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SOLUTION TO HOMEWORK 4: SUPERSYMMETRIC QUANTUM MECHANICS



1 Fermionic coherent states

Let us consider a quantum mechanics of complex fermion. Let b and bf be fermionic creation

annihilation operators i.e. they obey anticommutation relation
{b,b'} =bb" +b'b=1 (1.1)
while the Hilbert space H is two dimensional with basis

0), 1) =0570), (=)"In) = (=1)"|n) (1.2)

The vacuum state obeys
b|0) =0, (0]|0) = 1. (1.3)

We can introduce complex Grassmnann-odd variable ¢ and define fermionic coherent states

and adjoints
[0) = e'¥]0), (@] = (0] (1.4)
1. (10 Points) Show that |¢)) are eigenstates of b i.e

by = Ylv), (Dbt = (Y]y (1.5)
Solution: Let us rewrite the coherent state in particle number basis |n)
) = €"%10) = (1+b1)[0) = (1 —¥b1)[0) = 0) — ¥[1), (1.6)
while the adjoint
(61 = (0]e" = (0](1+ @b) = (0](1 — bh) = (0] — (1] (1.7)
The eigenstates relation in number basis

blyp) = b(|0) — 1)) = b]0) — bybT|0) = bbT|0)
= ¢(1 = b'0)|0) = ¥]0) = ¥(|0) — ¥[1)) = ¥|¥)

and

(W[b" = (0[(1 — bap)b" = (0[b" — (0]bab" = (0bb'e)

_ _ (1.9)
= (0[(1 + bT0)y = (0]¢ = (0](1 — beh)¢ = (P[9).
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2. (10 Points) Evaluate the paring
(x[¥) (1.10)

Solution: Explicit evaluation in number basis

(xlv) = (0](1 — bx)(1 — ¥b")[0)
= (0[0) — {0[%57|0) — {0lbx|0) + (0[bxb'|0)

(1.11)
= 1= 9(0[b"[0) + x(0[b|0) + xv(0[bb'|0)
=14 x(0[(1 +0'0)[0) = 1 + x¢ = eX¥.
3. (10 Points) Show completeness of the |¢) basis i.e.
1= [ dvas 1)) (112

Solution: The number basis |0) and |1) is a complete, orthonormal basis in H = C?

(nlm) = Gam, 1r = [0)(0] + [1)(1] = D [n)(n] (1.13)

n=0,1

Let us evaluate the completeness formula in number basis

by = [ awdd )] = [ dvad 0y - ol)(00] - (119)
= [ avai e (10} - 011 - wI0] + |1 115)
= 10)0] [ dudi e = o) 1] [ dudis
= [000] [ dvad e+ | [ dvdi s
= 10)0| [ dudi v~ 0)1] [ avai o~ [1)(0] [ avai v+ )] [ avai vo
= 10)(0] + [1)(1] = L

4. (10 Points) Prove the trace formula

mm—/wwﬂﬁwww (1.14)



Solution: The trace in orthonormal number basis is

Tr(0) = Y (n|O|n) = (0|0]0) + (1|O|1). (1.15)

n=0,1

The coherent state integral formula for trace can be evaluated in number basis

14(0) = [ dudi e (=GlOl)
= [ avai (0] = 1l(=H)O(0) - wi1)
= [ avai e ((010[0) ~ vOIO[) + H{1[010) - Fu1|ON)
= (0[00) [ dvai e~ olof) [ ddi ey (1.16)
+(110[0) [ dvai i~ (10N [ avdi iy
—(0(010) [ dvdir o~ 1j0N) [ dvdi b
— (0/0[0) + (1|Of).

5. (10 Points) Prove the supertrace formula

S(0) = To(-)"0) = [ dudi e (G{Olw) (1.17)
Solution: The supertrace in number basis

Str(0) = Te((-)70) = 3 (nl(=)"Oln) = (00J0) — (OI1),  (L.18)

n=0,1



while the coherent states integral
Sw(0) = [ dwdis e (3(0])
— [ avas o] - 115)0(0) - vl
— [ avdi e ((010[0) - IO - H{1O1) + B 1ION)
- <0\(’)\O)/dwdw eV — (O]O|1>/dwdw V1) (1.19)
—(U010) [ dvd i+ ol [ dvd i
= (0(010) [ dudis o+ 110N [ dvdi b

— (0/0]0) — (1[O]).

2 1d Sigma Model

Christoffel symbols I' for Levi-Cevita connection of the Riemann metric g;; are
ko Loy
I = 29 (Digji + 09 — Digij) (2.1)
The Riemann tensor for the metric g;; can be expressed via
1 L o
Ravea = 5 (Opcfaa + Doadve = Opaac = Oaepa) + 915 (ol = Thal'oc) (2.2)
The N = 2 superfield 2% in components
29(t,0,0) = 27 (t) + 07 (t) — 07 (t) + OOF (t) (2.3)

with supercovariant derivatives

ng—z’e‘g,
_ 0 ,93 '
@—a—g—’l a
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Perform the superspace integration and show that

Llz, ¢, 9, F] = gj, (i? Vit —iVp?* + il 3")

_ . L (2.6)
+ Gim (FY = PP (F™ = TR ) 4 4 ) Rapea
where
Vipk = ok 4 TF ilyp™ (2.7)
Solution: The supercovariant derivatives are
D = 7 + OF — ifi7 — 004
4 v (2.8)

DiF = —F — OFF — 03" + i06y".
The metric expansion is

9i1(2) = giu(x) + (09" — 00 + 00F")Dyg;1.(x) + %(%l — 0N (0Y™ — Y™}, g
= gju(x) + (00" — 0" + 60F")9g;0(x) — %éew’wm — ™)L g
= gie(z) + (00" — Oy + 00F") 0,9, () + 000 ™ O}, g5
(2.9)

The superspace integration picks up only 68 terms, so we can drop the other terms

9t (#)D D" = gjp(w) (W 069" — O(F7 — id?)0(F* + id") + ié@zzwk)
+ Ohgi (@) (0P'0(FF — id? ) (=) + G0 (F 4 ii*) — 09F 9Iy*)
+ 00y 0L, gl (—0F) + O(6,0)
= 00g;1(x) (#W70" — i7" + i + FIF)
+ 000, () (V' (F7 —id? )p* — @'p? (F* + ii*) — Flpigk)
— 000" 0}, g V" 4+ O(0,0)

(2.10)
After the integration
2L = gyu(w) (i7" — iyt + ik + FIFY)
+Ogju(x) (PN (F —id? )r — 17 (FF 4 ii®) — FlylyF) (2.11)

— " g "



The last line in the expression above contains second derivatives of metric, so we can

use the Riemann tensor formula
1 o o
Rade = §<8l?cgad + 8§dgbc - 8l?dgac - agcgbd) + Gij (cmrid - FZdF{zc) (212)
to simplify

- zﬁlwmafmgjk&j W = =m0 g = U O g

_ . o (2.13)
w ¢ w w (abcgda - abgdC) ¢ 1/1 ¢ w ( abed — gijrzcrid)

The second line contain derivatives of metric, which should become the Levi-Cevita

connection coefficients

g (F(FY — ia ) — gl (B + i) — Flgh)
= FlypFy (=091 — Orgji + Ougji) +id Wd’k( 0; g + Orgji)

(2.14)
—Fly* ngzQF]k + leijk(algjk + Okgjt — 0591k + Okgjt — 19k — Orgiji)
—2F"WR T g T + gy T ™ — igp T, alpma
Let us put all three expression together and further simplify the Lagrangian
2L =gj, (m/?w — iyt 4 ik FJF’“> +igp b TF alyY™ — g ilmap
— 2F" " g T3 4+ 9 Y (Rapea — 95 Thel %)
= gje (W8 — Ig* @i 4 i T i — i i) 215

+ gim (F' = Qﬁk?/;jrggj)(Fm - w’“d?jFZ}) + P P YD Rape
= Gjk (Zﬂjvtwk — iV + mjmk)
+ glm(Fl - wk,&]riﬁ])(Fm - wkf&]rz;) + @Daqﬁb,lvbci}dRabcd-

e (5 Points) Describe the SUSY transformations for z, F, 1, .

Solution: The SUSY transformations for each individual component are same as



the ones we discussed on lectures, so that

(56xj = egEj — ij
S’ = e(id? + F7)
S = &(—iid + FY)
5. F9 = —jed — i@

(2.16)

e (5 Points) "Integrate out” the auxiliary fields F', i.e. solve the equations of motion

for F'* as functional of the remaining fields and evaluate the action on this solution.
1 . o 1oy
Llz,¢,¢] = ik (i Vb — iV Ik + 27 3F) 4 §¢ VY Roped (2.17)

Solution: The equations of motion for field F' are of the form

oL

Sp = 9im (F™ — ™I =0, (2.18)
with solution
F™ = Ty (2.19)

The Lagrangian evaluated on classical solution

Ll 6,0) = g (WY — 0P+ 94) 4 SO P Ruses. (220)

e (10 Points) Describe the SUSY transformations in x, 1, variables.

Solution: We can take the SUSY transformations from previous section and sub-

stitute the classical solution for F' to arrive into
500 = e — ey
S = e (i3 + " PITy,) (2.21)
o)) = € (—id? + YTy .
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