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1 Differential forms

Let us consider Euclidean space R3 with coordinates x1, x2, x3 endowed with Riemann metric

metric g(∂i, ∂j) = gij = δij. For a vector field

~v = vi(x)∂i ∈ V ect(R3) (1.1)

we can associate two differential forms

ω2
~v =

1

2

∑
ijk

εijkv
idxj ∧ dxk ∈ Ω2(R3), ω1

~v =
∑
ij

gijv
jdxi ∈ Ω1(R3). (1.2)

Show that the following relations are identities:

1. (5 points) Hodge dual

ω2
~v = ∗ω1

~v , ω1
~v = ∗ω2

~v . (1.3)

2. (5 points) Gradient formula

ω1
~∇f = df. (1.4)

3. (5 points) Curl formula

dω1
~v = ω2

~∇×~v. (1.5)

4. (5 points) Divergence

∗ dω2
~v = ~∇ · ~v. (1.6)

5. (10 points) Maxwell equations: Let us consider 4d Minkowski space R3,1 = R3 × R
with coordinates t = x0, x1, x2, x3 and metric

g(∂i, ∂j) = gij = δij, g(∂i, ∂0) = 0, g(∂0, ∂0) = −1 (1.7)

For electromagnetic field in terms of electric field 3-vector Ei(x) and magnetic field

3-vector Bi(x) we can associate a 2-form

F = gijE
idx0 ∧ dxj + εijkB

idxj ∧ dxk = dx0 ∧ ω1
~E

+ ω2
~B

(1.8)

Show that Maxwell equations in vacuum can be written in the form

dF = d ∗ F = 0. (1.9)
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with ∗ being Hodge dual in four-dimensional space. We assumed the choice of units

where the speed of light c = 1.

2 Differential forms as functions on supermanifold

In class we established a relation between differential forms and functions on supergaminold

F : Ω∗(Rn)→ C∞(ΠTRn) : ω → Fω. (2.1)

Let us choose x1, ..., xn and ψ1, .., ψn as even and odd coordinates on ΠTRn. The differential

p-form

ω =
∑
i1...ip

1

p!
ωi1...ipdx

i1 ...dxip ∈ Ωp(Rn) (2.2)

maps to a function

Fω(x, ψ) =
∑
i1...ip

1

p!
ωi1...ipψ

i1 ...ψip ∈ C∞(ΠTRn). (2.3)

1. (5 points) Show that the differential d and vector field substitution ιv are first order

differential operators on C∞(ΠTRn)

Fdω = DdFω, Fιvω = DιvFω (2.4)

and evaluate Dd and Dιv in (x, ψ) coordinates.

2. (5 points) Using the differential operator representation verify the properties of external

derivative d and ιv

• Differential

d2 = 0. (2.5)

• Antysymmetry

ιvιwω = −ιwιvω. (2.6)

• Derivation: Let ω ∈ Ωk(Rn) and µ ∈ Ωm(Rn)

d(ω ∧ µ) = dω ∧ µ+ (−1)kω ∧ dµ, (2.7)
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•
ιv(ω ∧ µ) = ιvω ∧ µ+ (−1)kω ∧ ιvµ. (2.8)

3. (5 points) We can use Cartan formula to describe Lie derivative via

Lv = {d, ιv} (2.9)

In terms of the functions on C∞(ΠTRn) the DLv is the graded commutator of two first

order differential operators, so it is also a first order differential operator

DLv = {Dd, Dιv} (2.10)

Evaluate the DLv in coordinates x, ψ.

4. (5 points) Using differential operator representation verify the properties of Lie deriva-

tive

• Derivation property: Let ω ∈ Ωk(Rn) and µ ∈ Ωm(Rn)

Lv(ω ∧ µ) = Lvω ∧ µ+ ω ∧ Lvµ.

• Lie algebra :

(LvLw − LwLv)ω = L[v,w]ω.

• Lie algebra representation:

(Lvιw − ιwLv)ω = ι[v,w]ω.

5. (10 points) Let us restrict our attention to the differential forms µ, ω that go to zero

at infinity sufficiently fast to the integrals

〈ω, µ〉 =

∫
Rn

ω ∧ ∗µ (2.11)

are finite and we can define the Hodge-dual operators. Verify the Hodge dual of a

differential p-form ω as a function on supermanifold ΠTRn

(−1)
1
2
(n−p)(n+p−1)F∗ω(ψ, x) =

∫
R0|n

dnη e
∑
δijψ

iηjFω(x, η) (2.12)
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with integration over dnη being Grassmann integration.

Hint: Let α be a monomial expression of Grassmann variables, not depending on

ηi then ∫
R0|n

dnη αη1...ηn = α. (2.13)

6. (10 points) The hodge dual d∗ of external derivative d is the second order differential

operator Dd∗ on C∞(ΠTRn). Use the Hodge star formula (2.12) to evaluate this

operator in xi, ψi coordinates

Fd∗ω = Dd∗Fω. (2.14)

3 Laplacian with superpotential

Given a smooth function h on closed smooth manifold M with Riemann metric g we can

construct a differential operator

dh = e−hdeh = d+ dh∧ : Ωp(M)→ Ωp+1(M). (3.1)

1. (5 points) Show that dh is the differential.

2. (5 points) Show that

Hk(Ω∗(M), dh) = Hk
DR(M). (3.2)

3. (10 points) Let us for simplicity assume that M = Rn with Euclidean metric gij = δij

and we restrict our attention to the forms, that vanish sufficiently fast at infinity, so

the integrals over Rn are finite. Describe the dual operator d∗h defined via

〈dhω, µ〉 = 〈ω, d∗hµ〉, µ ∈ Ωk(M) (3.3)

in terms of d∗ and ιv.

Hint: It might be helpful to represent the differential forms as a functions on su-

permanifold ΠTRn.

4. (10 points) Let us for simplicity assume that M = Rn with Euclidean metric gij = δij

and we restrict our attention to the forms, that vanish sufficiently fast at infinity, so
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the integrals over Rn are finite. Evaluate the Laplacian

∆h = dhd
∗
h + d∗hdh (3.4)

in the form of differential operator acting on C∞(ΠTRn).
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