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1 Introduction

I was invited to give a two lectures as a part of the Special Relativity course at OIST. Among
many topics the course included the world-line description of the scalar particle and spinors
in four-dimensional Minkowski. So I decided to discuss the world-line descriptions of the

spacetime spinors. Below is the literature that I used to prepare for my lectures
1. Link [1] to the SR course website in OIST.

2. Classical book by Polyakov [2] has a nice introduction to the relativistic particle, world-

line gravity and supergravity.

3. Nice article [3] with careful description of the worldline supersymmetry, multiplets and

external field couplings.

4. Nice lectures [4] on the worldline formalism including amplitudes and schwinger process

in details.
5. An interesting discussion [5] of the quantum particle on a curved background.

6. Nice PHD thesis [6] on Worldline approach to the higher spins.

2 Spinors via Quantization of the Grassmann Symplectic manifold

We want to construct a world-line description for the 4d particles with a spin. In case of
the scalar particles the the wave functions for the QM of the world-line particle were scalars
¢(r) and transformed trivially under the Lorentz group. In case of particles with spin in
spacetime we want the corresponding Hilbert space to contain a finite number functions,

that describe the multiple components of the spinor
() = A% AN, (2.1)

Let us start with the world-line description of the finite-dimensional space of polarization
(helicities). During previous lectures we discussed that the spinor representations of the
SO(1,3) algebra can be described by the Clifford algebra

{7 =AY A =2 (2.2)



The algebra above is the same as the canonical quantization in A = 1 convention of the phase

space with coordinates 1* and Poisson bracket

{H, " Yoy = —2in"". (2.3)
The Poisson bracket for the homogeneous functions A, B is defined as

J0A 0B 0B 0A
{A, B}, = —in!” (G_W o~ (_1)|A|BO_W6W) ’ (2.4)

with |Al,|B| € {0, 1} being parities of and A, B. We can describe such Poisson bracket by a
simplectic form

w =" 6, A6, (2.5)
on symplectic manifold with coordinates ¥*. The classical limit A — 0 of the Clifford algebra
O S ) 1) (2.6)
tells us that the coordinates ¥* are anticommutting or Grassmann variables
P = gy, (2.7)
Furthermore we can be obtain our symplectic form from the first order action
S = / inu,,ww”dr (2.8)

Let us get some understanding of the Grassmann variables. Let us start with the case of a
single Grassmann variable @. The simplest object is the functions on 1, that we can treat

as the Taylor series

f@) = fo+ fiv + fob® + ... = fo + fivv, ¥* =0. (2.9)

Such series are always finite and we do not need to worry about the convergence issues. We

will define parity of the individual terms as the total number of Grassmann variables mod 2

[Pl =1, [the| =0, |19ys| =1,.... (2.10)



Similarly we can define derivatives as the sum of derivatives, acting on the individual terms

in Taylor series

Opf (V) = fodu(1) + f10y(¢) = f1. (2.11)
Derivative and multiplication by 1 obey
{0y, v} =1, (2.12)

that can be checked directly

{00, 0} () = Op(Vf () + ©0y () = Oy (fo)) + o fr = fo+ frb = f(¥). (2.13)

In case of multiple variables it generalizes to
{0, 07} = 05, {8y, 00, } =0, (2.14)

We can use the relation above to describe the Hilbert space of our QM (2.8) or equivalently
the representations of Clifford algebra

{%e W} =20 (2.15)

in terms of the functions over the half of the phase space variables. Let us define

1 1 .
W = 5(71 +7), 15 = 5(73 +iv2), (2.16)

so that
(v =0y =1 =0 (2.17)

Note: We can use %.i to describe the symplectic structure and the fermionic action since they
provide a complete decomposition into positions ; and momenta ;" The Poisson bracket

and symplectic structure
{05} =60 = {U 05 by = =iy, = w=i6760} 6y . (2.18)
While the Lagrangian becomes

L= 89955 = 20+ o)y — o) + Wy + i)W — ). (2.19)



Using the Minkowski metric 7,

?

L= ZWM}V +0-(...). (2.20)
We can represent the vz-i as
0
=0, v = 2.21
P)/z ? ’yz 891 ( )

acting on functions f(6;,60s). The space of such functions is four dimensional

f(61,02) = foo + for01 + fro02 + f110162, (2.22)

thus we can always write ;" as a 4 x 4 matrices. The 4d representation of the Clifford
algebra in 4d is the same as Dirac spinors. Previously we have learned that the smallest
spinor representation in 4d is the 2-component Weyl spinors. So Dirac spinor is reducible
representation that consists of two Weyl spinors. Let us see how the same logic follows from
our QM. The Lorentz generators L, are related to the Clifford algebra generators via

1

L,uzz - _Zh/,ua/yl/]? (223)

that can be verified by the simple check

i[Lyws Lap] = MurLovp = MppLox — ToaLyp + MupLyn- (2.24)

Lorentz generators are quadratic in v* so they preserve the parity! To formalize this state-

ment let us introduce the ~5 as

Vs = i707172737 'Vg = 17 {’YSa’YM} = 07 (225)

so the parity |A| is
A = (—1)4A. (2.26)

Lorentz generators commute with 5
[L,uz/a 75] =0 (227>

so the irreducible Clifford algebra representations are reducible for the Lorentz group. In

particular the 4d Dirac spinor representation reduces to the pair of Weyl spinor representa-



tions of the odd and even functions f(6,6s).
Question: What the inner-product on the Hilbert space? The naive guess for the inner-

product would be to use
(r9) = [ #os@)5°6) (228)

while we need to supplement it with some a complex conjugation that turns out to be of the
following form

0 =0, (0105..0,)" = 0,0,_1..0, (2.29)

The integration over Grassmann variables is performed using the following relation

1= [+ roao g, [ o~ (230)
in case of multiple variables the integration picks up the highest power term form the function
ie.

/f(el)HdH-:/f 01...0, | [ 46 = f _ 9f(6) (2.31)
) % 11...11Y1.--Un ) 11...11 891 en .
In case of the Weyl spinors with 75 = —1 we have
X = X0, A= 2%, (2.32)
and

GA) = [ POx(0)N*(0) = [ d*0(x 01 + x202)(A\'01 + Aabs)

(2.33)
= fd@ldﬁg(xlx\Q — sz\l)ﬁlé’g = EQQXQ/\'B, €12 = 1
While the Weyl spinors with 75 = +1 we have
i 2 _ i 2
X=X +Xx 9192, A=A+ A 9192 (234)
and _ . . .
(A = [@OXON0) = [ @O+ 00) (N — X610 255
= [d01dOs(x* N — XIN2)010; = e, ;XN €5 = —1. '
3 N =1 Superparticle
Let us combine both the fermionic and bosonic actions
S[%M = / (pujju + ;L"vz),u@bu) dr. (31)



The action above admits a lot of conserved quantities, in particular there are two types of

Lorentz transformations: the one is action on the world-line fermions with generators
7
Sul/ = 5@%@% (32)
and the other one acting on bosonic variables
L/ux = TpPv — TPy (33)

As we discussed in previous section the wave-functions for the QM with action (3.1) are

space-time spinors W* that depend on position x#. The two Lorentz groups act as
U, (x) — R(Al)ﬁa\llg(Aglx), AP, A, € SO(1,3), (3.4)

with R being the spinor representation (the SU(2) matrices that we discussed last lecture).

The spinor field in a space-time transforms with respect to the Lorentz group via
U, (z) = RN Wa(Az), A* € SO(1,3). (3.5)
We want to design our particle so that the Lorentz generators match on the physical states
L, —25" =0. (3.6)

The factor of 2 due to the spin—1/2 nature of the space-time field. Remember the 7 rotation
for the spinor while doing 27 rotation of the vector x#. One way to achieve this is to introduce

a local (gauge) symmetry @ so that
Loy — 25" = Q(...). (3.7)

So on the states that are annihilated by ) angular momentum operators are equal. The @)

operator should be compatible with dynamics i.e.

Q. H] = 0,Q =0. (3.8)



From the equality (3.7) we conclude that @) should mix ¢* and z*, p, variables. Given our

Lagrangian structure (3.1) we can deduce that @) is like a rotation in x* — " — p#
St =deyt, Ot = =2ep”, Op, = 0. (3.9)

The €(7) is an Grassmanian parameter for the transformation.
Check

6 (D + §U" ) = Gpu + POt + T8 + 105,007
= ippaT(EW) - iQGpﬂlb” - %1/}#287(6])“) = iépmﬁ” - %1/}#519# - %1/)#(97(61)”) (3_10)

.. ]
0L = iép, Yt — 5&(61#“19“)

According to the Noether’s theorem the symmetries are generated by the charges on a

phase space

0 F(z,p, ) = {eQ, F}pp, Q= i!p,. (3.11)

In particular

{Q?x”}pb - i¢“a {Q7 wu}pb = _2p#7 {QupH}Pb = 0. (312)
The Lorentz generator matching (3.7) becomes
_ 1
Ly — 25" = xupy — xupp — Wpthy, = —§Q(%¢u - xud)u)' (3.13)

3.1 Local SUSY

Our trivial action (3.1) is invariant under the global supersymmetry, i.e. transformation
parameter € is a constant. While we want to achieve the local susy with ¢ = €(t). It is
possible if we introduce an additional fermionic field - gravitino y and include the relativistic

Hamiltonian. The full action becomes
S = / (pui” + i@/}ud}“ —ep? — ixw“pu) dr. (3.14)
The SUSY transformations for the gravity multiplet

dee = 2iex, Jex = €. (3.15)



The additional terms transforms via

d(—ep® —ix¥rp,) = —dep® — idxYFp, — ixdtp,

= 26X — iU, + i2xepHTy = —iEUtp,, 10
so that the full action is invariant
4SS = —%/dT@T(ewup“). (3.17)
The action for our superparticle (3.14) is a linear combination of the two constraints
H=p" Q=1"p, (3.18)
that form the N = 1 superalgebra
{Q.Q} =2Q*=2H, [Q,H]=0. (3.19)
In a canonical quantization
pu = =10y, P =, (3.20)
so the supercharge constraint become a Dirac operator
— 170,V (x) = 0. (3.21)
3.2 Cosmological term
Massive relativistic particle is described by the following world line action
S = /dT (pux'“ —epup! — em2) = S,—o — m?Sy, (3.22)

with .
Sy = / e dr. (3.23)
0

So effectively the mass of the relativistic particle is a coupling for the 1D cosmological
term. Since we want to have our action to obey 1D local supersymmetry we need to proper
generalize the cosmological term. Polyakov in his book provides an observation that the

correct cosmological term corresponds to the invariant distance in superspace. Since distance



is bosonic we can try the following ansatz

Sh = /ed7+/dﬁ/d72 K (11, 72)x(m1)x(T2) (3.24)

We can further restrict kernel K using reparametization and SUSY invariance. In fact we
do not need to consider 1D Diffeos since they contained inside local SUSY as commutators!
Local SUSY

dee = 2iey, O = € (3.25)

invariance leads to the following relation

0=10.5)= /2@'5)( d7+/d71/d72 K (1, m2)é(m1)x(12) +/dﬁ/d7—2 K (11, 72)x(m1)é(m2),

0K (1, 72) n OK (11, 72)

2i0(1 — 1) — o =

=0. (3.26)

Thus we conclude that

K(r,m) = %Sign(ﬁ — 1), sign(£0) = 1. (3.27)

The SUSY invariant distance becomes

Sy = / e(r)dr + % / dn / drs sign(m — 72)x (1) x (). (3.28)

The action Sy is nonlocal, but we can write it as a local expression is we introduce an extra
field 15 so that

m2Sy = /dT <m26 — i%z/g + imw5x> , (3.29)
while 15 obeys the classical equations of motion
— %% +imx =0 15 =2m / dry (7). (3.30)
The SUSY transformation of the new field

05 = —2me(t), de =2iey, Oox =¢ (3.31)



Check:

de <m2€ — Loty + z'm@b;,x) = 2imPeX + Smets + imapsé — 2imPex — mithsé = L0, (meys).
(3.32)

The full action for the massive superparticle particle is of the form

S = Speo — m?2S) = / (puj:“ + ﬁw’” + g’m —e(m? +p?) — ix(V*p, — m%)) dr.

(3.33)
The constraints oL oL
e H =p*+m? Za =Q = Y"p, —mas (3.34)
satisfy the N = 1 superalgebra
{Q.Q}pp =2H, {Q,H}, =0. (3.35)

The canonical quantization of the symplectic structure in our action imposes the (anti)commutation

relations for the operator 1/35 of the form

(s, b5} =2, {4, 1%} =0, (3.36)

which are the same as the commutation relation for the v5 = i79717273. So we can represent

the 1ﬂ5 in the Hilbert space that we used in massless case. The Dirac equation becomes
(P — mafs)| W) =0 = ir"9, ¥ = ms 0. (3.37)
Using the Dirac spinor decomposition into the left and right Weyl spinors
U=y+A YU=\—y, (3.38)
the massive Dirac equation becomes
ictd,x = mA, oI, = my, (3.39)

which is exactly the pair of equations that we discussed on previous lectures using the

geometric approach to spinors.
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4  Superparticle in with charge

In previous lectures we discussed the scalar particle coupling to the Maxwell field

S[A] = / dr (%wi - q:is“Au) : (4.1)

The gauge invariance is trivial and does not require equations of motion for z*

5S[A] = / dr (i"0,€) = /O L D.e. (4.2)

We want to add some fermionic terms to make the interactions compatible with (global)
SUSY in position space
der = €h, 0) = €x. (4.3)

Note: From this point we will use different SUSY transformations. Previous transformations

differ by certain numerical factors that are combinations of +1,4,2. The massless SUSY

/ dr (%xi + %W%) . (4.4)

The ansatz for the invariant action would be

particle is described by

S[A] = q/dT (TH A, + aF YY), (4.5)
while « is fixed by the SUSY invariance

5L =6 (iF A, + aF h¥) = §it A, + i#6A, + adEihP¥ + aF 00’ + aF Wt
= 0, (") A, + eV 0, A, + ac O\ F 'Y + aF,eit )" + aF,,prei”
= 0. (eY")A, + e’ 0. A, + it (0,A, — 0,A,) + 20F,, eit)”
0L = 0. (e A,) + (2a — 1) F ity

(4.6)
where we used
Fw/ = _Fu,ua a[)\Fuu} =0 (47)
So we have a EM interaction that is invariant under the global SUSY
SiA = [ar (Laz 4 Ly A+ LR gy (4.8)
[]_ T 5%+§¢¢u+q$ u+2 uuw¢ ) .

11



We want to have local SUSY so we need to introduce the gauge multiplet e, x and follow
the same construction as we did for the free massless particle. However we can notice an

interesting structure of the SUGRA action in massless free case

Stex) =S+ [ et + [ 1@ (4.9)
with '
Stop = 5 /(pul‘“ + wlﬂbu)dT (410)

being a symplectic structure part of the action that is manifestly invariant under the 1d Diffs,

therefore called topological as being independent on e(7). The local SUSY transformation

0Siop = /é(T)Q + /(?T(....), Q= V'"p, (4.11)
can be fixed if we add the gravitino coupling of the form
S = S+ [ 1@, 6=~ (4.12)
The action above is still not quite local SUSY invariant since
0S[x] = Stop + /X(SGQ, 0.Q = {Q, eQ}p = 2¢H (4.13)
that we can fix by adding metric coupling
Sle, x] = Siop + /xQ + /eH, de = 2ex (4.14)
Fortunately, our iterative construction end at this step since
d(eH) =0eH + edH = 2exH + e{H,Q},p = —x0.Q. (4.15)

In case of the presence of gauge field A the topological action is modified

1

. 1 .
Stop = / (§puw“ + 5%¢“ + unx“) (4.16)

so the global SUSY is generated by modified charge

Q = " (pu — g4,) (4.17)

12



According to the local SUSY invariant action construction the hamiltonian becomes
2H = {Q, Q}pp = (0 — qAu(x))? — qPMP" Fu (). (4.18)
The Dirac equation is modified into
QYY) =0 =~*(i0, —qA,)V = 0. (4.19)

Let us look at some features of the SUSY hamiltonian (4.18)

e In absence of the grassmann coordinates ¥* it is the same as the Hamiltonian for the

scalar particle coupled to Maxwell field.
e The last term describes the spin coupling to the field since ¥*" is the spin generator
SH acting on the fermionic part of the Hilbert space.
5 Superspace

The N = 1 superspace has two coordinates: world-line time ¢ and grassmanian coordinate

0. The supersymmetry acts via

Ot =—€0, .0 =c¢,

(5.1)
2 =0, e+ 0e=0.
The commutator for pair of such transformations
[52, 51]t = 52(—619) — 51(—620) = —€1€2 + €2€1 = 26261, (5 2)
[05,8,1]0 = 0 '
The generator of such transformations
0 0 0 0
=0t— 400 =€ = — 0= 2= :
€@ = o, 8t+5€ 50 6(89 8t)’ Q Oy (5.3)

It is useful to introduce a supercovariant derivative D defined to be anticommutting with ¢

%) 0
{D,Q} =0, D:%Jr@a, D? = 9,. (5.4)
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The SUSY action on superspace is naturally extended to SUSY action on the functions on

superspace Z(t, 0) often called superfields. Any such function is a finite Taylor series in 6
z(t,0) = x(t) + 0(t), (5.5)
while the supersymmetry acts via

det = €Q(2) = e(t) — efi(t)

. (5.6)
0xr =€, 0. =ex.

Using the supercovariant derivatives we can construct manifestly supersymmetric actions.

In particular the following expression
S = /dtdQF(i,Df,...,D”i, ) (5.7)

is SUSY invariant since
0S = /dtd05F = /dtd@Q(F) = /dtd@ (g—g —0%—5) =0- /dt O F (5.8)

where we used supercovariant derivatives definition
(D) = Doz = DQ(z) = Q(Dx), (5.9)

and Grassmann variable integration

OF
a5 = 0. (5.10)

Example 1: The free massless superparticle action is a superspace integral of the form
1 2 A0y 4 1 L 1 ; 1 .2 b
The Legendre transform of the action above

oL ) 1 . .
Pu = @ =Ty, S = 5/(17’ (QPM.Z'M + ¢M¢M +pup“> (512)

14



is the superparticle action (3.14) in the gauge e = 1, x = 0.

Example 2: The Maxwell field interaction is realized by the superspace integral

/ dtd9 A, (#)Di* = / dtd0 (A, () + 0070, 4,(x)) (4 +0,) = / dt (Aaz - %wwm) |

(5.13)
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