

1
Fo=7 {3X0? + 60 A1 + 4A1t + Ao® log t + 2X1° log A
—2(Xo + A1)? log (Ao + A1) — 2X0(Ao + A1) log (—1) } .

16 /30



Topological recursion
000080

Variational formula (cf. [EO2])

From the variational formula, W, »(z1,...,2,) and F, satisfy
oW, ,
CE . 2) :/ Wenia(z,- . 20 C) (2g+n>2), (14)
\j CG"{J'
OF,
67)\% = Wea(Q) (g=1), (15)
J Cey)
OF, 1
C{Tf =—Res — Wg1(2) (g21). (16)

Here, 7 (j = 0,1) is a path from z = oo to z = .

X 02 | 00g, 002 | 001

z || o 0 1

Table: Correspondence of points for the (1,2,2) curve
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Quantization ([BE])

We define

W(x, ) =exp [ / Woi(2) + 5 / / {Woz 21,2) — (d();(jl)_(i):((zzj))y}

+milh’"{ > n'/ /Wg,,zl,..., )H

2g+n 2 m

(17)

I

z=2z(x)

where z = z(x) is an inverse function of x = x(z) and

z V4
[onf o
D 0 1

Here v; (j = 0,1) satisfy 1 + 11 = 1. Then, 9(x, h) is a WKB solution of

ekl (x=%0-X 3 2L (e S+ 2m) hl + by =0 18
3~ (x=do =M =30 o = (t4 Ao+ 2h) h o e =0, (18)

where \; = \; — ;i (j =0,1). We call (18) the quantum (1,2,2) curve.
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Theorem 1

Let Fg(Ao, A1, t) be free energies for the spectral (1,2,2) curve and
o0
F(A t:h) = F(ho, M, ) = > Fe(Xo, Mg, £)h7672
g=0
be the generating function of Fg(\o, A1, t). Then, we obtain

OFy, _1 0°Fy  2p—18°F
I t4 oy ,
22N OAgON 2 3)\02

V(O,oo) =F (/N\Q + h, 5\1, t;h) —F (;\0,5\1, t; h) -

where VU:>) are Voros coefficients for the quantum (1,2,2) curve whose path is
from 0y to coj (j =0,1).

X 02 | 00p, 002 | cO1

z o) 0 1

Another Voros coefficient V(1) can be expressed similarly.
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Sketch of Proof of Theorem 1

We can express V(%) in terms of W, , as follows:

V(o,w):ihm/:{ —~ dz/ /Wg,,(zl,..., )}

2g+n—2=m

2 E (e o) (o ) e
g e (AN AL

m=1 2g+n—2=m | ko+ky=n
g£20,n>1

where we use the notation (f,y) Wen = Jeery Jeren Wenl(Gry -, Cn)-

z z 0 1
Note: / =1 / +uv1 / R / = / , / = / .
D 0 1 Yo 0 it 0

21/30



000800000000
[e5S] k ki ki -\ ki k:
0,00) _ m {@—w) — (—w)*} (=) ° !
v(©oo) Zlh > [ > AT : Wenl,

2g+n—2=m L ko+ki=n
£20,n21
SWLEDS [ ) i ) L ]
= oy ko Ay ke
m=1 2g+n—2=m L ky+ky=n ko!kl! d)\O d)‘l
g20,n21
N {1 =) — (=w)°} (=) or h2E-2F
SNAD> L Y,
n=1 ko+ki=n T 0 1 g2>0
10F 8%F, 2up—1 0%Fy
———+v
horo | FOAOM 2 92
. . - 10F ?Fy  2v9—109%F
= F () h,A1,t;h) — F (Mo, A1, t;h) — ——— .
(Ro 45 As, £ ) = F (do, M1, £:1) hoxe | oredn 2 02
where we use
ow,
6)\g7n (217 .t '72") = Wgan+1(217 . '72",4)7 (14)
j eV
OF
= W (15)
\J (<7
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From Theorem 1 and contiguity relations we obtain

F()\o + h, A1, t; h) — 2/‘_()\0,)\1, t; h) + F()\o — h, A1, t; h) =

F()\o,)\l + h, t; h) — 2F()\0, A1, t; h) + F()\07>\1 —h, t; h) = o

(19) is rewritten as

2
{ehf’%o — 2+ e_hai*o} F(A t,h) = ™% (eha%] B 1) F.t.h) =

92 Fy
o2’
92 Fy

3
1

(19)

(20)

PR
ONo?
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F()\o,)\l + A, t; h) — 2F()\0, A1, t; h) + F()\07>\1 —h, t; h) = o

(19) is rewritten as

R0 _h2 —h2- [ h2- 2
{0 —24 e LR ) = e "% ("~ 1) P e h) =

92 Fy
o2’
92 Fy

3
1

(19)

(20)

PR
N2
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Explicit form of free energies

From Theorem 1 and contiguity relations we obtain

2F,
F()\o -+ h, )\1, t; h) - 2F()\0, )\1, t; h) + F()\o — h, )\1, t; h) = %, (19)
0

2F,
F()\O,)\] + A, t; h) — 2F()\0,)\1,t; h) + F()\(),)\l —h, t; h) = g (2)

(20)
1
(19) is rewritten as

o o —292F,
F(A t. 1) = 7% (eﬁaio — 1) .
Ao
e

_ ! Bog 2g—2 0%F 1
(ev =17  w? Z 2626 —2)1" =3 logt—log(Ro+\)

w

8)\02 2

F(A,t,h) = Foh™ +F1+Z[ 2g_2 {—(A0+A1)Hg}+G(Al,t)}h%’—%
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Explicit form of free energies

From Theorem 1 and contiguity relations we obtain

2F,
F()\o -+ h, )\1, t; h) - 2F()\0, )\1, t; h) + F()\o — h, )\1, t; h) = %, (19)
0
Fo
F(hos Ax+ By 1) — 2F (Mo, Ax, £ 1) + F(ho, Ap — bt h) = — 2 (20)

1

(19) is rewritten as

; ; —292
F\t,h) = e'7% (JT?O - 1) Oh
Do

e” 1 Bag 2g—2 2F 1
(ew_1)2:ﬁizmwg a)\og:5|°gt—|0g(>\o+>\1)

Bsg

F(A\ t,h) = Foh™> + F1 + Z [72g(2g oy

{A 2728 (N + Al)Hg} n G(t)} 162,

0°Fo
(8)\12 = log A1 — log (Mo + )\1))
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Then we obtain that for g > 2

B, 1 1
Fg = £ - + G(1),
£ 2g(2g-2) { A% Mo+ a)*? } ()

where G(t) is an unknown function. In the following, we will prove G(t) = 0.

By substituting v, = 0 in (17), we get

Zn/ defzh

m=—1 m=—1 2g+n—2=m
g>0,n>1

,,./ /zn, Wen(z1,---520) p - (21)

J We differentiate the both sides with respect to z.

Z A" Sm(x(2))dx(z)
m=—1
B f2g+n 2
=S R W, (2) + ln_l / / W,n(2, 23, ..., 21). (22)
20 25;8 n2>2m
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= o d
E{eos . mzl " Sm( )dx(z)
2g+n—2
:I}:eos %Zfﬂgleg,l(Z)‘i’I}:eos % hn_ 1 / / W7 Z,22,...,2 )
g>0 2g+n 2=m

g£>0,n>2

(23)
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l;{eos ; Z;IFL Sm(x(2))dx(z)
B ) 1 251 1 h2g+n 2
_IZ{:eg;Zh Wgﬁl(z)JrI}:eos; C=]] W7 Z,23,...,2n).
g>0 2g+n 2=m
g>0,n>2
(23)
From the variational formula
OF, 1
——= = — Res — > 1), 16
5 — —Res ~ W,a(z) (g2 1) (16)

we obtain

_10F, 1. _ 1 = ..,
;ﬁ?g 1875 :}Z{:eos ;h "Wo —l;{:eos . Zlh Sm(x(2))dx(z)
&> m=—

1 h2g+n72 z z
Res - M Wen(z,22,...,20). (24
R DRy sl (Y B CERRO R

V4
2g+n—2=m
£>0,n>2

Then, we compare the odd degree terms with respect to 7 of both-sides.
25/30
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From Sp(x) ~ O(1/x?) (m > 1), we find that

Pz{eos S Z h"Sm(x(2))dx(z) = 0. (25)
Because W, n(z1, 22, .. ., z,) is holomorphic at z; =0 (1 </ < n),

Wen(z1,22,...,20) = Z Akt 2 (26)

Kiseoorkn20
z Zp
/ / Wen(z, 22, ..., 2n) =z {a0,...0+ 0O (2)}. (27)
0 0 2,...2p=2
By using this we obtain
1 h2g+n 2
l;{:eos; =1y / /Z Wen(z,22,...,2,) = 0. (28)
2g+n 2=m n=
g2>0,n>2
OF, 0G
Therefore, —& = — =0 holds for g > 1.
ot ot &=
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Explicit forms of Voros coefficients

Using the explicit form of the free energy
B { 1 1 }
F, = £ — 29
£ 28(28—2) L \%672 (Ao +Ap)%E2 (29)
and Theorem 1, we get the explicit forms of the Voros coefficients.

Explicit forms of the Voros coefficients

© Bm (_1)m+le 1

V(000) — { a 30
mz_:l mm+ ) U ot )" S (30)
= A" Bm (Ul) (—1)m+1Bm+1

y(Loo) _ { el 31
mz_l m(m = 1) A" ()\0 i /\1)m ’ ( )

where Bp,(X) designates the m-th Bernoulli polynomial defined by

weX” i Bn(X) m
ew —1 m!
m=0 27 /30/
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Summary

For confluent hypergeometric differential equations of third order, we also
obtain the following results:

@ Voros coefficients are expressed as the difference values of the
generating function of the free energies with respect to parameters.
— It means that the Voros coefficients are controlled by the free
energy, in other words, the free energy is more essential quantity.

@ As its applications, we get the explicit forms of the Voros coefficients
and free energies.
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