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Rogue waves and analogies in optics
and oceanography
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Abstract | Over a decade ago, an analogy was drawn between the generation of large ocean waves
and the propagation of light fields in optical fibres. This analogy drove numerous experimental
studies in both systems, which we review here. In optics, we focus on results arising from the use of
real-time measurement techniques, whereas in oceanography we consider insights obtained from
analysis of real-world ocean wave data and controlled experiments in wave tanks. This Review of
the work in hydrodynamics includes results that support both nonlinear and linear interpretations
of rogue wave formation in the ocean, and in optics, we also provide an overview of the emerging
area of research applying the measurement techniques developed for the study of rogue waves to

Rogue waves
Large-amplitude waves
satisfying the common
definition that their height from
trough to crest exceeds twice
the significant wave height.

In optics, the definition is the
same, but expressed in terms
of optical intensity.
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In nature, many complex systems show the unexpected
emergence of rare and extreme events that can have a
huge impact on their surrounding environment. A well-
known example comes from oceanography, in which
large-amplitude rogue waves have been associated
with many maritime disasters. The difficulty in under-
standing the physical origin of these waves has made
them as much a part of folklore as of science'-*. However,
research into rogue waves has developed considerably
since 2007, following the introduction of an analogy
between the generation of large ocean waves and the
propagation of light fields in optical fibres’. This analogy
was made based on the observation of long-tailed
statistics in experiments that studied noise in fibre
supercontinuum generation, and it attracted intense inter-
est in both optics and hydrodynamics. Many subsequent
studies have explored the analogous characteristics of
the two systems in more detail, with the view of clar-
ifying the potential role of nonlinear focusing effects
during wave propagation® "%,

In optics, however, the term optical rogue wave has
become widely applied to instabilities in a range of opti-
cal systems exhibiting long-tailed statistics, irrespective
of the existence of a hydrodynamic analogy. In addition,
the terminology rogue wave has become common, in a
purely mathematical sense, to describe strongly localized
solutions of certain nonlinear partial differential equa-
tions. Although nonlinear focusing has received most
attention in hydrodynamic studies, the relative impor-
tance of linear and nonlinear effects in actually dri-
ving ocean rogue wave generation remains a subject of

dissipative soliton systems. We discuss the insights gained from the analogy between the two
systems and its limitations in modelling real-world ocean wave scenarios that include physical
effects that go beyond a one-dimensional propagation model.

debate. A related discussion concerns the limitations
of 1D models when applied to the complex oceanic
environment.

In this Review, we provide an accessible overview of
rogue waves in optics and hydrodynamics, the analogy
between which was initially based on the suggested
importance of nonlinear focusing in both domains.
First, we introduce the main regime in which optical
and hydrodynamic nonlinear wave propagation can
be described by a common formalism. We then review
results obtained in different optical and hydrodynamic
systems, including results considered to have purely lin-
ear origins for rogue waves. Next, after reviewing opti-
cal phenomena that are potentially analogous to ocean
wave propagation, we discuss particular cases (such as
dissipative rogue waves in lasers) for which no such
analogy is currently known. When considering water
waves, we review studies of real-world ocean wave data and
of wave-tank experiments in controlled environments.

Nonlinear focusing

Propagation models. In optics and hydrodynamics, the
equations of wave propagation are simplified forms
derived from Maxwell’s equations and the Euler equa-
tions, respectively. In both cases, for unidirectional prop-
agation and assuming that the underlying carrier waves
are modulated by a slowly varying narrowband envelope,
it is possible to derive a common mathematical formal-
ism in the form of a nonlinear Schrédinger equation
(NLSE) describing the evolution of the envelope in space
and time"~°. In optics, the NLSE applies to an envelope
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Key points

* An analogy between wave propagation on the ocean and in optical fibres has
provided new insights into the physical mechanisms and dynamical features that
underpin the occurrence of rogue waves.

* Real-time measurement techniques studying instabilities in fibre optics have
highlighted the emergence of localized breather structures associated with nonlinear
focusing, a scenario confirmed in wave-tank experiments.

* The experimental techniques developed for rogue wave measurement in optics have
also yielded improved understanding of transient dynamics and dissipative soliton

structures in lasers.

e Advanced analysis and hindcasting of real-world ocean wave data have revealed the
central role of directionality and the superposition of random wave trains in the
formation of ocean rogue waves.

* The emergence of oceanic rogue waves in the general case is likely to arise from both
linear and nonlinear mechanisms to different degrees depending on the prevalent
wind and sea state conditions.

* Machine learning could play a key role in future efforts to forecast and predict ocean
rogue waves and to identify new areas of physical analogy and overlap between

optics and hydrodynamics.

Supercontinuum

A broadband optical spectrum
typically spanning from the
visible to the infrared that is
generated by a number of
different nonlinear spectral
broadening processes.

Envelope

A slowly varying function that
modulates the amplitude of
optical or water carrier waves.

Deep water

In hydrodynamics, deep water
waves are those that propagate
in water of depth d that is
much greater than half their
wavelength A; that is, d> /2.

Soliton fission

The break-up of a higher-order
background-free soliton into
constituent fundamental
soliton components due to
perturbations going beyond
the strict nonlinear Schrédinger
equation description.

Carrier oscillations
Individual cycles of a
propagating wave underneath
a group or pulse envelope.

Modulation instability
Exponential growth of a weak
perturbation on a continuous-
wave excitation in any
nonlinear system.

Akhmediev breather

A soliton on a finite
background solution to the
nonlinear Schrédinger equation
that describes a single cycle of
growth and decay along the
propagation direction & with
periodic behaviour along the
time axis 7.

modulating electromagnetic carrier waves, whereas in
hydrodynamics, it applies to an envelope that modulates
long-crested surface gravity waves on deep water (and
even on water of intermediate depth'*).

A complete understanding of the origins of dispersion
and nonlinearity in optics and hydrodynamics, and the
derivations of the associated NLSEs, requires a detailed
analysis of the physics specific to each system'*~'®. That
said, a general physical understanding of why optical
and water waves are described by the same NLSE model
can be obtained by considering how the wave proper-
ties depend on the corresponding linear and nonlinear
dispersion relations. For example, both systems exhibit
frequency dependence of the wave speed — linear group
velocity dispersion — and a nonlinear response at high
amplitude that introduces a nonlinear phase on the
wave envelope. The mathematical forms of these linear
and nonlinear terms in the corresponding propagation
equations are identical for the two systems (see BOX |
and REFS"*~!® for details). The NLSE models the effect
of group velocity dispersion and nonlinearity on a wave
envelope, and, since we are interested in the mecha-
nisms that can potentially lead to large envelope ampli-
tudes, the equations are written for the regime in which
dispersion and nonlinearity act together to support
‘nonlinear focusing’

Although the NLSE is a simplified model, it has
proven very successful in describing wave evolution in a
number of specific regimes in optics and hydrodynamics
when the spectrum of the wave envelopes remains rela-
tively narrow. However, the narrowband approximation
of the NLSE is not valid for all scenarios, and more gen-
eral equations have been derived to describe broadband
propagation more accurately. In fibre optics, the most
widely used is the ‘generalized NLSE’”, which includes
the effect of higher-order fibre dispersion, Raman scat-
tering and the frequency dependence of the nonlinear
response associated with envelope steepening. This
generalized NLSE model has been highly effective in
modelling broadband propagation in optical fibre, even
in the extreme case of supercontinuum generation®.

In hydrodynamics, truncations of the full Euler equations
to describe broadband propagation in deep water include
the Zakharov Hamiltonian dynamical equations?',
and the higher-order spectral method formulation®*.
These approaches have been shown to be equivalent, at
least for weak nonlinearities*. An additional compact
form of the Zakharov equation has also been reported®.

Extensions of the NLSE have been derived to model
higher-order effects in hydrodynamics, most notably the
Dysthe equation, sometimes referred to as the ‘modi-
fied NLSE**%. In the context of optics—hydrodynamics
analogies, the modified NLSE is particularly successful in
identifying a soliton fission-like regime in hydrodynam-
ics, equivalent to the onset dynamics of supercontinuum
generation in optics™.

Notwithstanding the need to use broadband prop-
agation models for the most general comparison with
experiments, the basic form of NLSE has remained
attractive for many analytic and numerical studies
because it clearly isolates the dispersive and nonlinear
contributions to the dynamics, often in regimes beyond
the apparent mathematical limits of its validity. Such
cases include, for example, the use of the basic NLSE
to qualitatively describe the propagation of pulse
envelopes that are not strictly ‘slowly varying’ relative to
the carrier oscillations'. Moreover, the integrability of the
NLSE yields a number of analytic solutions that can be
used to determine experimental initial conditions to

29

generate prototype rogue waves in the laboratory”.

Mechanisms and measurements. The nonlinear focusing
mechanism that has received most attention in the study
of rogue waves is the modulation (or Benjamin-Feir)
instability. This refers to the exponential growth of a
small modulation (or noise) on a continuous-wave
input to the NLSE*"**~**, Plotting in terms of the nor-
malized NLSE (BOX 1), we illustrate two scenarios of
modulation instability corresponding to narrowband input
spectra (FIG. 1a,b). The first one (FIG. 12) is the evolution of
an ‘Akhmediev breather, a structure periodic in time 7 that
develops from an initial coherent sinusoidal modulation
on a continuous wave™. Owing to non-ideal initial condi-
tions (that is, a pure intensity modulation), its evolution
is also periodic with propagation distance &, a manifes-
tation of the Fermi-Pasta—Ulam-Tsingou recurrence
phenomenon’®”. In contrast to this regular behaviour,
the second scenario (FIG. 1b) shows the random evolution
observed when the initial continuous wave is perturbed
by low-amplitude noise. In this case, we see an approx-
imate 7-periodicity at the reciprocal of the frequency of
maximum amplification for the instability”” and random
breathing along &.

By contrast, we see qualitatively different evolu-
tion when the initial conditions consist of an incoher-
ent field with near 100% amplitude noise, rather than
a weakly perturbed continuous wave (FIC. 1c). We still
see the emergence of strongly localized peaks, but
with more erratic trajectories compared with FIC. 1b.
Indeed, the evolution in this case is not strictly speak-
ing a modulation instability, but is better described in
terms of turbulence and the propagation of higher-
order background-free solitons***’. As we shall describe
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Continuous wave

Also known as plane wave, this
is a wave of constant amplitude
or intensity.

Solitons

Coherent structuresin a
nonlinear dispersive system
that display either stationary
or recurrent behaviour with
propagation, including
stationary background-free
sech-solitons and solitons on
finite background that are also
known as breathers.

Stokes wave

The surface elevation of water
waves including ‘bound’
harmonic components, which
to second order is written

n(t, 2)=a cos(6) + 1/2ka? cos(26)
where 0=kz-wt and k is the
wavenumber given here for
deep water.

below, all three scenarios in FIG. 1 have been studied in
experiments.

Although the form of the NLSE in optics and hydro-
dynamics is the same, there are important differences in
what the equation describes in each system. In optics,
the underlying carrier wave is considered sinusoidal
at frequency w, whereas in hydrodynamics, the NLSE
envelope modulates the Stokes wave, which (to second-
order) contains contributions at both w and the second
harmonic 2w™. In addition, even though the terminol-
ogy optical wave breaking is used in an NLSE context
to describe the steepening of an optical envelope from
nonlinear focusing"', optical carrier waves themselves do
not ‘break’ or plunge as they do in hydrodynamics**.

REVIEWS

There are also important differences in measurements
in each domain. Experiments in optical fibres generally
measure only the time-domain envelope intensity, and
information about carrier oscillations is not recorded.
By contrast, measurements in hydrodynamics directly
record the individual carrier wave amplitudes (although
envelope information can be reconstructed straightfor-
wardly*). Particular care must therefore be taken when
comparing statistics between optics and hydrodynam-
ics, because the statistics in fibre optics experiments are
determined from the intensity envelope peaks, whereas
the statistics of water waves are usually determined
from the trough-to-crest heights (or crest heights or ampli-
tudes) of individual waves. This is of special relevance

Box 1| NLSE models and typical parameters for optical and hydrodynamic rogue waves
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In hydrodynamics, the corresponding equation is
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These equations can be reduced to the normalized form
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Fibre optics

B,<0with

[B,]=0.1-20 ps’km™"; y>0
with y=1-100W-km™

Typical parameters and
physical dimensions

Driven (coherent) initial
conditions

Temporally modulated
continuous-wave laser,
shaped frequency comb,
ultrashort pulses

Quantum noise, amplified
spontaneous emission,
technical laser noise

Possible noise sources in
initial conditions

Typicalrogue wave

characteristics duration A= 1-10ps

Real time (time lens) ~220fs;
time-averaged (for instance,
frequency-resolved optical
gating (FROQ)) <5fs

Measurement resolution

Peak power P=1 W to 10kW,

In fibre optics, the dimensional form of the focusing nonlinear Schrédinger equation (NLSE) is

(1)

where A=A(z, T) is the amplitude of the envelope of the wave (with Sl units W'2), z is the spatial coordinate, Tis time, f3, is
the group velocity dispersion and y is the nonlinearity parameter.

(2

where u=u(z, t) (with Sl units m) is the amplitude of the envelope of a group of deep water waves, t is time, g=9.81ms~is
the acceleration due to gravity, k,=211/A is the wavevector and 1 is the wavelength.

(3)

where for fibre optics y = A/ Py, 7=T/T,and E=z/L, Ty=(|B,|Ly)"? and Ly, =(yP,)"; P, has Sl units W. For hydrodynamics,
v=uluy, 1=t/Ty, E=-2z/Ly, T,=(2Ly /9"  and Ly, = (kgud)™%; u, has Sl units m. Note that the carrier wavelength does not
appear explicitly in the optical NLSE but is nonetheless an important parameter, determining whether the NLSE is focusing
or defocusing in a particular material. In particular, focusing NLSE behaviour is observed for A,> 1.3 um in standard silica
fibre and can be observed at shorter wavelengths using specialty photonic crystal fibres*>.

In the Table, we summarize typical parameters and characteristics of rogue waves.

Wave tank Ocean
k,=1-25m™; k,~0.004-4m™;
Ay~6.25-0.25m; y=1,600-1.6 m;
w,~3.1-16rads™* w,~0.2-6.3rads™
Driving unidirectional or NA

directional waveform sent
in the time or frequency
domain to paddlesina
wavemaker

Random initial conditions
sent to wavemaker

Wind, random crossing
sea interactions

Wave height (trough-
to-crest)H__ ~5cm for
period ~0.6s and A,=0.5m,
H...=16cm for period ~1s
and1,=1.6 m

Wave height (trough-
to-crest) H__ =25m
for period ~10s and
1,=150m

Wave gauges: 0.002 s Lasers: 0.1s; buoys: 0.5s
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Significant wave height
Mean wave height from trough
to crest of the upper third of all
events in a recorded time series
of surface elevation. In optics,
the equivalent quantity is
‘significant intensity’, the mean
intensity (from zero) of the
upper third of all eventsin a
recorded intensity time series.

Dispersive Fourier
transform

Also known as time stretch and
used for real-time spectroscopy,
this technique temporally
stretches an ultrashort pulse
through linear dispersion such
that its temporal intensity
assumes the form of its
spectrum.

Dissipative soliton

Stable localized structure
that is localized as a result of
balance between nonlinearity,
dispersion and energy
exchange (gain or loss) with
an environment.

a Coherently seeded modulation
instability field

[yl?

instability field

o
—_
N
w
N
v
o
N
~

b Noise-seeded modulation

[yl?

¢ Broadband incoherent
higher-order soliton field

[yf?
6 0 5 10 15 20 25

Fig. 1| Localization properties of nonlinear focusing dynamics in the nonlinear Schrédinger equation for three
different cases. a| ‘Breathing’ with propagation distance & of a train of localized pulses periodic in time 7. Such a train of
Akhmediev breathers is generated from an initial coherent modulation on a continuous wave at £=0, with modulation
frequency at the peak of the instability gain such that the period is AT = +/2 7. b | The complex noisy field of peaks that
emerge when the continuous-wave initial condition at §=0 is perturbed by low-amplitude broadband random noise. In
this case, we see approximate periodicity with mean period AT = +/2 m, and random breathing along & ¢ | The qualitatively
different behaviour when the initial conditions consist of an incoherent broadband pulse rather than a continuous wave.
Here we see turbulent evolution and the emergence of random higher-order background-free solitons. All plots show the
space-time evolution of the intensity [yl? plotted above the corresponding two-dimensional projection.

to the criterion that, in oceanography, identifies a rogue
wave as one whose trough-to-crest height exceeds
twice the ‘significant wave height’ (the mean height of
the highest third of waves in a measured population).
In optics, although the criterion is the same, it is expres-
sed in terms of envelope peak intensities. There are some
other key differences between the two systems relating
to typical design of controlled experiments, possible
noise sources, measurement resolution in experiments
and typical characteristics of rogue waves that have been
observed. These are summarized in BOX 1.

Finally, although renewed interest in the link between
optics and hydrodynamics was stimulated by the possi-
bility of better understanding rogue waves, analogous
nonlinear propagation effects had in fact been inde-
pendently observed in both fields over many years. This
is to be expected, given the centrality of the NLSE in
describing nonlinear focusing in both environments,
and the parallel development is illustrated through a
timeline (FIC. 2). Some of these results will be discussed
in more detail below, and more exhaustive historical
treatments appear in REFS>H-134546,

Rogue waves in optics

Overview. The 2007 proposal that an optical system
could display properties mimicking oceanic rogue
waves was based on noise measurements of an opti-
cal supercontinuum®. Specifically, a relatively new
experimental technique at the time, known as the
dispersive Fourier transform (DFT), was used to measure
pulse-to-pulse (‘shot-to-shot’) fluctuations in the shape
of supercontinuum spectra generated from high-power
picosecond pulses injected in an optical fibre. Although
it was well known that stable supercontinuum generation

was possible by using femtosecond pulse pumping, the
DFT measurements of a picosecond supercontinuum
revealed great variations in the structure of the spectra
generated from sequential pulses. Moreover, when fil-
tering the supercontinuum spectra at long wavelengths
in which (background-free) optical solitons were
expected to form, the corresponding time series showed
a highly asymmetric ‘L-shaped’ probability distribu-
tion, with a long tail containing a small population of
high-intensity peaks.

A link between these spectral instabilities and ocean
rogue waves was proposed, based mostly on the simi-
larity of these long-tailed statistics to those of extreme
events'” but also on the common NLSE model for deep
water waves and optical fibre propagation discussed in
the previous section. The supercontinuum results imme-
diately attracted interest and stimulated many other
experiments in optics. However, the description optical
rogue wave was rapidly generalized to refer to any opti-
cal system displaying long-tailed statistics, even when
there was no obvious correspondence with analogous
oceanic dynamics.

Although this broader usage in optics is now well
established, to avoid confusion it is essential to specify
when a particular experiment in optics has a potential
analogy with a hydrodynamic or oceanographic system.
Next, we first focus on describing one-dimensional and
two-dimensional propagation experiments for which
there is a potential hydrodynamic analogy. We then
review the rapidly emerging field of real-time char-
acterization of dissipative soliton instabilities in lasers.
Although these laser dynamics are likely to be without
a natural oceanographic equivalent, the field has devel-
oped directly from applying the real-time measurement
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Spatial Peregrine
nonlinear Background-free | | Modulation Rogue waves in soliton in
self-focusing solitons in instability in supercontinuum optical

in optics®%* optical fibre® optical fibre®® generation® fibre®

High-order | | Time lens Full field measurements
breathers measurements of turbulence and

in optical of rogue waves dissipative soliton
fibre®® in optical fibre”™ transients’”1%®

1964 1967 1975 1980 1986 1995 2006 2007 2010 2011 2013 2016 2017 2018 2019
Modulation Background-free | | Draupner JONSWAP Peregrine soliton Effects of Wind and Draupner wave
(Benjamin—Feir) | | solitonsin a wave record rogue waves in in a wave tank®® currents on multi-direc- (multi-directional)
instability in a wave tank!® in the North a wave tank’® rogue waves in | | tional effects in a wave tank'®
wave tank?168 Sea’”’ Draupner wave a wave tank'’® on rogue

(1D propagation) waves in a
in a wave tank!®® wave tank!®®

Peregrine soliton

A limiting case of the
Akhmediev breather and
Kuznetsov—Ma soliton
solutions that is doubly
localized along the propagation
direction £and 7.

Kuznetsov—Ma soliton

A soliton on a finite
background solution to the
NLSE describing periodic
oscillation along the
propagation direction & with
localization along 7.

Fig. 2 | Timeline illustrating the parallel developments in fibre optics (top) and hydrodynamics (bottom).
In hydrodynamics, we focus especially on listing a selection of wave-tank recreations of the Draupner wave because

of its central place in the study of rogue waves.

techniques used for the study of rogue waves in optics,
and it may stimulate studies of other classes of nonlinear
dissipative structures in hydrodynamics.

One-dimensional propagation. Following the initial
experiments’ from 2007, numerical simulations were
used to study the statistics and dynamics of supercon-
tinuum rogue waves in more detail’. These simulations
showed that the distinct solitons observed in the pico-
second supercontinuum emerged from an initial phase
of noise-driven modulation instability, and the shifts to
longer wavelengths of the small number of ‘rogue soli-
tons’ in the filtered tail of the DFT histogram arose from
inelastic collisions mediated by the Raman effect**.
However, although leading to long-tailed statistics, these
Raman soliton dynamics appeared to be very specific
to supercontinuum generation and therefore of primary
relevance to the optical domain®.

By contrast, the initial propagation phase of the modu-
lation instability had earlier been proposed as a mecha
nism for hydrodynamic rogue wave generation®-**, and
attention in optics therefore quickly focused on this
regime. The modulation instability and solitons in fibre
optics had been studied since the 1980s, but had been
characterized using only time-averaged measurements
of the optical spectrum and/or the temporal intensity
autocorrelation function'>**~". These were the state-
of-the-art characterization techniques at the time, but
the development of real-time techniques such as the
DFT, and the possibility of an analogy with rogue waves,
motivated new experimental studies in optics.

It was particularly interesting to use optics to study
nonlinearly localized analytic NLSE ‘breather’ structures
that emerged from the modulation instability, as it had
been suggested that their nonlinear growth and decay
were typical characteristics of ocean rogue waves®***.
Moreover, there was additional evidence from the shape
of time-averaged spectra (specifically the slope of the
spectral wings) that breather structures were present in
noise-driven modulation instability®.

The first studies of nonlinear breathers in the con-
text of rogue waves used coherently modulated fields
injected into optical fibre to excite specific analytic

solutions (FIG. 1a). Because of the coherent seeding, the
excited breathers were stable, and did not require real-
time characterization. Rather, it was possible to use
averaging techniques such as frequency-resolved opti-
cal gating®' or optical sampling® to record the breather
profiles. These experiments characterized a range of
nonlinear structures, including the Akhmediev breather,
the Peregrine soliton and the Kuznetsov—Ma soliton®-%*, and
were important in motivating studies in hydrodynamic
wave tanks as described below™.

The comparison of these measurements with analytic
predictions was particularly important in showing that
an optical fibre system, before the onset of supercontin-
uum generation, could be considered as a close-to-ideal
NLSE environment. Additional experiments coher-
ently exciting higher-order breather solutions of the
NLSE further supported this interpretation®-*’. Related
experiments extended the study of hydrodynamic
analogies in optics even further, reporting controlled
shock dynamics™ and dam-breaking phenomena’"".

Although impressive in showing the ability of an
NLSE system to support nonlinear localization, the
direct relevance of optical experiments using coherent
initial conditions to noise-driven rogue waves on the
ocean remained unclear. Certainly, numerical studies of
noise-driven modulation instability show the emergence
of random localized structures (FIG. 1b), and a detailed
study of the intensity profiles showed that they clus-
ter around the analytic breather solutions of the NLSE
(REF”). The key question, however, was whether these
could be measured. Such experiments appeared chal-
lenging, requiring the measurement of real-time tempo-
ral profiles with subpicosecond resolution, much shorter
than the response time of available photodetectors.

To this end, new experimental techniques were devel-
oped’”*. The idea is to transpose the action of an opti-
cal lens that magnifies an object in space, to temporally
stretch noisy picosecond structures from the modulation
instability to nanosecond duration replicas that could be
measured (in real time) using high-speed photodetec-
tors (FIC. 3A). Such a ‘time lens’ exploits the mathematical
equivalence of paraxial diffraction in space and linear
group velocity dispersion in time”, and combines two
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A Experimental set-up for time magpnification
CW noise-seeded modulation instability

?I Time lens Real-time oscilloscope measurements
B — ol —@ .
Mode-locked element M /\ A
pulses Time

B Real-time intensity measurements of modulation instability

C Real-time intensity and phase measurements

Wave height (a.u.)

Fig. 3 | Optical rogue wave measurements. A | Schematic for temporal
magnification of random modulation instability generated by a noisy
continuous-wave (CW) laser injected into optical fibre. Pulses from a mode-
locked laser develop a quadratic temporal phase after dispersive
propagation D  before being combined with the dispersed modulation
instability signal in a nonlinear element (waveguide or crystal). The
nonlinear element transfers the pump quadratic phase to the modulation
instability signal such that another dispersive propagation step yields time-
magnification by a factor M=|D_, /D, | where D, and D, are the dispersion
parameters before and after the nonlinear element. B | Real-time
measurements of breather dynamics emerging from noise-seeded
modulation instability. Sequential windows of breather intensity profiles
normalized with respect to the average output background power (P) and
rescaled to account for temporal magnification (panel Ba). The
measurement window T, is determined by the mode-locked pulses (note
the broken axis between measurements, each 50 ps long; div, division).
Superposed experimental breather profiles (grey lines), comparing their
average (red line) with the analytic Peregrine soliton (black dashed line)
(panel Bb). Long-tailed normalized probability density of random modulation
instability breather peaks, comparing experiments (red) and simulations
(blue) (panel Bc). The inset uses semi-logarithmic axes. The calculated
rogue wave intensity threshold (Iy,) is shown as a dashed black line.
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C | Real-time complex field (intensity and phase) of integrable turbulence
dynamics generated by nonlinear fibre propagation of a broadband noisy
input field with near-100% contrast. Two typical measurements (panel Ca,
Cb) using a time-lens set-up with the addition of heterodyne detection for
phase retrieval. Each subpanel shows typical raw images captured by the
set-up (top panels), the retrieved phase (middle panels) and intensity
(bottom panels). <P> is the output background power. D | Rogue wave
statistics in a purely linear optical system due to caustic focusing of a spatial
field with random phase. Measured spatial amplitude (panel Da) of the
electric field when the initially applied random phase yields a spatial
spectrum intermediate between that of a partially developed speckle and
a caustic network. The trough-to-crest statistics (panel Db) are near-
Rayleigh distributed (fit shown as the blue solid line) with an extended tail
including rogue wave (RW) events exceeding the significant wave height
(Hgw)- The bright peak A labelled in panel Da is the highest peak observed in
the distribution. E| Typical caustic networks observed during spatial rogue
wave generation in a rubidium cell via nonlinear amplification of initial small
phase fluctuations. A, amplitude of the random phase. Panel B is adapted
from REF.”*, CC-BY-4.0 (https://creativecommons.org/licenses/by/4.0/).
Panel Cis adapted from REF’, Springer Nature Limited. Panel D is adapted
from REF.*?, CC-BY-4.0 (https://creativecommons.org/licenses/by/4.0/).
Panel E is adapted with permission from REF%%, APS.
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Long-tailed distribution

A characteristic of statistical
distributions in which the tails
decrease very slowly and
contain a subpopulation of
extreme events.

segments of dispersive propagation on either side of a
time lens element that introduces a temporal quadratic
phase’. The addition of a supplementary heterodyne
detection stage can also be used to yield intensity and
phase information”.

Experiments using time-lens techniques have stud-
ied noise-seeded NLSE propagation in optical fibre
(FIG. 3B,C). The use of a narrowband noisy continuous-
wave input revealed the emergence of random local-
ized structures (FIG. 3Ba), with intensity profiles well
fitted by analytic NLSE breather solutions”™ (FIG. 3Bb).
The measurement of a large dataset also allowed the
intensity statistics of the modulation instability peaks
to be directly characterized (FIC. 3Bc), confirming the
expected highly asymmetric probability distribution”.
These results highlighted the role of breather collisions
(or higher-order breathers®**) in generating the largest
intensity events that satisfied statistical criteria to be
identified as rogue waves (events above the rogue wave
intensity I,).

Using a heterodyne time lens, the intensity and
phase of spontaneous structures were measured in the
turbulent regime excited by an incoherent input field
with near 100% intensity fluctuations’” (FIC. 3C). In this
case, the dynamics are described in terms of incoher-
ent higher-order background-free solitons (FIG. 1¢).
Long-tailed intensity statistics were also observed in
the same study’”” and were important in confirming that
spontaneous rogue-wave like statistical behaviour could
be observed with large initial fluctuations beyond the
scenario of modulation instability. Earlier results in a
similar turbulent regime*® were also notable for showing
how the temporal compression seen during incoherent
higher-order soliton propagation led to the emergence
of the Peregrine soliton, a remarkable result that was
later confirmed using coherent initial excitation’®. These
experiments also motivated follow-up work to tailor the
incoherent optical input spectrum to match a scaled ver-
sion of the Joint North Sea Wave Project (JONSWAP)
spectrum for ocean waves”. A quantitative comparison
between the scaled statistics obtained in optics and those
from measurements in a 1D wave tank showed good
agreement®. Experiments have also been performed by
exciting modulation instability from noise in a regime in
which the expected ~100 ps timescale of nonlinear local-
ization falls within the bandwidth of direct high-speed
detection®'. By using a new recirculation loop set-up,
it was possible to measure the space-time development
of modulation instability over an extended propagation
distance, directly revealing the expected multiple recur-
rence cycles and incoherent evolution dynamics (see also
FIG. 1b and REF”?).

Two-dimensional propagation. We have so far described
optical fibre experiments studying nonlinear focusing
dynamics in the time domain, analogous to 1D wave
propagation on deep water. It is important to note, how-
ever, that the first studies of nonlinear focusing in optics
were carried out in the spatial domain®>**, motivated
by the unexpected damage observed when the first lasers
were focused into glass®. More systematic experiments
in controlled 1D geometries reported soliton behaviour
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in free space and waveguide systems®>*, and optical

spatial solitons in general exhibit a rich landscape of
nonlinear interactions®.

It is thus unsurprising that early studies of rogue
waves in optics also considered nonlinear spatial insta-
bilities*', but the nonlinear optical systems used in
these experiments were such that no simple analogy with
an equivalent hydrodynamic scenario could be drawn.
However, studies of higher-dimensional wave propaga-
tion on the ocean (involving short-crested waves) have
shown that nonlinearity is not a requirement to see
rogue-wave like behaviour. Rogue waves in the ocean
have also been attributed to the linear superposition
of random waves propagating in different directions”,
linear and nonlinear caustic formation®**, and linear
directional focusing®*.

In optics, experiments on linear wave-shaping mecha-
nisms in the spatial domain have been performed by
studying laser speckle. Laser speckle is the granular
intensity distribution that arises from the spatial inter-
ference of a large number of coherent wavefronts with
random phases” and is known to exhibit long-tailed sta-
tistical properties”. To study the potential link between
speckle and rogue waves, the experiments in REF.*
imprinted a random phase pattern on the transverse pro-
file of a laser beam, and the variation in the beam profile
was then characterized during linear propagation
(diffraction) in air. With sufficient propagation, the ran-
dom initial phase was converted into amplitude fluctu-
ations across the transverse profile and, by using phase
retrieval techniques, it was possible to determine the
statistics of both the spatial amplitude and intensity.
By controlling the strength of the initial random phase, the
far-field intensity pattern could be varied from partially
developed speckle to a broadband caustic network'®.
In this case, a long-tailed distribution was observed with a
considerable fraction of rogue waves. In an intermediate
range of initial phase fluctuations, it was possible to syn-
thesize an ‘optical sea’ in which the spatial amplitude sta-
tistics followed a Rayleigh distribution but still showed
the presence of a small fraction of events above the rogue
wave threshold” (FIC. 3D). These results were important
in explicitly confirming the possibility of seeing rogue
wave statistics from purely linear propagation in an
optical system, displaying a clear analogy with ocean
wave superposition. Theoretical work has also shown
that rogue waves can arise from purely linear super-
position in a 1D environment for a sufficiently large
number of random interacting data bits in an optical
communications channel'"'.

A follow-up experiment studying optical caustics
(with random phase fluctuations as initial conditions)
replaced linear propagation in air with nonlinear propa-
gation in a gas cell described by a 2D NLSE model'*.
In this case, experiments showed that nonlinearity
enhanced the generation of high-intensity caustics on
the transverse beam profile (FIC. 3E). Importantly, these
results showed that nonlinearity could enhance the gen-
eration of high-intensity events whose initial origin was
due to a linear propagation effect. This underlines the
fact that, in the optics domain, both linear and nonlinear
focusing can combine to generate rogue waves.
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Mode-locked lasers

Lasers typically emitting
picosecond-duration or
femtosecond-duration pulses
as a result of either active or
passive phase synchronization
of the longitudinal modes of
the laser cavity.

Coherence

Phase stability of carrier
oscillations of a single
frequency wave, or the stability
of the phase difference
between the carrier oscillations
of two waves.

Transient instabilities in lasers. In addition to the
experiments described above for which a close analogy
exists with ocean waves, research has also developed in
an area in which no such analogy has yet been found:
the characterization of ultrafast transient instabilities
in mode-locked lasers. Although stable mode-locked
lasers are well known to produce highly regular pulse
trains, they can also show complex behaviour during
their start-up dynamics or when detuned from steady
state'”. Moreover, the past few years have seen mode-
locked laser instabilities described in terms of dissipative
soliton theory, in which the concept of alocalized soliton
is generalized from solely the balance between disper-
sion and nonlinearity to include dissipation in the form
of gain and loss'*. This led to the description of extreme
instabilities in such lasers as dissipative rogue waves'”.

Following the 2007 optical rogue wave experiments
in fibre®, experiments using pulse energy measure-
ments showed that mode-locked lasers could also exhibit
long-tailed statistics'**'"". The real-time DFT technique
was also used to study fibre laser spectral instabili-
ties'®, yielding measurements of a new soliton collapse
and recovery (or ‘explosion’) regime'’”''? (FIG. 4A).
Interestingly, earlier photodiode measurements and
experiments with frequency-resolved optical gating'"
or single-shot spectral characterization''* had reported
signatures of complex instabilities in mode-locked lasers,
but the availability of the DFT and time-lens techniques
renewed interest in this field.

Studies were also performed on the soliton build-
up dynamics in a Kerr-lens mode-locked Ti:sapphire
laser'”’. Using a modified DFT method for real-time
spectral interferometry, soliton bound states can be char-
acterized'" (FIC. 4B). Many other experiments have used
the DFT technique to study evolving soliton dynamics
and multi-pulse states''*~'*?, and intensity and coherence
measurements in partial and coherent mode-locking
regimes'*’. An example of dissipative soliton formation
in a polarization rotation mode-locked fibre laser'* is
shown in FIG. 4C. A particular advantage of real-time spec-
tral measurements is that it allows complementary infor-
mation on temporal soliton separation to be determined
through the associated field autocorrelation (FIG. 4B,C).

Combining real-time spectral characterization using
DFT and high-speed measurements using photodiodes
enabled the study of a range of multi-scale dynamics in a
mode-locked fibre lasers'”. By combining the DFT with
the time-lens technique, simultaneous measurement of
spectral and temporal profiles was possible with sub-
nanometre and subpicosecond resolution. These experi-
ments yielded a complete picture of the unstable start-up
dynamics of dissipative solitons in a mode-locked fibre
laser'”®, with typical results showing the growth and
collapse of a temporal multi-soliton complex (FIG. 4DA).
Moreover, with the simultaneous measurement of spec-
tral and temporal intensity profiles, the use of phase
retrieval techniques allowed the reconstruction of the
full field (in amplitude and phase) of the evolving soli-
tons (FIG. 4DB). In addition to studying mode-locked
lasers, real-time techniques have been applied to study
related soliton dynamics in other dissipative systems
such as microresonators'*%,

Rogue waves in oceanography

Overview. Although stories of unexpected large ocean
waves date back to antiquity, it was only in the twenti-
eth century that any comprehensive scientific study of
their properties began’. Several catalogues of records
of rogue waves are now providing insights into the
long history of attempts to record their occurrence as
distinct oceanic events and to understand their proper-
ties'*~'**, The description of such events as freak waves
was apparently first used in the scientific literature in
1964 (REF."*), although this terminology was found
in newspaper accounts even earlier'. The alternative
and now more common name rogue wave first seems
to have appeared in a 1962 novel by C. S. Forester'*.
Despite being a work of fiction, it gives a remarkably
clear physical description of “the ‘rogue wave), generated
by some unusual combination of wind and water”.

It is generally accepted that the systematic study of
rogue waves began with the milestone experimental
measurement, on 1 January 1995, of a wave with trough-
to-crest height of 25.6 m on the uncrewed Draupner E oil
platform in the North Sea'””. The fact that this Draupner
(or New Year’s) wave was observed within an extended
time series at high-sampling frequency yielded great con-
fidence in the measurement fidelity and stimulated the
oceanographic community to investigate the physics and
statistics of ocean rogue waves on a quantitative level.

The environment of the open sea involves multiple
physical processes such as currents, dissipation, wind
forcing and wave breaking. Aside from wave breaking,
which is by nature nonlinear, currents, dissipation and
wind forcing can be either linear or nonlinear. Despite
this complexity, however, it has been possible to describe
many aspects of large-amplitude ocean wave dynamics in
regimes in which the physics is dominated by particular
distinct linear or nonlinear mechanisms. For example,
the linear processes of random wave superposition’ and
dispersive focusing'** are both well-understood mecha-
nisms that can lead to increased wave amplitude, and
nonlinear focusing from modulation instability has been
particularly studied because of its driving influence on
wave localization and decay”**-*. It is important to note,
however, that although nonlinear focusing has certainly
attracted much attention in the context of ocean rogue
wave formation, determining the relative contribution
of linear and nonlinear effects in driving rogue wave
dynamics remains a subject of much study'>'*.

Rogue waves in the natural environment. Because
rogue waves are rare events with sudden growth and
decay dynamics, their measurement is extremely chal-
lenging, requiring both long time series (over months
or even years) to capture their rarity, and a sampling
frequency between 2 Hz and 10 Hz to record the main
features of wave shapes. The most reliable rogue wave
measurements are based on the reflection of an optical
or acoustic signal at the boundary between sea and air’.
The 1995 Draupner wave, for example, was recorded
by a laser sensor using a sampling frequency of 2.13Hz
during 20 minutes of every hour. A similar technique
was used to record a second landmark measurement
of what is known as the Andrea wave. It was measured
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A DFT measurements of soliton explosion

on 9 November 2007 in the North Sea with a sam-
pling frequency of 5Hz during 20 minute intervals by
four independent lasers mounted on the Ekofisk plat-
form'". Related measurement techniques include using

REVIEWS

a mounted microwave radar'*' and acoustic Doppler

current profilers'*.
Other methods for measuring rogue waves have been

reported, but there has been debate over their fidelity.

B Real-time spectral interferometry of soliton bound states
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Fig. 4| Characterization of transient instabilities in lasers. A | Dissipative
soliton explosions in an Yb-doped mode-locked fibre laser operating in the
transition regime between stable mode-locking and noise-like emission.
Experimental single-shot spectra of 100 round trips showing several
explosion events (panel Aa). A close-up of the explosion dynamics shows
that the spectrally broad soliton collapses into a narrower spectrum with
higher amplitude before recovering to its previous state (panel Ab).
B | Soliton bound states in a few-cycle mode-locked laser. Real-time
interferogram (panel Ba) of 15,000 consecutive cavity round trips shows
soliton bound-state formation with locked phases. Field autocorrelation
evolution over the 15,000 round trips (panel Bb) shows reduction of the
soliton temporal separation to form a stable bound state. C | Formation of
coherent dissipative soliton structures from unstable noise in nonlinear
polarization rotation mode-locked fibre laser. The real-time spectral
evolution (panel Ca) of the laser output during dissipative soliton

build-up is measured with dispersive Fourier transform (DFT). The field
autocorrelation evolution over 800 round trips (panel Cb) traces the
evolution of the temporal separation between the dissipative solitons.
D | Dissipative soliton dynamics during start-up phase of a passively mode-
locked Er-fibre laser. Temporal evolution over 170 round trips (panel Da)
captured using a time-lens system shows growth and decay of multiple
dissipative soliton structures as the laser passes through a transient
unstable regime before stable mode-locking. Plots (panel Db) showing the
full field (intensity in blue-black and phase in red) reconstructed from
simultaneous dispersive Fourier transform and time-lens measurements
correspond to specific round trips as indicated. Panel A is adapted with
permission from REF.**’, OSA. Panel B is adapted with permission from
REF.**, AAAS. Panel C is adapted from REF.'*"., CC-BY-4.0 (https://
creativecommons.org/licenses/by/4.0/). Panel D is adapted from REF.'°,
Springer Nature Ltd.
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Long-crested and short-
crested waves

The crest of a wave is
equivalent to its transverse
extent, with ocean waves
classified as long-crested or
short-crested respectively
depending on whether they
predominantly propagate in
one direction or consist of a
superposition of waves
propagating in different
directions.

Space—time extreme

The maximum wave surface
height observed over a given
area during a time interval,
and not just at a given point.

Hindcasting

Also known as backtesting,

an approach used to test

a mathematical model by
predicting wave elevation
properties based on archival
inputs such as directional wave
energy spectra at an earlier
time and comparing this with
known results.

Directional wave energy
spectrum

The distribution of wave energy
in frequency and direction,
often used to provide initial
conditions for multi-
dimensional linear and
nonlinear wave modelling.

Crossing seas

A sea state with two
independent wave systems
travelling at oblique angles.

Steepness

For water waves only, the
steepness is given by
ka=2malA where K is the
wavenumber, A the wavelength
and a the amplitude.

For example, measurements relying on accelerometers
placed on wave buoys can exhibit distortion due to the
buoy’s intrinsic moment of inertia®, despite a number
of rogue wave events have been extracted from buoy
measurements using appropriate quality control**-'*°.
Moreover, most measurements have been limited in the
information they can yield about rogue wave properties
because they record time series only at the single point
where the sensor is located.

Improved approaches to satellite remote sensing
continue to be explored'”’. Techniques such as stereo
video are also promising as they can capture the space-
time evolution of the sea surface over an extended
region'**'*, There has also been considerable interest
in remote sensing with satellite-based synthetic aper-
ture radar'®’, but such imagery is associated with errors
due to velocity bunching and azimuthal image smear”'.
Nonetheless, there is emerging consensus that recording
the full spatiotemporal evolution of waves (both long-
crested and short-crested waves) on the ocean’s surface is
essential to fully characterize the statistics of large waves
in complex sea states, such as hurricanes and storms.
This is because the maximum height of a group of waves
propagating in a complex manner over a large area dur-
ing a given time interval is likely to be greater than the
wave height observed at only one fixed point in space (as
measured by, for example, a moored buoy). The study of
such a ‘space-time extreme’ is an important current area
of research'*>!%,

Despite the challenges of measurement, appropri-
ate quality control has been applied to many extended
time series of wave records, and potentially thousands
of candidate rogue waves have been identified. There
are several earlier reviews of rogue waves in oceanic
and coastal environments™’; a summary of results from
fixed platforms and an analysis of a large dataset of
wave buoy data has appeared in REF'*. A particular
conclusion of these recent summaries was that mech-
anisms for rogue wave formation vary from place to
place in the ocean.

Hindcasting simulations. The characteristics of several
large ocean wave events have also been analysed in detail
using an approach known as hindcasting. Such studies use
archived meteorological and wave data at the location
of the event under study to determine initial conditions
for a forward-propagating wave model'*’. The aim is to
use the model to simulate the wave-field characteristics
at later times and compare them quantitatively with a
measured wave record. By varying the initial condi-
tions and parameters of the model (particularly the
directional wave energy spectrum), it is possible to draw
conclusions as to which processes may be responsible for
the emergence of the observed rogue waves. Studies of
this type include the analysis of the maritime accidents
of the fishing boat Suwa-Maru'>*, the cruise ship Louis
Majesty', the tanker Prestige'**, the merchant vessel
El Faro'?, and modelling of the Draupner and Andrea
waves'*”** and rogue waves generated during Typhoon
Lupit in 2009 (REF."*). As an example, we illustrate the
case of the Andrea wave and its modelled profile using
the hindcasting approach (FIC. 5A).

These studies of individual examples of real-world
ocean waves have highlighted the difficulty in identify-
ing a single primary cause for the wave enhancement,
because different approaches to analysing the same
event can yield different conclusions. For example,
motivated in part by the presence of crossing sea states
at the time of the Draupner wave, the analysis in REF.'®
initially suggested that third-order nonlinear focusing
(modulation instability) in crossing seas may be impor-
tant in rogue wave formation. But a further analysis
and direct numerical modelling of the Draupner wave
with and without the cubic nonlinear term in simula-
tions showed that such third-order nonlinear focusing
was negligible'”’. In this analysis, the wave shaping was
found to be dominated by directional superposition,
with a minor enhancement from the second-order
bound (Stokes) nonlinear contribution. A similar con-
clusion can be drawn for the Andrea wave (FIG. 5A) and
a negligible role for third-order nonlinear focusing
was identified from the hindcasting analysis in REF.'*
considering the wave conditions associated with the
Prestige accident.

Similar results were reported in REF'®' in a study of
2 million wave groups in which 300 rogue waves were
identified. Although the nonlinear modulation insta-
bility is discussed as a possible effect that can increase
the wave envelope steepness, the conclusion (based
on the symmetric shape of the wave groups) was that
the random superposition of the Stokes waves was suf-
ficient to explain the observations of individual rogue
waves. On the one hand, results from several other
groups have independently supported the interpreta-
tion that downplays the role of the modulation instabil-
ity and instead highlights the role of linear interference
and/or localized dispersive focusing'*"'*. On the other
hand, the hindcasting analysis of rogue waves obser-
ved during Typhoon Lupit suggested that a focusing
nonlinearity played a role in some instances of rogue
wave formation'”.

All these various results taken together suggest that
the complexity of the ocean coupled with the relatively
limited observational data prevents a definitive conclu-
sion concerning the underlying physics of ocean rogue
wave formation. And, as we discuss below, in the con-
text of laboratory experiments, both linear and nonlin-
ear processes remain actively investigated as potential
driving mechanisms for rogue waves. In this regard,
it is interesting to search for convenient statistical signa-
tures (in both simulation and real-world wave data sets)
that may allow us to disentangle the role played by lin-
ear and nonlinear processes. The fourth-order moment
(kurtosis) is of particular interest as it has been shown to
provide a robust measure of the strength of the tails of a
skewed wave height distribution'®-'**.

Wave-tank experiments. Reproducing extreme wave
propagation in laboratory wave tanks has been impor-
tant in allowing comparisons to be made with theory and
modelling under controlled conditions. For wave-tank
experiments to have relevance to ocean wave dyna-
mics, the experimental conditions should mimic the
natural processes as much as possible. State-of-the-art
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A Hindcasting the Andrea wave

Aa Directional spectrum

C Wind-generated rogue wave in a wave tank

Ca

Three-probe
array

Wave
gauges

Shallow water

In hydrodynamics, shallow
water waves are those that
propagate in water of depth d
that is much less than half their
wavelength A, that is, d < 4/2.
The intermediate depth regime
lies between that of shallow
and deep water.

Ab Simulated and
measured waves

Ba Peregrine soliton
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B Controlled breather excitation in hydrodynamics

Bb Higher-order rogue wave growth
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Fig. 5 | Ocean and wave-tank measurements of rogue waves. A | Hindcasting results for the Andrea wave. The
directional wave energy spectrum S(w,6) is used in numerical simulations, where w is angular frequency and @is direction
in degrees (panel Aa). The measured Andrea wave (black) is compared with simulations including up to second-order
(blue) and third-order contributions (red) (panel Ab). The minor differences between the simulations point to a negligible
role from third-order nonlinear focusing. B | Controlled breather generation in wave tanks using initial conditions in
amplitude and phase determined from analytic breather solutions to the nonlinear Schrédinger equation. Experimental
(blue) Peregrine soliton is compared with the analytic prediction (red) (panel Ba). The evolution of a higher-order breather
solution to the nonlinear Schrédinger equation is measured in a wave tank (panel Bb). C | Wind-generated waves in an
annular wave tank: schematic of the elements of the experimental set-up (panel Ca); example of wind-speed profile used
for wave generation (panel Cb); example of measured water surface elevation (11/40, that is, normalized to 4 times the
standard deviation ¢ of the 10 minute record) (panel Cc). The wave record shown includes a rogue wave of height 2.7 times
as high as the associated significant wave height. D | Recreation of the Draupner wave in a circular wave tank for crossing
seas with a crossing angle of 120°. Images are shown of the free surface taken at intervals of 100 ms (panel Da-Dd). The
scaled wave-tank reproduction (red) is compared with the measurements at the Draupner platform (black) (panel De).
Panel A is adapted from REF.**’, CC-BY-4.0 (https://creativecommons.org/licenses/by/4.0/). Panel B is adapted from REF.°°,
CC-BY-3.0 (https://creativecommons.org/licenses/by/3.0/) and with permission from REF.*’*, APS. Panel C is adapted with
permission from REF.'*°, APS. Panel D is adapted from REF.'*° CC-BY-4.0 (https://creativecommons.org/licenses/by/4.0/).

wavemakers can be conveniently programmed to gener-
ate a wide range of initial conditions, and, with artifacts
due to effects such as reflection and viscosity well under-
stood, it is possible to use wave tanks to study many
different propagation scenarios in deep or shallow water
of constant or varying depth. Although many experi-
ments on 1D propagation can be performed in narrow
channels or flumes, the use of wave-making panels on
the perimeter of larger wave basins, or the use of cir-
cular wave tanks, is now enabling the study of multi-
dimensional effects'®". Another geometry developed for

wave-tank experiments is the annular flume, which can
allow the study of some wave generation phenomena
through circular propagation under essentially unlimited
distance (fetch)'®.

The first use of wave tanks to study modulation
instability actually arose from an experiment that went
wrong'®’. Aiming to test the stability of small-amplitude
water waves experimentally, T. Brooke Benjamin and
Jim E. Feir unexpectedly observed the exponentially
growing amplitude modulation of the wave train'.
Following this pioneering work, other wave-tank
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experiments investigated related deep-water (focusing
nonlinearity) propagation effects such as Fermi-Pasta—
Ulam-Tsingou recurrence, the emergence of strongly
modulated wavepackets and the formation of isolated
NLSE solitons'®-""". Later experiments examined the
effect of wave breaking, with particular emphasis on
how breaking influences the long-time evolution of an
evolving wave train'”>'”*. Following the first observation
of the Peregrine soliton in optics, there was renewed
interest in studying analytic breather solutions to the
NLSE in wave tanks with suitably tailored initial con-
ditions. This led to a number of experiments reporting
similar Peregrine soliton dynamics®, and higher-order
breathers'” (see FIG. 5Ba,Bb, respectively). An additional
study even generated a Peregrine soliton and examined
its interaction with a model of a chemical tanker in a
seakeeping test'”.

An important experiment looked specifically at how
rogue waves could be triggered randomly, by driving
a wavemaker with scaled initial conditions replicating
the experimental JONSWAP spectrum of waves on the
North Sea”. The experimental results were consistent
with the emergence of localized NLSE breathers from
the modulation instability. These results supported
earlier numerical studies that had predicted that the
modulation instability would increase the probability of
rogue waves in random oceanic sea states'”®, although
the authors noted the limitation of their work in that it
considered only 1D dynamics. These wave-tank exper-
iments have been confirmed by using larger statistical
data sets in recent experiments in optics, in which the
optical initial conditions were tailored and scaled to
match the JONSWAP spectrum parameters used in
the wave-tank experiments™. In a related experiment,
a possible rogue wave triggering effect was demonstrated
in a wave tank by adding a coherent Peregrine soliton
state to a random JONSWAP wave spectrum as initial
conditions to a wavemaker'””.

Other works aimed to include processes found in
the natural environment in wave-tank experiments.
For example, studies have shown that the modulation
instability and Peregrine soliton evolution can per-
sist or even be enhanced in the presence of opposing
currents'*'”’. In other experiments, the effect of wind
on rogue wave dynamics has been studied in specially
adapted wind-sea wave tanks'®’. Experiments in a
1D wave tank have shown that wind can induce fre-
quency downshifting in the spectrum of initial breather
solutions excited by a wavemaker'®"'®>, whereas other
experiments in an annular wave tank did not use any
initial mechanical wave generation but allowed waves
to develop spontaneously from the action of the wind
on the water surface'* (FIG. 5C). These results show that
wind forcing could indeed generate conditions for the
observation of non-Gaussian long-tailed wave height
statistics. Another work has examined the combination
of nonlinear focusing with multi-dimensional effects
in a wave-tank experiment using initial conditions that
generated a coherent modulation envelope propagating
at an angle to the carrier plane waves. These results have
shown the generation of slanted solitons and breath-
ers on the water surface, confirming that soliton-like

nonlinear localization can be preserved in the presence
of higher-dimensional propagation'®.

In addition to studies that explicitly set out to exam-
ine the role of the modulation instability and related
nonlinear focusing on rogue wave dynamics, experi-
ments have shown that linear dispersive focusing can
also generate large-amplitude waves. Indeed, the gener-
ation of multi-frequency initial conditions with phases
adjusted to lead to a focused wave group at a prescribed
distance in the wave tank has been used in a number of
experiments studying wave-breaking effects from large-
amplitude waves'®"'¥. In this context, we mention a
1D wave-tank experiment that was able to use determini-
stic linear superposition of component waves to repro-
duce a scale model of the single-position wave train of
the Draupner wave'®’. Progress has also been made in
understanding the role of linear and nonlinear focus-
ing in directional seas'®, including a recent experiment
recreating the Draupner wave from a multi-directional
superposition'® (FIC. 5D).

Outlook

In the past decade, there have been many examples of
mutually beneficial studies of rogue waves in optics and
hydrodynamics.

A particular focus of the latest studies has been the
relative contributions of linear and nonlinear effects in
driving the emergence of rogue waves. However, although
nonlinear focusing has been shown to be a dominant
mechanism of rogue wave formation in wave tanks, it
has not been possible to draw the same conclusion in
the more complex environment of the ocean. As a result,
our view is that it is not useful to focus on any single
cause of all rogue waves. Rather, we believe that objec-
tive interpretation of the current literature is that rogue
waves on the ocean probably arise from several linear
and nonlinear processes that contribute separately or in
combination, depending on the ocean conditions at play.

We anticipate that progress in unravelling the com-
plexity of ocean waves will require both more precisely
targeted studies using wave tanks and improved in situ
spatiotemporal measurements of ocean waves in their
natural environment. In particular, we expect that wave
tank experiments will be vital to continued efforts to
understand dynamical processes such as dissipation,
wave breaking and air-sea interaction, and will remain a
major area of research for decades to come. Concerning
the role played by nonlinearity, even in addition to
potential contributions to rogue wave formation, much
effort is still required to improve our understanding
of how nonlinear focusing may contribute to other
phenomena such as wave run-up'”.

Higher-dimensional effects will also be an impor-
tant area of research, and the development of new spa-
tial propagation systems in optics may lead to further
analogies and cross-fertilizing of ideas. In addition to
analogous experiments, there are potential areas of over-
lap between optics and hydrodynamics from the per-
spective of data analysis. For example, complementing
efforts that are developing approaches to deterministic
prediction**'”, an important emerging area of research
in both optics and oceanography is the application of
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techniques from machine learning to detect patterns and
build models based on analysis of large data sets'*>'**.
In particular, for complex physical systems, in which
there is no obvious model linking input and output, a
machine learning algorithm can be trained using meas-
ured or simulated input and output data to determine
an effective input-output model that can subsequently
be used for predictive purposes'®. In optics, such tech-
niques have attracted much attention in areas such
as telecommunications and laser stabilization'**~'%,
and have been applied to the analysis of intensity
peaks in the modulation instability’”. There has been
similar broad interest in oceanography, with recent
applications including the development of advanced
statistical analysis of irregular waves®”, prediction of
tidal currents®' and wave forecasts*>*".

Experiments in optics that yield access to the full
electric field of propagating light pulses have allowed
the explicit calculation of the corresponding complex

REVIEWS

nonlinear eigenvalue spectrum'*. Although well known
in the mathematical analysis of nonlinear propagation
and in studies of ocean rogue waves*, the ability to cal-
culate such a nonlinear spectrum from experimental
data in optics is an advance that has already had appli-
cations in fundamental studies of optical turbulence®”*.
Such measurements in optics also fall within a devel-
oping field related to applications of nonlinear Fourier
transforms as a solution to overcome bandwidth limita-
tions in optical telecommunications®”.

Since the first analogy between optical and ocean
rogue waves was proposed in 2007, there have been
remarkable developments worldwide, and an active
field of interdisciplinary rogue wave physics has been
established. The remaining open questions and evi-
dent areas of common interest lead us to expect further
fruitful interactions between these two disciplines.
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